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Abstract

In this paper we study the problem of distributing a given amount
among a set of agents, according to their performance in a set of is-
sues. In contrast with multi-issue allocation situations where each agent
claims some of the amount, in this model the distribution must take into
account how each agent behaves on some issues. We characterize a fa-
mily of solutions for this problem using the well-known additivity, equal
treatment and efficiency properties, adapting them to our context. If
we want a solution that satisfies two additional properties, reduction
and proportional, another problem arises: we need to look for a system
of prices for a unity of each issue. Also, we apply classical bargaining
theory techniques for the problem and some results are shown.
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1 Introduction

In a typical bankruptcy problem (introduced by O’Neill [2]) it is necessary to
distribute a given estate amongst a set of agents, where each agent claims a
part of the estate. When the total amount claimed exceeds the available estate
it is necessary to provide a distributing mechanism of the estate to be as fair
as possible, because not all the claims of the agents can be fully satisfied.

In an extension of the original bankruptcy problem, Kaminski [9] considers
situations related to a vector of claims for the agents, where each agent assigns
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different priorities to each claim. Calleja, et al. [10] introduce the multi-issue
allocation situation, another generalization of the bankruptcy problem, that
considers multidimensional claims. They suppose that each claim component
is originated from a particular issue. An issue constitutes a reason on the basis
of which the estate will be divided. In their work, they provide a generalization
of the O’Neill solution [2] for bankruptcy problems, which he calls the method
of recursive completion, for the multi-issue problem. The multi-issue allocation
situations have been studied by several authors such as González-Alcón et al.
[3] and Bergantiños et al. [5]. Another multi-dimensional extension of the
bankruptcy model is provided by Lerner [1]. In his work, a pie is divided
among groups, not necessarily disjoint, rather than users.

In this work, we consider that each agent has a performance in a given set
of issues. The problem that we study is how to divide a given amount r ∈ R

among the agents considering their performance on each issue. Notice that,
unlike multi-issue allocation situations, the issues represent several categories
or classes where the agents are evaluated. To illustrate our problem consider
the next example: A research center has received, because of its productivity,
a economical bonus of the government. That productivity is the result of
the work of the researchers. So, the board of directors needs to distribute
the bonus amongst the researchers. They consider three categories: published
papers, knowledge diffusion and teaching. Each researcher has a profile in each
activity. This methodology is very frequent in Mexico. Our objective is to
provide some process for making the distribution. In the classical bankruptcy
problem and in multi-issue allocation situations there is an amount claimed
by each agent. In contrast, we consider that agents have a score on each issue
that indicates their performance.

In this study, we consider an axiomatic approach, providing a characteri-
zation for a family of solutions to our problem. We make this adapting the
well-known efficiency, additivity and equal rewards properties to our context.
The result obtained could be also adapted to multi-issue allocation situations.
Also, we obtain a generalization of the rights-egalitarian rule for bankruptcy
problem for our problem. Finally, we propose a bargaining approach, where
the set of alternatives is the set of additive, efficient and equal treatment so-
lutions satisfying other properties, reduction and proportional. The disagree-
ment point is the vector zero n-dimensional. We apply several well-known
solutions and we show the results obtained.

The paper is organized as follows: in Section 2 we present the notation and
the model of the problem. Next, we provide a characterization for a family
of solutions for the problem as well as other properties and particular cases
of that family. In Section 4 we present a bargaining approach when a certain
kind of solutions must satisfy other properties.
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2 Notation and preliminaries.

Let N = {1, . . . , n} be the set of agents and M = {1, . . . , m} the set of issues.
A matrix X ∈ R

M×N
+ represents the performance of the agents in each one of

the issues. So, an element xkj ≥ 0 of X indicates the performance of agent
j ∈ N in the issue k ∈M . We refer to this matrix as a performance matrix .

Given a performance matrix X and k ∈M , we denote

Xk =
∑
j∈N

xkj , and Xk =
Xk

n
,

the total performance and the average performance of the issue k, respectively.

An incentives distribution problem, or simply an incentives problem, is a
pair (X, r), where X ∈ R

M×N
+ is a performance matrix and r ∈ R represents

the amount to be distributed among the agents. We define the sum and scalar
product of incentive problems as follows: for (X1, r1), (X2, r2) and λ ∈ R,
(X1, r1) + (X2, r2) = (X1 +X2, r1 + r2) and λ(X1, r1) = (λX1, λr1).

We define a solution for a incentives problem as an operator ϕ : R
M×N
+ ×

R → R
n, where ϕj(X, r) represents the amount assigned to the agent j ac-

cording to his performance in X when an amount r must be distributed.

3 Characterization.

In this section, we present our main result. We provide a family of solutions
for an incentives problem.

Axiom 3.1. (Additivity). For a pair of incentive matrices X1, X2 ∈ R
M×N
+

and r1, r2, λ ∈ R, a solution ϕ : R
M×N
+ ×R → R

n satisfies the additivity axiom
if

ϕ(λX1, λr1) + ϕ(λX2, λr2) = λϕ(X1 +X2, r1 + r2).

The idea of this property is the following: suppose two incentives problems,
each of them from different concepts. The additivity axiom guarantees that
the sum of the incentives on each concept must be equal to the incentives of
a single problem containing the sum of the performances and the amounts of
the individual concepts.

Axiom 3.2. (Equal treatment) A solution ϕ : R
M×N
+ × R → R

n satisfies
the equal treatment axiom if for each pair of agents i, j ∈ N such that xki = xkj

for all k ∈M in a performance matrix X, ϕi(X, r) = ϕj(X, r).
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Axiom 3.3. (Efficiency) A solution ϕ : R
M×N
+ × R → R

n satisfies the
efficiency axiom if ∑

j∈N

ϕj(X, r) = r

for every X ∈ R
M×N
+ and r ∈ R.

According to this axiom, the amount r ∈ R must be distributed among all
agents.

Theorem 3.4. A solution for the incentives problem satisfies the additivity,
equal treatment and efficiency axioms if and only if it can be written as follows:

ϕj(X, r) =
r

n
+
∑
k∈M

βk

(
xkj −Xk

) ∀ j ∈ N (1)

for a set of constants βk ∈ R for all k ∈M , and for all X ∈ R
M×N
+ , r ∈ R.

Proof. First, we prove that every solution satisfying the additivity, equal treat-
ment and efficiency axioms must be written as (1). For all k ∈ M , i ∈ N ,
we define Eki ∈ R

M×N
+ , the matrix such that its ki-entry is equal to one and

zero otherwise. Now, because of the sum and scalar product operations for an
incentives problem, we have

(X, r) =

m∑
k=1

n∑
i=1

xki(Eki, rki)

with rki ∈ R such that

m∑
k=1

n∑
i=1

xkirki = r

for every X ∈ R
M×N
+ and r ∈ R. Also, we have

(Eki, rki) = (Eki, 0) + (E0, rki)

where E0 ∈ R
M×N
+ is the zero matrix. Applying the additivity axiom

ϕj(X, r) =

m∑
k=1

n∑
i=1

xki [ϕj(Eki, 0) + ϕj(E0, rki)] ∀j ∈ N. (2)

By the equal treatment and efficiency axioms we have

ϕj(E0, rkl) =
rki

n
and then

m∑
k=1

n∑
i=1

xkiϕj(E0, rki) =
r

n
. (3)
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For each k ∈M ,i ∈ N and the equal treatment axiom we have, for all j ∈ N ,

ϕj(Eki, 0) =

{
αk, if j = i
μk, otherwise

and then

m∑
k=1

n∑
i=1

xkiϕj(Eki, 0) =

m∑
k=1

⎛
⎜⎝xkiαk +

n∑
i=1
i�=j

xkiμk

⎞
⎟⎠ .

The efficiency axiom implies αk + (n− 1)μk = 0 for each k ∈M . Substituting
in the last equation

m∑
k=1

n∑
i=1

xkiϕj(Eki, 0) =

m∑
k=1

n∑
i=1

xkiμk − n

m∑
k=1

xkjμk =

m∑
k=1

Xkμk − n

m∑
k=1

xkjμk.

Making the change of variable μk = −βk/n we obtain

m∑
k=1

n∑
i=1

xkiϕj(Eki, 0) =

m∑
k=1

βk(xkj −Xk). (4)

Substituting (3) and (4) in (2) we obtain the result.
Now we need to prove that (1), for a set of constants βk ∈ R for all k ∈M ,

satisfies the axioms cited in the theorem. This proof can be done in a direct
way, so we omit it.

The solution (1) indicates how the amount is divided. In a first step, each
agent receives the same part of the amount (i.e. r/n). After that, we need
to check the performance of an agent j ∈ N on each issue k ∈ M : if his
performance is better than the average performance, a quantity βk is added to
his initial amount for each unit of difference between his performance and the
average performance. If his performance is less than the average performance,
that quantity is diminished. After doing this for each issue, the resulting
amount for each j is (1).

The set of constants {βk}M
k=1 represents a weight for each issue and we

suppose that they are given exogenously. That weight can be interpreted as
the importance of each issue. For k, k′ ∈ M , k �= k′ such that βk > βk′,
the difference between the profile in the issue k and the average profile has
more impact in the final distribution of the amount than the issue k′. So, this
means it is more convenient to have a profile greater than the average profile
in k rather than in k′. The problems related to the set of constants {βk}M

k=1

are considered later.

Remark 1 . The three axioms are necessary and independent.
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- ψ(X, r) = 2 · ϕ(X, r) satisfies additivity and equal treatment.

- ψj(X, r) =

(∑
k∈M xkj∑
k∈M Xk

)
r, for all j ∈ N , satisfies equal treatment and

efficiency.

- ψj(X, r) =

{
r, if j = 1
0, otherwise.

, for n ≥ 2, satisfies additivity and effi-

ciency.

Considering alternative properties we provide other results. We denote P
m

as the set of m×m permutation matrices.

Axiom 3.5. (Symmetry of issues) A solution ϕ : R
M×N
+ ×R → R

n satisfies
the symmetry of issues axiom if for every permutation matrix P ∈ P

m

ϕ(X, r) = ϕ(PX, r)

for all X ∈ R
M×N
+ and r ∈ R.

According to this axiom, the solution does not take into account the order
of the issues, i.e. their external characteristics are not taken into account.

Theorem 3.6. A solution for the incentives problem satisfies the additivity,
equal treatment, symmetry of issues and efficiency axioms if and only if it can
be written as

ϕj(X, r) =
r

n
+ β

∑
k∈M

(
xkj −Xk

) ∀ j ∈ N (5)

for a constant β ∈ R, for all X ∈ R
M×N
+ and r ∈ R.

Proof. The proof follows the same direction as the proof of Theorem 3.4. The
main difference is the next: by applying the symmetry of issues axiom we
obtain

ϕj(Eki, 0) =

{
α, if j = i
μ, otherwise

∀j ∈ N

since Eki = PEli for all i ∈ N , k ∈ M , l ∈ M\{k} and some P ∈ P
m. So,

by the efficiency axiom, we have α + (n − 1)μ = 0. Using this equation, the
proof follows the same steps as Theorem 3.4, so we omit them. In addition, it
is necessary to prove that (5) satisfies the symmetry of issues axiom, but this
proof can be done in a direct way, so we omit it.
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Axiom 3.7. (Trivial division) A solution ϕ : R
M×N
+ ×R → R

n satisfies the
trivial division axiom if

ϕj(X,
m∑

k=1

n∑
i=1

xki) =
m∑

k=1

xkj ∀j ∈ N

for all X ∈ R
M×N
+ .

According to the previous axiom, if the amount to be distributed is equal
to the sum of the individual performances, a trivial distribution is done, where
each unit of performance is paid with a unit of the amount.

Theorem 3.8. A solution for the incentives problem satisfies the additivity,
equal treatment, symmetry of issues, trivial division and efficiency axioms if
and only if it can be written as follows:

ϕj(X, r) =
r

n
+
∑
k∈M

(
xkj −Xk

) ∀ j ∈ N (6)

for all X ∈ R
M×N
+ and r ∈ R.

Proof. Formula (5) gives us a family of solutions satisfying the additivity,
equal treatment, symmetry of issues and efficiency axioms. Let (X, r) be an
incentives problem with r =

∑m
k=1

∑n
i=1 xki. Now, we have

ϕj(X, r) =
r

n
+ β

∑
k∈M

xkj − β
r

n
∀ j ∈ N.

Applying the trivial division axiom, we have ϕj(X, r) =
∑m

k=1 xkj . Substitu-
ting in the last equation, and solving for β we obtain β = 1 and substituting
in (5) we obtain (6). Finally, we need to prove that (6) satisfies the trivial
division axiom, but this can be done in a direct way and we omit it.

Making algebraic manipulation, solution (6) can be written as

ϕj(X, r) =
∑
k∈M

xkj +
1

n

(
r −

m∑
k=1

n∑
i=1

xki

)

and then, solution (6) can be considered as a generalization of the rights-
egalitarian rule for bankruptcy problems.

Example 3.9. Consider three researchers N = {1, 2, 3} and two issues, the
number of given subjects (k = 1) and the number of published papers (k = 2).
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Their performance on these issues in a period of time is given by the next
performance matrix

X =

[
8 6 4
2 1 3

]
.

There is an amount of 18 (in some units) to be divided among the researchers
according to their profile. Clearly, we can see this problem as an incentives
problem. Applying (6) we obtain

ϕ(X, r) = (8, 5, 5).

This example shows us a weakness of solution (6), but really, it is a weakness
of the family of solutions given in Theorem 3.6: it assigns to each issue the same
importance, in contrast with the family of solutions (1). That is the reason
why researchers 2 and 3 obtain the same amount. This could be a controversial
property because, in some contexts, the required efforts for performing a single
unit of an issue are greater for some issues than others.

For a performance matrix X ∈ R
M×N
+ we say X ′ is a reduced performance

matrix of X if the performance of a set of agents on N, the involved agents,
is collapsed into a single agent, the representative. The performance of the
representative agent is equal to the sum of the performances of the involved
agents.

Axiom 3.10. (Reduction) Let X ∈ R
M×N
+ be a performance matrix and X ′

a reduced performance matrix of X, with representative agent j∗ and a set of
involved agents T ⊂ N . A solution ϕ for the incentives problem satisfies the
reduction axiom if

ϕj∗(X
′, r) =

∑
h∈T

ϕh(X, r).

According to the last axiom, amalgamating agents does not represent an
advantage for the resulting agent.

Axiom 3.11. (Proportional) Let X ∈ R
M×N
+ be a performance matrix such

that there exist two agents i, j ∈ N and α ∈ R+ such that xkj = αxki for every
k ∈M . A solution ϕ for the incentives problem satisfies the proportional axiom
if

ϕj(X, r) = αϕi(X, r).

This axiom establishes that agents with proportional performance on each
issue must have proportional allocations.
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Lemma 3.12. If a solution for the incentives problem satisfies the additi-
vity, equal treatment, efficiency and reduction (proporcional) axioms then∑

k∈M

βkXk = r (7)

for all X ∈ R
M×N
+ , r ∈ R where {βk}m

k=1 are given according to (1).

Proof. Suppose (1) satisfies the reduction axiom. Let X ∈ R
M×N
+ be a perfor-

mance matrix and X ′ a reduced matrix of X such that {i, j} ∈ N is the set of
involved agents and j∗ is the representative agent. Notice that x′kj∗ = xki +xkj

for all k ∈ M . Then, applying the reduction axiom we have

r

n− 1
+
∑
k∈M

βk

(
xki + xkj −

∑
h∈N

xkh

n− 1

)
=

2r

n
+
∑
k∈M

βk

(
xki + xkj − 2

∑
h∈N

xkh

n

)
.

Applying algebraic manipulation we obtain

∑
k∈M

(
βk ·

∑
h∈N

xkh(n− 2)

n(n− 1)

)
=
r(n− 2)

n(n− 1)

and then we obtain the result.
Let X ∈ R

M×N
+ be a performance matrix such that there exist i, j ∈ N

with xjk = αxik for all k ∈ M and α ∈ R+. Now, suppose (1) satisfies the
proportion axiom. Then

r

n
−
∑
k∈M

βkXk =
αr

n
− α

∑
k∈M

βkXk.

Rearranging and simplifying terms we obtain

r(α− 1)

n
=
∑
k∈M

βk
Xk(α− 1)

n

that is equivalent to (7).

Theorem 3.13. A solution ϕ : R
M×N
+ × R → R

n satisfies the additivity,
equal treatment, efficiency, reduction (proportional) axioms if and only if, there
exist a set of constants βk ∈ R, k ∈ M , such that

ϕj(X, r) =
∑
k∈M

βkxkj ∀j ∈ N (8)

for all X ∈ R
M×N
+ and r ∈ R.
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Proof. Suppose a solution ϕ that satisfies the additivity, equal treatment, effi-
ciency and reduction (proportional) axioms. By Lemma 3.12, we can substitute
(7) in (1) and doing algebraic manipulations we obtain the result. Now, we
need to prove that (8) satisfies the axioms mentioned in the theorem. That
can be done in a direct way and we omit it. So, the proof ends.

In equation (7) we can consider βk as the price which each unit of perfor-
mance in the issue k ∈ M will be paid. If we want an additive, efficient and
equal treatment solution that satisfies the reduction and proportional axioms
we need to find those prices such that the total quantity distributed is equal
to r. By equation (7), these prices depend on the performance matrix. Their
existence can violate other assumptions, in particular, additivity.

4 A bargaining approach

Formally, a n-person bargaining problem is a pair (S, d) where d ∈ R
n and

S ⊂ R
n is a convex and compact set, and that there is at least one point of

S strictly dominating d. Let N = {1, . . . , n} be the set of agents. Each point
of S indicates the utility reached by the agents through the choice of one of
the available alternatives. If there is no agreement the solution d is assigned
to the problem. In addition, a usual assumption is that the utility is freely
disposable: if x ∈ X and xi ≥ yi ≥ di for some i ∈ N then y ∈ S.

In this section, we use bargaining theory for solving the problem of in-
centives distribution. Let (X, r) be an incentives problem. We consider
d = (0, . . . , 0) ∈ R

n as the disagreement point: if there is no agreement
among the agents, nobody obtains incentives. Also, we are only interested in
non-negative efficient solutions, i.e. ϕ : R

M×N
+ × R → R

n where ϕj(X, r) ≥ 0
for all j ∈ N and

∑
j∈N ϕj(X, r) = r. So, by freely disposable property, we

have S = {x ∈ R
n | ∑i∈N xi ≤ r, xi ≥ 0, ∀i ∈ N}. This set represents the

possible distributions of r.

There are several solutions for the bargaining problem. We work with three
of them. The Nash solution [8], N(S, d) ∈ R

n, is obtained by maximizing the
product of utility gains from the disagreement point. The Kalai-Smorodinsky
solution [4], KS(S, d) ∈ R

n, sets utility gains from the disagreement point pro-
portional to each agent’s most optimistic expectations. The Yu solution [11],
Y (S, d) ∈ R

n, tries to make an assignment as close as possible to satisfying e-
veryone. For our problem, these solutions assign the same point as the solution
no matter what performance matrix is being considered because of the symme-
try of the region S. That is, N(S, d) = KS(S, d) = Y (S, d) = (r/n, . . . , r/n).

As a second approach, we consider an incentives problem with solutions as
(1). Also, we want that condition (8) holds with βk ≥ 0 for all k ∈M , in order
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to interprete βk as prices per unit. We call this set of problems β−restricted
incentive problems.

Lemma 4.1. The set of alternatives for a β−restricted incentive problems
is contained in the alternatives for the same problem without restrictions.

Proof. Let (X, r) be a β−restricted incentive problem. According to (8), the
maximum value for all βk is r/Xk when Xk �= 0. For all j ∈ N we define

kj = argmax
k∈M

{
r

xk

(xkj −Xk)

}
.

Then, the maximum allocation for an agent j ∈ N , denoted by ϕ∗
j (X, r) occurs

when βkj = r/Xkj and βk = 0 otherwise. Then, we have

ϕ∗
j(X, r) =

r

n
+

r

Xkj

(Xkjj −Xkj ) =

(
Xkjj

Xkj

)
r.

Without restrictions, the maximum allocation that an agent can obtain is r.
So, as ϕ∗

j(X, r) ∈ [0, r], the proof ends.

In Figure 1, we show the set of alternatives for the incentives problem of
Example 1 with and without restrictions.

Figure 1: Set of alternatives for Example 3.9. In a) the problem has no restrictions. In
b), the problem is β−restricted.

Theorem 4.2. Let (X, r) be a β−restricted incentives problem with set of
alternatives S and disagreement point d = (0, . . . , 0). For this bargaining prob-
lem (S, d) we have:

1. The Nash solution is given by the point in S closest to (r/n, . . . , r/n) ∈
R

n.
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2. The Kalai-Smorodinsky solution is given by

KSj(S, d) =

⎡
⎢⎢⎣ ϕ∗

j (X, r)∑
h∈N

ϕ∗
h(X, r)

⎤
⎥⎥⎦ r ∀j ∈ N

where ϕ∗
j(X, r) is the maximum amount that player j ∈ N can obtain in

the problem.

3. The Yu solution is given by

Yj(S, d) = ϕ∗
j(X, r) +

1

n

(
r −

∑
h∈N

ϕ∗
h(X, r)

)
∀j ∈ N.

For the definitions related to ϕ∗
j (X, r), refer to i).

Proof.

1. The Nash solution is given by the maximizer of∏
j∈N

ϕj(X, r) s.t.
∑
j∈N

ϕj(X, r) = r, ϕj(X, r) ≥ 0 ∀j ∈ N (9)

in the set of alternatives S. The maximizer of (9) is the point (r/n, . . . , r/n).
If this point is in S, that is the solution. Otherwise, the closest point in
S to that point is the solution.

2. The Kalai-Smorodinsky solution corresponds to the intersection point of
the hyperplane

∑
j∈N ϕj(X, r) = r with the line (ϕ∗

1(X, r), . . . , ϕ
∗
n(X, r))t.

This point is denoted by KSj(S, d) = ϕ∗
j (X, r)t, with t satisfying

r = t
∑
j∈N

ϕ∗
j(X, r) ⇒ t =

r∑
j∈N

ϕ∗
j(X, r)

.

Substituting the last equation in KSj(S, d) we obtain the result.

3. The Yu solution corresponds to the intersection point of the hyperplane∑
j∈N ϕj(X, r) = r with the line (ϕ∗

1(X, r), . . . , ϕ
∗
n(X, r)) − (1, . . . , 1)t.

This point, Y (S, d), is given by Yj(S, d) = ϕ∗
j(X, r)− t, with t satisfying

∑
j∈N

(ϕ∗
j (X, r) − t) = r ⇒ t =

1

n

(∑
j∈N

ϕ∗
j(X, r) − r

)
.

Substituting this value in the expression for Yj(S, d) we obtain the result.
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