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Abstract 
 

In this paper, a simple and important approximate technique is present for 
solving the variable coefficients linear VolterraIntegro-Fractional Differential 
Equation (VIFDE) of order ݊ߙ for 0 ൏ ߙ ൑ 1and ݊ א Գ. This technique is based 
on the Generalized Taylor matrix method. We convert this equation to a system of 
linear algebraic equations after using collocation points; finally apply Gaussian 
elimination method to determine the fractional Taylor coefficients. Hence, the 
truncated generalized Taylor series approach is obtained. Algorithm for solving 
VIFDEs using above process have been developed, in order to express these 
solutions, program is written in MatLab (V7.6). Finally,several illustrative 
examples are presented to show the effectiveness and accuracy of this method. 
 
Keywords: Integro-Fractional Differential Equation, Generalized Taylor's 
Method, Collocation Points, Caputo Fractional Derivative. 
 
 

1 Introduction 
 

In this paper, we consider the high-order linear VolterraIntegro- Fractional 
Differential Equation (VIFDE) of order ݊ߙ  for 0 ൏ ߙ ൑ 1 and ݊ א Գ , with 
variable coefficients:  

௫ܦ
௡ఈ

௔
஼ ሻݔሺݕ ൅ ෍ ௜ܲ

௡ିଵ

௜ୀଵ

ሺݔሻ ௫ܦ
ሺ௡ି௜ሻఈ

௔
஼ ሻݔሺݕ ൅ ௡ܲሺݔሻݕሺݔሻ 

ൌ ݂ሺݔሻ ൅ ߣ න ෍ ݇ℓሺݔ, ሻݐ ௧ܦ
ሺ௠ିℓሻఈ

௔
஼ ሻݐሺݕ

௠

ℓୀ଴

ݐ݀
௫

௔
                                  … ሺ1ሻ 
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together with initial conditions: 

ሾܦ௫
௞ݕሺݔሻሿ௫ୀ௘ ൌ ;   ௞ݕ ݇ ൌ 0,1, … , ߤ െ 1 , ܽ ൑ ݁ ൑ ܾ                … ሺ2ሻ 

where ݔ א ሾܽ, ܾሿ ൌ ߤ ;ܫ ൌ max ሼۀߙ݊ڿ, ௞ݕ ሽ andۀߙ݉ڿ א Թ for all ݇; as well as, 
݂, ௜ܲ: ܫ ՜ Թ and ݇ℓ: ࣭ ൈ Թ ՜ Թ with ሺ࣭ ൌ ሼሺݔ, :ሻݐ ܽ ൑ ݐ ൑ ݔ ൑ ܾሽሻ denotes the 
given continuous functions, ݕሺݔሻ is the unknown function which is the solution of 
ሺ1ሻ, and ߣ is a scalar parameter.  
 The consider integro-fractional differential equation of Volterra type have 
been found to be effective to describe some applied sciences such as polymer 
physics, thermodynamics, electrical networks and bioengineering. The other larger 
filed which requires the use of it is the unsaturated behavior of the Free Electron 
Laser (FEL) [4, 6, 9, 10]. 
 Taylor methods to find the approximate solutions of integral and 
integro-differential equations have been presented in many papers [3, 7, 8, 11, 13]. 
During recent years, a new generalized Taylor’s formula that involves Caputo 
fractional derivatives was presented to solve Bayley-Torvik equations [14]. 
 In this paper, we discuss the numerical solution of equation (1) by a new 
algorithm based on the Taylor collocation method [1], generalized Taylor’s 
formula [15] and Caputo fractional derivative [4]. Applying the collocation points 
transforms the given linear VIFDE with variable coefficients and initial conditions 
to matrix equation, including unknown fractional Taylor coefficients. The 
coefficients of generalized Taylor’s formula can be computed by means of the 
matrix equation and the computer package program MatLab (V7.6).  
 
 

2 Preliminaries 
 

For completeness, this part introduces the necessary definitions and 
important properties of fractional calculus theory [2, 4, 5, 12], which are used 
throughout this paper.   

 
Definition 2.1: 
 A real valued function ݕ defined on ሾܽ, ܾሿ be in the space ܥఊሾܽ, ܾሿ, ߛ א Թ, if 
there exists a real number ݌ ൐ ߛ , such that ݕሺݔሻ ൌ ሺݔ െ ܽሻ௣כݕሺݔሻ , where 
כݕ א ,ሾܽܥ ܾሿ, and it is said to be in the space ܥఊ

௡ሾܽ, ܾሿ iff ݕሺ௡ሻ א ,ఊሾܽܥ ܾሿ, ݊ א Գ଴ . 
 
Definition 2.2: 
 Let ݕ א ,ఊሾܽܥ ܾሿ, ߛ ൒ െ1 and ߙ א Թା . Then the Riemann-Liouville 

fractional integral operator ܬ௫
ఈ

௔  of order ߙ of a function ݕ, is defined as:  
 

௫ܬ
ఈ

௔ ሻݔሺݕ ൌ  
1

Γሺߙሻ
න ሺݔ െ ሻݐሺݕሻఈିଵݐ

௫

௔
ߙ   ,   ݐ݀ ൐ 0

௫ܬ
଴

௔ ሻݔሺݕ ൌ ሻݔሺݕܫ ൌ ሻݔሺݕ
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Definition 2.3: 
 Let ߙ ൒ 0 and ݉ ൌ ۀߙڿ , (where ڿ. ۀ  is the ceiling function), the 
Riemann-Liouville fractional derivative operator ܦ௫

ఈ
௔
ோ , of order ߙ  and ݕ א

ଵିܥ
௠ ሾܽ, ܾሿ, is defined as:  

௫ܦ
ఈ

௔
ோ ሻݔሺݕ ൌ ௫ܦ

௠ ௔ܬ ௫
௠ିఈݕሺݔሻ 

If ߙ ൌ ݉ , ݉ א Գ଴, and ݕ א ,௠ ሾܽܥ ܾሿ  we have  

௫ܦ
଴ݕሺݔሻ ൌ௔

ோ ;            ሻݔሺݕ ௫ܦ          
௠ݕሺݔሻ ൌ௔

ோ  ሻݔሺ௠ሻሺݕ
 
Definition 2.4: 

The Caputo fractional derivative operator ܦ௫
ఈ

௔
஼ , of order ߙ א Թାof a function 

ݕ א ଵିܥ
௠ ሾܽ, ܾሿ and ݉ െ 1 ൏ ߙ ൑  ݉   ሺ݉ א Գ) is defined as:  

௫ܦ
ఈ

௔
஼ ሻݔሺݕ ൌ ௔ܬ ௫

௠ିఈܦ௫
௠ݕሺݔሻ 

Thus for ߙ ൌ ݉ , ݉ א Գ଴, and ݕ א ,௠ ሾܽܥ ܾሿ, we have for all ܽ ൑ ݔ ൑ ܾ 

௫ܦ
଴ݕሺݔሻ ൌ௔

஼ ;       ሻݔሺݕ ௫ܦ       
௠ݕሺݔሻ ൌ௔

஼ ௫ܦ
௠ݕሺݔሻ ൌ

݀௠ݕሺݔሻ
௠ݔ݀  

 
The most common properties of the fractional operator are listed below: 

(i) ܦ௫
ఈ

௔
ோ ሻݔሺݕ ൌ ௫ܦ

௠ ௔ܬ ௫
௠ିఈݕሺݔሻ ് ௔ܬ ௫

௠ିఈܦ௫
௠ݕሺݔሻ ൌ ௫ܦ

ఈ
௔
஼ ; ሻݔሺݕ ݉ ൌ  ۀߙڿ

(ii) ܦ௫
ఈ

௔
஼ ሻݔሺݕ ൌ ௫ܦ

ఈ
௔
ோ ሻݔሺݕൣ െ ௠ܶିଵሾݕ; ܽሿ൧;    ݉ െ 1 ൏ ߙ ൑ ݉   and  

௠ܶିଵሾݕ; ܽሿdenotes the normal Taylor polynomial of degree ݉ െ 1 for the 
function ݕ centered at ܽ. 

(iii) ܦ௫
ఈ

௔
஼,ோ ሺܿଵ ଵ݂ ט ܿଶ ଶ݂ሻሺݔሻ ൌ ܿଵ ௫ܦ

ఈ
௔

஼,ோ
ଵ݂ሺݔሻ ט ܿଶ ௫ܦ

ఈ
௔

஼,ோ
ଶ݂ሺݔሻ ; ܿଵ and ܿଶ  are 

constants . 

(iv) ܦ௫
ఈ

௔
ோ ܣ ൌ ܣ

ሺ௫ି௔ሻషഀ

୻ሺଵିఈሻ
and ܦ௫

ఈ
௔
஼ ܣ ൌ ߙ is any constant and ܣ;0 ൒ 0 , ߙ ב Գ. 

(v) ܦ௫
ఈ

௔
஼ ௫ܬ

ఈ
௔ ሻݔሺݕ ൌ    ሻ    andݔሺݕ

௫ܬ
ఈ

௔ ௫ܦ
ఈ

௔
஼ ሻݔሺݕ ൌ ሻݔሺݕ െ ෍

ሺ௞ሻሺܽሻݕ

݇!
ሺݔ െ ܽሻ௞

௠ିଵ

௞ୀ଴
;  ݉ ൌ  ۀߙڿ

 
We adopt Caputo’s definition, which is a modification of the R-L definition 

and has the advantage of dealing properly with initial value problem, for the 
concept of the fractional derivative, [12].  

 
Lemma 2.5, [4]: 
 Let ߙ ൒ 0 ; ݉ ൌ ሻݔሺݕ and for ۀߙڿ ൌ ሺݔ െ ܽሻఉfor some  ߚ ൒ 0. Then: 
 

௔ܦ
஼

௫
ఈݕሺݔሻ ൌ

ە
ۖ
۔

ۖ
ۓ

0                                                  if     ߚ א ሼ0,1,2, … , ݉ െ 1ሽ
Гሺߚ ൅ 1ሻ

Гሺߚ െ ߙ ൅ 1ሻ
ሺݔ െ ܽሻఉିఈ         if     ߚ א Գ and ߚ ൒ ݉            

                                                    or     ߚ ב Գ andߚ ൐ ݉ െ 1
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Theorem 2.6, [15]: (Generalized Taylor's Formula)  
          Suppose that  ܦ௫

௞ఈ
௔
஼ ሻݔሺݕ א ,ሺܽܥ ܾሿ, for ݇ ൌ 0,1,2, … , ݊ ൅ 1 , where 

 0 ൏ ߙ ൑ 1, then we have  

ሻݔሺݕ ൌ ෍
ሺݔ െ ܽሻ௜ఈ

Γሺ݅ߙ ൅ 1ሻ
ൣ ௫ܦ

௜ఈ
௔
஼ ሻ൧ݔሺݕ

௫ୀ௔

௡

௜ୀ଴

൅ ܴ௡
ఈሺݔ, ܽሻ 

with 

ܴ௡
ఈሺݔ, ܽሻ ൌ

ሺݔ െ ܽሻሺ௡ାଵሻఈ

Γ൫ሺ݊ ൅ 1ሻߙ ൅ 1൯
ቂ ௫ܦ

ሺ௡ାଵሻఈ
௔
஼ ሻቃݔሺݕ

௫ୀణ
, ߴ א ሾܽ, ,ሿݔ ݔ׊ א ሺܽ, ܾሿ 

where 
௫ܦ

௡ఈ
௔
஼ ൌ ௫ܦ

ఈ
௔
஼ ௫ܦ

ఈ
௔
஼ … ௫ܦ

ఈ
௔
஼ ሺ݊ െ timesሻ 

 
 

3 Fundamental Matrix Relations  

 We assume that the solution of linear VIFDEs as formed in equation (1) 
is a truncated ߙ-Caputo generalized Taylor’s series. Let us first write equation (1) 
in the form: 

כࣞ
ఈሺݔሻ ൌ ݂ሺݔሻ ൅ ߣ כܸ

ఈሺݔሻ                                        … ሺ3ሻ 
where the sequential fractional differential part is 

כࣞ
ఈሺݔሻ ൌ ෍ ௜ܲሺݔሻ ௫ܦ

ሺ௡ି௜ሻఈ
௔
஼

௡

௜ୀ଴

; ሻݔሺݕ  ଴ܲሺݔሻ ൌ 1                 … ሺ4ሻ 

and the Volterraintegro-fractional part is 

כܸ
ఈሺݔሻ ൌ  න ෍ ݇ℓሺݔ, ሻݐ

௠

ℓୀ଴

௧ܦ
ሺ௠ିℓሻఈ

௔
஼ yሺtሻ

௫

௔
…                        ݐ݀ ሺ5ሻ 

         Now we convert the solution ݕሺݔሻ and its ݇ሺא Ժାሻ-sequential ߙ-Caputo 
fractional derivative ܦ௫

௞ఈ
௔
஼ כࣞ ሻ , partsݔሺݕ

ఈ and ܸכ
ఈ , and the initial condition in 

equation (2) to matrix form. 
 

3.1 Matrix Relations for ݕሺݔሻ and ܦ௫
௞ఈ

௔
஼  ሻݔሺݕ

 We assume that the function ݕሺݔሻ  and ݇ -th sequential ߙ -Caputo 
fractional derivative ܦ௫

௞ఈ
௔
஼  Caputo generalized Taylor-ߙ ሻ can be expanded toݔሺݕ

series about ݔ ൌ ߬ ሺܽ ൑ ߬ ൑ ܾሻ as follows: 

ሻݔሺݕ ൌ ෍ Υ௥ሺݔ െ ߬ሻ௥ఈ

ஶ

௥ୀ଴

 ;   Υ௥ ൌ
1

Γሺߙݎ ൅ 1ሻ
ሾ ௫ܦ

௥ఈ
௔
஼ ሻሿ௫ୀఛݔሺݕ               … ሺ6ሻ 

and 

௫ܦ
௞ఈ

௔
஼ ሻݔሺݕ ൌ ෍ Υ௥

ሺ௞ሻሺݔ െ ߬ሻ௥ఈ

ஶ

௥ୀ଴

                                            … ሺ7ሻ 

 

where, for ݇ ൌ ௫ܦ ,0
଴

௔
஼ ሻݔሺݕ ൌ ሻ and Υ௥ݔሺݕ

ሺ଴ሻ ൌ Υ௥ for all ݎ ൌ 0,1,2, … . 
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 First, we take ߙ-Caputo derivative for equation (7) with respect to ݔ, 
using lemma 2.5 and definition of sequential fractional derivative:  

௫ܦ
ሺ௞ାଵሻఈ

௔
஼ ሻݔሺݕ ൌ ௫ܦ

ఈ
௔
஼ ቀ ௫ܦ

௞ఈ
௔
஼ ሻቁݔሺݕ ൌ ෍ Υ௥

ሺ௞ሻ
ஶ

௥ୀ଴

௫ܦ
ఈ

௔
஼ ሺݔ െ ߬ሻ௥ఈ 

ൌ ෍ Υ௥
ሺ௞ሻ

ஶ

௥ୀଵ

Γሺߙݎ ൅ 1ሻ
Γሺሺݎ െ 1ሻߙ ൅ 1ሻ

ሺݔ െ ߬ሻሺ௥ିଵሻఈ       ;   ሺݎ ൌ ݎ െ 1ሻ             

ൌ ෍ Υ௥
ሺ௞ሻ

ஶ

௥ୀ଴

Γሺሺݎ ൅ 1ሻߙ ൅ 1ሻ
Γሺߙݎ ൅ 1ሻ

ሺݔ െ ߬ሻ௥ఈ                                          … ሺ8ሻ 

from expression (7), we can see that 

௫ܦ
ሺ௞ାଵሻఈ

௔
஼ ሻݔሺݕ ൌ ෍ Υ௥

ሺ௞ାଵሻ
ஶ

௥ୀ଴

ሺݔ െ ߬ሻ௥ఈ                                   … ሺ9ሻ 

 To get the recurrence relation between the fractional Taylor’s coefficients 

Υ௥
ሺ௞ሻ  and Υ௥

ሺ௞ାଵሻ  of  ܦ௫
௞ఈ

௔
஼ ሻݔሺݕ   and  ܦ௫

ሺ௞ାଵሻఈ
௔
஼ ሻݔሺݕ  respectively, we use the 

equality between the relations (8) and (9). Thus  
 

Υ௥
ሺ௞ାଵሻ ൌ Υ௥

ሺ௞ሻ Γ൫ሺݎ ൅ 1ሻߙ ൅ 1൯
Γሺߙݎ ൅ 1ሻ

 ; ,ݎ     ݇ ൌ 0,1,2, …                      … ሺ10ሻ 

we now take  ݎ ൌ 0,1, … , ܰ, and assume  Υ௥
ሺ௞ሻ ൌ 0  for   ݎ ൐ ܰ. Then we can 

put the recurrence relation (10) in the matrix form: 
 

ࣛሺ௞ାଵሻ ൌ  ࣧࣛሺ௞ሻ   ,      ݇ ൌ 0,1,2, …                            … ሺ11ሻ 
where 

ࣛሺ௞ሻ ൌ ൣΥ଴
ሺ௞ሻ Υଵ

ሺ௞ሻ
Υଶ

ሺ௞ሻ ڮ Υே
ሺ௞ሻ൧

௧
 

and 
 

ࣧ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
0ۍ Γሺߙ ൅ 1ሻ 0

0 0
Γሺ2ߙ ൅ 1ሻ
Γሺߙ ൅ 1ሻ

ڮ

0

0

ڭ ڰ ڭ

0      0               0       

0    0             0      

ڮ
Γሺܰߙ ൅ 1ሻ

Γ൫ሺܰ െ 1ሻߙ ൅ 1൯
0 ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ሺேାଵሻൈሺேାଵሻ

… ሺ12ሻ 

 
By substituting ݇ ൌ 0,1,2, … into equation (11) we have the following matrix 
relations: 

ࣛሺଵሻ ൌ  ࣧࣛሺ଴ሻ ൌ ࣛܯ
ࣛሺଶሻ ൌ ࣧࣛሺଵሻ ൌ ࣧሺࣧࣛሻ ൌ ࣧଶࣛ

      ڭ
 

ࣛሺ௞ሻ ൌ ࣧ௞ࣛ                                                  … ሺ13ሻ 
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 Which is the recurrence relation matrices between the fractional Taylor 
coefficient matrix ࣛ of ݕሺݔሻ and the fractional Taylor coefficient matrix ࣛሺ௞ሻ 
of the ݇ -th sequential ߙ -Caputo derivative of ݕሺݔሻ ௫ܦ ,

௞ఈ
௔
஼ ሻݔሺݕ . Clearly that    

ࣛሺ଴ሻ ൌ ࣛ ൌ ሾΥ଴ Υଵ ڮ Υேሿ௧  . 
 Using matrix relation (13) expresses the ݇ -th sequential ߙ -Caputo 
derivative of ݕሺݔሻ in equation (7) in the following matrix form: 
 

௫ܦ
௞ఈ

௔
஼ ሻݔሺݕ ൌ ܺఈࣛሺ௞ሻ ൌ ܺఈࣧ௞ࣛ  ;   ࣧ଴ ൌ …                     ܫ ሺ14ሻ 

where 
ܺఈ ൌ ሾ1 ሺݔ െ ߬ሻఈ ሺݔ െ ߬ሻଶఈ ڮ ሺݔ െ ߬ሻேఈሿሺேାଵሻ 

Then substituting the collocation points defined by 

௜ݔ ൌ ଴ݔ ൅ ݄݅ , ݅ ൌ 0: ܰ , ݄ ൌ ሺܾ െ ܽሻ ܰ⁄  ; ଴ݔ  ൌ ܽ , ேݔ ൌ ܾ      … ሺ15ሻ 
From matrix expression (14) and using (15), we obtain the matrix forms: 
 

ሾ ௫ܦ
௞ఈ

௔
஼ ሻሿ௫ୀ௫೔ݔሺݕ

ൌ ܺ௫೔
ఈ ࣧ௞ࣛ  ; ݇ ൌ 0,1, … , ܰ               … ሺ16ሻ 

Thus, we get a new matrix form 

ܻሾ௞ఈሿ ൌ ࣝఈࣧ௞ࣛ                                                … ሺ17ሻ 
where 

ܻሾ௞ఈሿ ൌ ൣሾ ௫ܦ
௞ఈ

௔
஼ ሻሿ௫ୀ௫బݔሺݕ

ሾ ௫ܦ
௞ఈ

௔
஼ ሻሿ௫ୀ௫భݔሺݕ

ڮ ሾ ௫ܦ
௞ఈ

௔
஼ ሻሿ௫ୀ௫ಿ൧ݔሺݕ

௧
   … ሺ18ሻ 

 

ࣝఈ ൌ

ۏ
ێ
ێ
ۍ
ܺ௫బ

ఈ

ܺ௫భ
ఈ

ڭ
ܺ௫ಿ

ఈ ے
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ۍ

1 ሺݔ଴ െ ߬ሻఈ ሺݔ଴ െ ߬ሻଶఈ

1 ሺݔଵ െ ߬ሻఈ ሺݔଵ െ ߬ሻଶఈ ڮ
ሺݔ଴ െ ߬ሻேఈ

ሺݔଵ െ ߬ሻேఈ

ڭ ڰ ڭ
1 ሺݔே െ ߬ሻఈ ሺݔே െ ߬ሻଶఈ ڮ ሺݔே െ ߬ሻேఈے

ۑ
ۑ
ې

ሺேାଵሻൈሺேାଵሻ

. ሺ19ሻ 

 
In addition, from matrix equation (14), putting ݇ ൌ 0 and using the ߙ-Caputo 

properties, we can write the matrix relation solution form as: 

ሻݔሺݕ ൌ ܺఈࣛ                                                      … ሺ20ሻ 

 
 

3.2 Matrix Relation for ߙ-Caputo Differential Part ࣞכ
ఈሺݔሻ 

 To derive a matrix form of ࣞכ
ఈሺݔሻ in the relation (4), first we substitute the 

collocation points (15) into ߙ -Caputo fractional differential part to obtain the 
system: 

כࣞ
ఈሺݔ௞ሻ ൌ ෍ ௜ܲሺݔ௞ሻቂ ௫ܦ

ሺ௡ି௜ሻఈ
௔
஼ ሻቃݔሺݕ

௫ୀ௫ೖ

௡

௜ୀ଴

 ; ݇ ൌ 0,1, … , ܰ       … ሺ21ሻ 

The system (21) can be written in the matrix form: 

כࡰ
ఈ ൌ ෍ ௜ܻܲሾሺ௡ି௜ሻఈሿ

௡

௜ୀ଴

                                             … ሺ22ሻ 
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where 

௜ܲ ൌ ݀݅ܽ݃ሾ ௜ܲሺݔ଴ሻ ௜ܲሺݔଵሻ ڮ ௜ܲሺݔேሻሿሺேାଵሻ

כࡰ
ఈ ൌ ሾࣞכ

ఈሺݔ଴ሻ כࣞ
ఈሺݔଵሻ ڮ כࣞ

ఈሺݔேሻሿ௧ ቋ                     … ሺ23ሻ 

andܻሾ௞ఈሿ ; ݇ ൌ 0: ݊ , are defined in equation (18). Then from equations (22 and 17), 
we obtain the matrix relation: 

כࡰ
ఈ ൌ ൝෍ ௜ܲࣝఈࣧ௡ି௜

௡

௜ୀ଴

ൡ ࣛ                                      … ሺ24ሻ 

 
 

3.3 Matrix Relation for ߙ -Volterra Integro-Fractional 
Differential Part ܸכ

ఈሺݔሻ 

 First: the kernel functions ݇ℓሺݔ,  ሻ in the relation (5) can be approximatedݐ
by a truncated normal Taylor series of degree ଵܰ about ݔ ൌ ߬ , ݐ ൌ ߬ ሺܽ ൑ ߬ ൑ ܾሻ 
in the form: 

݇ℓሺݔ, ሻݐ ൌ ෍ ෍ ௥ࣥ௣
ℓ ሺݔ െ ߬ሻ௥ሺݐ െ ߬ሻ௣

ேభ

௣ୀ଴

ேభ

௥ୀ଴

  , ℓ ൌ 0,1, … , ݉       … ሺ25ሻ 

where 

௥ࣥ௣
ℓ ൌ

1
!ݎ !݌

߲௥ା௣݇ℓሺݔ, ሻݐ
௣ݐ௥߲ݔ߲ ቤ

ሺ௫ୀఛ,௧ୀఛሻ

 ; ,ݎ   ݌ ൌ 0,1, … , ଵܰ           … ሺ26ሻ 

        The expression (25) can be put in the matrix form 
 

ሾ݇ℓሺݔ, ሻሿݐ ൌ ;  ℓܶ௧ܭܺ    ℓ ൌ 0,1, … , ݉                … ሺ27ሻ 
where 

ܺ ൌ ሾ1 ሺݔ െ ߬ሻ ሺݔ െ ߬ሻଶ ڮ ሺݔ െ ߬ሻேభሿሺேభାଵሻ 
ܶ ൌ ሾ1 ሺݐ െ ߬ሻ ሺݐ െ ߬ሻଶ ڮ ሺݐ െ ߬ሻேభሿሺேభାଵሻ 

and 

ℓܭ ൌ ൣ ௥ࣥ௣
ℓ ൧ ൌ

ۏ
ێ
ێ
ێ
ۍ ଴ࣥ଴

ℓ
଴ࣥଵ
ℓ

ଵࣥ଴
ℓ

ଵࣥଵ
ℓ ڮ

଴ࣥேభ
ℓ

ଵࣥேభ
ℓ

ڭ ڰ ڭ
ࣥேభ଴

ℓ ࣥேభଵ
ℓ ڮ ࣥேభேభ

ℓ ے
ۑ
ۑ
ۑ
ې

ሺேభାଵሻൈሺேభାଵሻ

      … ሺ28ሻ 

 
 Second: substituting the matrix forms (14) and (27) corresponding to the 

functions ܦ௧
ሺ௠ିℓሻఈ

௔
஼ ,ݔሻ and ݇ℓሺݐሺݕ כܸ  ,ሻ into the equation (5)ݐ

ఈሺݔሻ , we have the 
matrix relation: 

ሾ כܸ
ఈሺݔሻሿ ൌ න ൝ܺ ෍ ℓܶ௧ܶఈࣧ௠ିℓࣛܭ

௠

ℓୀ଴

ൡ
௫

௔
 ݐ݀

ൌ ܺ ൭෍ ሻࣧ௠ିℓݔℓ࣢ሺܭ

௠

ℓୀ଴

൱ ࣛ                              … ሺ28ሻ 
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where 

ܶఈ ൌ ሾ1 ሺݐ െ ߬ሻఈ ሺݐ െ ߬ሻଶఈ ڮ ሺݐ െ ߬ሻேఈሿ௧ 

࣢ሺݔሻ ൌ ൣ݄௜,௝ሺݔሻ൧ ൌ න ܶ௧ܶఈ
௫

௔
  ;  ݐ݀

݄௜,௝ሺݔሻ ൌ
ሺݔ െ ߬ሻ௜ା௝ఈାଵ െ ሺܽ െ ߬ሻ௜ା௝ఈାଵ

݅ ൅ ߙ݆ ൅ 1
ቤ

௜ୀ଴,ଵ,…,ேభ
௝ୀ଴,ଵ,…,ே

       … ሺ29ሻ 

 
At last, we use the collocation points in equation (15), to obtain the matrix forms: 
 

כࢂ
ఈ ൌ ऍ ൭෍ ℓ࣢ग௠ିℓࡷ

௠

ℓୀ଴

൱ ࣛ                                    … ሺ30ሻ 

whereऍ, ,ℓࡷ ࣢ and ग௠ିℓ matrices and can be written by blocked matrices as 
follows:  

࣢ ൌ ݀݅ܽ݃ሾ࣢ሺݔ଴ሻ ࣢ሺݔଵሻ ڮ ࣢ሺݔேሻሿሺேାଵሻ              … ሺ31ሻ 
गణ ൌ ሾࣧణ ࣧణ ڮ ࣧణሿሺேାଵሻ

௧ ߴ    ,    ൌ ݉ െ ℓ 
ℓࡷ ൌ ݀݅ܽ݃ሾܭℓ ℓܭ ڮ  ℓሿሺேାଵሻܭ

ऍ ൌ ݀݅ܽ݃ൣܺ௫బ
ܺ௫భ

ڮ ܺ௫ಿ൧
ሺேାଵሻ

 

where 
ܺ௫೔

ൌ ሾ1 ሺݔ௜ െ ߬ሻ ሺݔ௜ െ ߬ሻଶ ڮ ሺݔ௜ െ ߬ሻேభሿሺேభାଵሻ 
 
 

3.4 Matrix Relation for the Initial Conditions 

 Here we can use the matrix relation (14) to obtain the corresponding 
matrix form for initial condition (2). Using equation (14) with definition 2.4 and 
specially putting ݔ ൌ ݁, ሺܽ ൑ ݁ ൑ ܾሻ: 
 

ሾݕሺݔሻ|௫ୀ௘ሿ ൌ ሾ1 ሺ݁ െ ߬ሻఈ ሺ݁ െ ߬ሻଶఈ ڮ ሺ݁ െ ߬ሻேఈ ሿࣧ଴ࣛ ൌ   ଴ࣛࣧܧ
 

Therefore, for ݔ ൌ ݁, the ݇-sequential ߙ-Caputo fractional derivative, ܦ௫
௞ఈ

௔
஼  ,ሻݔሺݕ

can be given in the matrix form: 

ሾ ௫ܦ
௞ఈ

௔
஼ ሻ|௫ୀ௘ሿݔሺݕ ൌ …                                    ௞ࣛࣧܧ ሺ32ሻ 

Substituting (32) into (2), to obtain 

௞ࣛࣧܧ        ൌ ; ௞ݕ    ݇ ൌ 0,1, … , ߤ െ 1 

Now, taking  

ܵ௞ ൌ ௞ࣧܧ ൌ ሾݏ௞଴ ௞ଵݏ ڮ …                   ௞ேሿݏ ሺ33ሻ 

Finally, condition (2) becomes 

ܵ௞ࣛ ൌ ሾݕ௞ሿ   ݎ݋   ሾܵ௞; …                                                             ௞ሿݕ ሺ34ሻ
݇ ൌ 0,1, … , ߤ െ 1 ; ߤ  ൌ maxሼۀߙ݊ڿ,                                              ሽۀߙ݉ڿ
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4 The Method 

 In this section, first we construct the fundamental matrix equation 
corresponding to high-order linear VIFDE with variable coefficients (1), and 
secondly we addthe initial conditions (2) to this matrix, and then solve this linear 
algebra equation to find the fractional generalized Taylor’s coefficients which is 
the solution of equations (1-2) after putting init equation (20). 
 Inserting the matrix relations (24) and (30) into equation (3), we obtain 
the fundamental matrix equation: 

൝෍ ௜ܲࣝఈࣧ௡ି௜

௡

௜ୀ଴

െ ऍߣ ෍ ℓ࣢ग௠ିℓࡷ

௠

ℓୀ଴

ൡ ࣛ ൌ ࣠          … ሺ35ሻ 

where 
࣠ ൌ ሾ݂ሺݔ଴ሻ ݂ሺݔଵሻ ڮ ݂ሺݔேሻሿ௧                               … ሺ36ሻ 

and ௜ܲ , ࣝఈ, ࣧ, ℓሺℓܭ ൌ 0,1, … , ݉ሻ and ࣢ are defined in equations (23,19,12,28,31) 
respectively. Briefly we can write (35) in the form: 

࣬ࣛ ൌ ;ሾ࣬     ݎ݋     ࣠ ࣠ሿ                                      … ሺ37ሻ 
that corresponds to a linear algebraic system of ሺܰ ൅ 1ሻ  equations with the 
ሺܰ ൅ 1ሻ  unknown fractional generalized Taylor coefficients   ሺΥ଴ , Υଵ , … , Υேሻ 
where  

࣬ ൌ ൣܴ௣௤൧
൫௣,௤ୀ଴:ே൯

ൌ ෍ ௜ܲࣝఈࣧ௡ି௜

௡

௜ୀ଴

െ ऍߣ ෍ ℓࡷ

௠

ℓୀ଴

࣢ग௠ିℓ 

Finally, to find the unknown fractional coefficient in truncated generalized Taylor 
formula (20) which is the approximate solution of problem (1) with condition (2), 
by replacing the rows of matrix (34) by the last ߤ-rows of the matrix (37), we have 
the required augmented matrix 

ൣ ෨࣬ ; ෨࣠ ൧ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ

ܴ଴଴ ܴ଴ଵ
ܴଵ଴ ܴଵଵ

ڭ
ܴேିఓ,଴

଴଴ݏ
ଵ଴ݏ

ڭ
ܴேିఓ,ଵ

଴ଵݏ
ଵଵݏ

ڮ

ڮ

ڮ

ܴ଴ே ; ݂ሺݔ଴ሻ
ܴଵே ; ݂ሺݔଵሻ

ڭ
ܴேିఓ,ே

଴ேݏ
ଵேݏ

ڭ
;
;
;

ڭ
݂൫ݔேିఓ൯

଴ݕ
ଵݕ

     ڭ           ڭ           ڭ   ڭ                ڭ
ఓିଵ,଴ݏ ఓିଵ,ଵݏ ڮ ఓିଵ,ேݏ ఓିଵݕ     ; ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

       … ሺ38ሻ 

 
or, the corresponding matrix equation  

෨࣬ࣛ ൌ ෨࣠                                                  … ሺ39ሻ 
        If  ݇݊ܽݎ ෨࣬ ൌ ൣ ݇݊ܽݎ ෨࣬ ; ෨࣠ ൧ ൌ ܰ ൅ 1  then by Gaussian elimination the 
coefficients  Υ௥ , ݎ ൌ 0,1, … , ܰ in matrix ࣛ are uniquely determined by equation 
(38). Thus the linear VIFDE (1) with initial conditions (2) has a unique solution, 
which is given by the truncated fractional generalized Taylor series 

ሻݔ෤ሺݕ ൌ ෍ Υ௥ ሺݔ െ ߬ሻ௥ఈ

ே

௥ୀ଴

൅ ܴே
ఈሺݔ, ߬ሻ;    ܽ ൑ ,ݔ ߬ ൑ ܾ , ܰ ൒ maxሼ݊, ݉ሽ 
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Also, if  ݇݊ܽݎ ෨࣬ ൌ ൣ ݇݊ܽݎ ෨࣬ ; ෨࣠൧ ൏ ܰ ൅ 1 , then the proposed method fails to 
provide a solution, but in this case, the number of collocation points (or 
equivalently the dimension of the matrix  ෨࣬  ) can be increased to find the 
particular or general solution. 
 
The Algorithm [GTM-V]: 
Step 1:  

a. Input the number of truncated generalized Taylor series ܰ such that 
ሺ൒ maxሼ݊, ݉ሽሻand truncated normal Taylor series ଵܰ. 

b. Assume  ݄ ൌ ሺܾ െ ܽሻ ܰ⁄  , ሺܰ א Գሻ. 
c. Put ݕ௞ initial conditions, ݇ ൌ 0,1, … , ߤ െ 1; ߤ  ൌ maxሼۀߙ݊ڿ,  .ሽۀߙ݉ڿ

Step 2: Determine the matrices  ࣧ and ܭℓ൫ℓ ൌ 0: ݉൯ from the equations(12)  
        and (28) respectively. 
Step 3: 

a. Set the collocation points  ݔ௞ ൌ ଴ݔ ൅ ݄݇, ݇ ൌ 0: ܰ, ଴ݔ ൌ ܽ , ேݔ ൌ ܾ 
b. Evaluate the matrices ௜ܲሺ݅ ൌ 0,1, … , ݊ሻ, ࣠ and ࣝఈ from the equations (23), 

(36) and (19) respectively.  
c. Compute the matrix  ࣢ሺݔሻ ൌ ൣ݄௜,௝ሺݔሻ൧  from equation (29) for all 

ݔ ൌ ,௞ݔ ൫݇ ൌ 0: ܰ൯ and each  ݅ ൌ 0: ଵܰ  ;   ݆ ൌ 0: ܰ . 
Step 4: Construct the conditional ߤ-row matrix ܵ௞ሺ݇ ൌ 0,1, … , ߤ െ 1ሻ from  
        equation (33). 
Step 5: Construct the matrices ෨࣬  and ෨࣠  which are represented in equ. (38) 
Step 6: Solve the system (39) for fractional generalized Taylorcoefficients   
       Υ௥ ൫ݎ ൌ 0: ܰ൯using Gaussian elimination method.  
Step 7: Substituting all  Υ௥ ‘s into truncated generalized Taylor series (3) toobtain  
        the approximate solution ݕ෤ሺݔሻ of ݕሺݔሻ.  
 
 

5 Numerical Experiment 

 In this section, we select some examples in which the exact solution 
already exists to show the accuracy, efficiency and effectiveness of the proposed 
algorithm [GTM-V]. All of them were performed on the computer using a 
program written in MatLab (V7.6). The least square errors in tables are the values 
of ∑ ሾݕሺݔ௞ሻ െ ௞ሻሿଶெݔ෤ேሺݕ

௞ୀ଴ , ܯ א Գ at ܯ-selected points ݔ௞. 
 
 
Example 1: 
 We first consider a high-order linear VIFDE with variable coefficients  
 

௫ܦ
଴.ସ

଴
஼ ሻݔሺݕ ൅ ݔ ௫ܦ

଴.ଶ
଴
஼ ሻݔሺݕ െ ሻݔሺݕ2

ൌ ݂ሺݔሻ ൅ න ሾሺݔ െ ଶሻݐ2 ௧ܦ
଴.ଶ

଴
஼ ሻݐሺݕ ൅ ሺݔݐଶ െ 1ሻݕሺݐሻሿ݀ݐ

௫

଴
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݂ሺݔሻ ൌ
2
3

ହݔ െ
1
2

ସݔ െ ଶݔ ൅ ݔ5 െ 2 

െ
100

Γሺ0.8ሻ
൬

1
76

ଶݔ െ
1

72
ݔ െ

1
40

൰ ଼.ଵݔ െ
10

3Γሺ0.6ሻ
 ଴.଺ݔ

together with initial condition:  ݕሺ0ሻ ൌ 1  ;   0 ൑ ݔ ൑ 1. 
 
 Now we try to find the approximate solution ݕ෤ሺݔሻ by truncated ሺܰ ൌ 5ሻ 
generalized Taylor series around ݔ ൌ ߬ ൌ 0: 

ሻݔ෤ሺݕ ൌ ෍ Υ௥ݔ௥ఈ

ହ

௥ୀ଴

  ;    Υ௥ ൌ
1

Γሺߙݎ ൅ 1ሻ
ሾ ௫ܦ

௥ఈ
௔
஼  ሻሿ௫ୀ଴ݔሺݕ

whereߙ ൌ 0.2 , ݊ ൌ 2 , ݉ ൌ 1 , ܽ ൌ 0 , ܾ ൌ 1 , ݁ ൌ 0 , ߣ ൌ 1 ;  and 
଴ܲሺݔሻ ൌ 1 , ଵܲሺݔሻ ൌ , ݔ ଶܲሺݔሻ ൌ െ2  
݇଴ሺݔ, ሻݐ ൌ ݔ  െ ,ଶݐ2 ݇ଵሺݔ, ሻݐ ൌ ଶݔݐ െ 1 

Then, for ܰ ൌ 5  and  ଵܰ ൌ 3  , the matrix equation (35) became: 
 

ሼ ଴ܲࣝఈࣧଶ ൅ ଵܲࣝఈࣧଵ ൅ ଶܲࣝఈࣧ଴ െ ऍሺࡷ଴࣢गଵ ൅ ࣛ ଵ࣢ग଴ሻሽࡷ ൌ ࣠ 
 
where ଴ܲ, ଵܲ, ଶܲ; ࣝఈ, ࣧ are matrices of order  ሺ 6 ൈ 6 ሻ defined by: 
 

଴ܲ ൌ ,ܫ ଵܲ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
0
0
0
0
0
0

0
0.2
0
0
0
0

0
0

0.4
0
0
0

0
0
0

0.6
0
0

0
0
0
0

0.8
0

0
0
0
0
0

ے1.0
ۑ
ۑ
ۑ
ۑ
ې

, ଶܲ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
െ2
0
0
0
0
0

0
െ2
0
0
0
0

0
0

െ2
0
0
0

0
0
0

െ2
0
0

0
0
0
0

െ2
0

0
0
0
0
0

െ2ے
ۑ
ۑ
ۑ
ۑ
ې

 

ࣝఈ ൌ

ۏ
ێ
ێ
ێ
ێ
1ۍ
1
1
1
1
1

0
ሺ0.2ሻఈ

ሺ0.4ሻఈ

ሺ0.6ሻఈ

ሺ0.8ሻఈ

1

0
ሺ0.2ሻଶఈ

ሺ0.4ሻଶఈ

ሺ0.6ሻଶఈ

ሺ0.8ሻଶఈ

1

0
ሺ0.2ሻଷఈ

ሺ0.4ሻଷఈ

ሺ0.6ሻଷఈ

ሺ0.8ሻଷఈ

1

0
ሺ0.2ሻସఈ

ሺ0.4ሻସఈ

ሺ0.6ሻସఈ

ሺ0.8ሻସఈ

1

0
ሺ0.2ሻହఈ

ሺ0.4ሻହఈ

ሺ0.6ሻହఈ

ሺ0.8ሻହఈ

1 ے
ۑ
ۑ
ۑ
ۑ
ې

 

ࣧ ൌ

ۏ
ێ
ێ
ێ
ێ
ێ
0ۍ
0
0
0
0
0

Γሺߙ ൅ 1ሻ
0
0
0
0
0

0
Γሺ2ߙ ൅ 1ሻ

Γሺߙ ൅ 1ሻ
0
0
0
0

0
0

Γሺ3ߙ ൅ 1ሻ

Γሺ2ߙ ൅ 1ሻ
0
0
0

0
0
0

Γሺ4ߙ ൅ 1ሻ

Γሺ3ߙ ൅ 1ሻ
0
0

0
0
0
0

Γሺ5ߙ ൅ 1ሻ

Γሺ4ߙ ൅ 1ሻ
0 ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

 

 
and࣠ is a vector of order ሺ1 ൈ 6ሻ defined by: 
 
࣠ ൌ ሾെ2 െ2.000633 െ1.813402 െ1.753459  െ1.866603 െ2.156238ሿ௧ 

 
Also,  ऍ, ,ℓࡷ ࣢ and ग are block matrices defined by equations (31) respectively, 
and here 
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ऍ ൌ ݀݅ܽ݃ൣܺ௫బୀ଴ ܺ௫భୀ଴.ଶ ܺ௫మୀ଴.ସ ܺ௫యୀ଴.଺ ܺ௫రୀ଴.଼ ܺ௫ఱୀଵ൧

ℓࡷ ൌ ൤
଴ܭ 0
0 ଵܭ

൨                                                                                           

गణ ൌ ሾࣧణ ࣧణ ࣧణ ࣧణ ࣧణ ࣧణሿ࢚ , ߴ ൌ 0 ܽ݊݀ 1

 

 
where 

ܺ௫బୀ଴ ൌ ሾ1 0 0 0ሿ                 
ܺ௫భୀ଴.ଶ ൌ ሾ1 0.2 0.04 0.008ሿ
ܺ௫మୀ଴.ସ ൌ ሾ1 0.4 0.16 0.064ሿ
ܺ௫యୀ଴.଺ ൌ ሾ1 0.6 0.36 0.216ሿ

ܺ௫రୀ଴.଼ ൌ ሾ1 0.8 0.64 0.512ሿ

ܺ௫భୀଵ ൌ ሾ1 1 1 1ሿ                

                   

଴ܭ ൌ ቎

0
1
0
0

0
0
0
0

െ2
0
0
0

0
0
0
0

቏

ଵܭ ൌ ቎

െ1
0
0
0

0
0
1
0

0
0
0
0

0
0
0
0

቏

 

 
࣢ሺݔ଴ሻ ൌ 0ସൈ଺ 

࣢ሺݔଵሻ ൌ ቎

0.2
0.02

0.002667
0.0004

0.120797
0.013178
0.001812
0.000276

0.075044
0.008755
0.001236
0.000191

0.047591
0.005857
0.000846
0.000132

0.030661
0.003942
0.000581
9.198198

0.02
0.002667

0.0004
6.4e െ 05

቏ 

࣢ሺݔଶሻ ൌ ቎

0.4
0.08

0.021333
0.0064

0.277518
0.060549
0.016651
0.005075

0.198041
0.04621

0.013047
0.004033

0.14427
0.035513
0.010259
0.003212

0.106767
0.027454
0.008092
0.002562

0.08
0.021333

0.0064
0.002048

቏ 

࣢ሺݔଷሻ ൌ ቎

0.6
0.18

0.072
0.0324

0.451440
0.147744
0.060944
0.027860

0.349368
0.122279
0.051789
0.024011

0.276008
0.101911
0.044161
0.020737

0.221513
0.085441
0.037774
0.017943

0.18
0.072

0.0324
0.015552

቏ 

࣢ሺݔସሻ ൌ ቎

0.8
0.32

0.170667
0.1024

0.637568
0.278212
0.153016
0.093267

0.522634
0.243896
0.137729
0.085142

0.437345
0.215308
0.124400
0.077885

0.371783
0.191203
0.112709
0.071382

0.32
0.170667

0.1024
0.065536

቏ 

࣢ሺݔହሻ ൌ ቎

1
0.5

0.333333
0.25

0.833333
0.454545

0.3125
0.238095

0.714286
0.416667
0.294117
0.227273

0.625
0.384615
0.277778
0.217391

0.555556
0.357143
0.263158
0.208333

0.5
0.333333

0.25
0.2

቏ 

 
From (34), the matrices for conditions are computed as: 

ሾܵ଴; ଴ሿݕ ൌ ሾ1 0 0 0 0 0 ; 1ሿ 
 
 Substituting the above matrices for fundamental equation, we have the 
augmented matrix based on condition which is: 
 
ൣ ෨࣬ ; ෨࣠ ൧

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

െ2
െ1.8008
െ1.6128
െ1.4648
െ1.4048

1

0
െ1.177486
െ1.137741
െ1.054932
െ0.992884

0

0.887264
0.031579

െ0.061656
െ0.058241
െ0.033240

0

0
0.084391
0.020342
0.031685
0.074032

0

0
0.101253
0.070936
0.097176
0.160529

0

0
0.099916
0.100301

0.1443296
0.230902

0

;
;
;
;
;
;

െ2
െ2.000633
െ1.813402
െ1.753459
െ1.866603

1 ے
ۑ
ۑ
ۑ
ۑ
ې
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Solving this system, generalized Taylor coefficients are obtained  
 
ࣛ ൌ ሾ1.0 െ0.883929e െ 14 െ0.783885e െ 15   0.451208e െ 12 െ.952065e െ 12 െ2.0ሿ௧ 
 

Substituting the elements Υ௥൫ݎ ൌ 0: 5൯ for truncated equation (3), we get the 
approximate solution ݕ෤ሺݔሻof ݕሺݔሻ: 

ሻݔ෤ሺݕ ൌ 1 െ  ݔ2
This coincides with the exact solution. 
 
Example 2: 
 Let us consider the linear VIFDE on 0 ൑ ݔ ൑ 1 : 

௫ܦ
ଶఈ

଴
஼ ሻݔሺݕ െ

1
2

௫ܦ
ఈ

଴
஼ ሻݔሺݕ ൅ ሺ1 ൅ ሻݔሺݕଶሻݔ ൌ ݂ሺݔሻ 

൅ න ሾݐݔ ௧ܦ
ଶఈ

଴
஼ ሻݐሺݕ ൅ ሺݔଶ െ ሻݐ ௧ܦ

ఈ
଴
஼ ሻݐሺݕ ൅ ݁௫ା௧ݕሺݐሻሿ

௫

଴
 ݐ݀

݂ሺݔሻ ൌ ହݔ ൅ ଷݔ െ ଶݔ െ 1 െ 7݁௫ െ ݁ଶ௫ሺݔଷ െ ଶݔ3 ൅ ݔ6 െ 7ሻ

൅
6

Γሺ4 െ ሻߙ2
൬1 െ

1
5 െ ߙ2

ଷ൰ݔ ଷିଶఈݔ

൅
3

Γሺ4 െ ሻߙ
൬

2
5 െ ߙ

ଶݔ െ 1൰ ଷିఈݔ െ
6

Γሺ5 െ ሻߙ
 ଺ିఈݔ

 

with initial conditions: ൜
݂݅    0 ൏ ߙ ൏ 0.5; ሺ0ሻݕ   ൌ െ1                     
݂݅ 0.5 ൏ ߙ ൑ 1; ሺ0ሻݕ      ൌ െ1 , ᇱሺ0ሻݕ ൌ 0

 

 
 The exact solution of this problem is known  ݕሺݔሻ ൌ ଷݔ െ 1. 
 Apply the algorithm [GTM-V], for ሺܰ ൌ 5 ܽ݊݀ ଵܰ ൌ 5 ሻ , obtain the 
fundamental matrix relation for ߙ ൌ 0.6  : 
 

൜ ଴ܲࣝఈࣧଶ ൅ ଵܲࣝఈࣧଵ ൅ ଶܲࣝఈࣧ଴                                             
                                    െऍሺࡷ଴࣢गଶ ൅ ଵ࣢गଵࡷ ൅ ଶ࣢ग଴ሻࡷ

ൠ  ࣛ ൌ ࣠ 

where 

଴ܲࣝఈࣧଶ ൅ ଵܲࣝఈࣧଵ ൅ ଶܲࣝఈࣧ଴ 

 ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

1
1.04
1.16
1.36
1.64

2

െ0.446758
െ0.050798
0.222655
0.554232
0.987733
1.553242

1.101803
1.017815
1.132306
1.384755
1.817243
2.485248

0
0.661475
1.052335
1.511109
2.156601
3.115492

0
0.364998
0.858850
1.510388
2.435090
3.816633

0
0.184692
0.650431
1.425435
2.645676
ے4.572600

ۑ
ۑ
ۑ
ۑ
ې

 

 
ऍሺࡷ଴࣢गଶ ൅ ଵ࣢गଵࡷ ൅  ଶ࣢ग଴ሻࡷ

 ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

0
0.270422
0.733713
1.497929
2.726886
4.667384

0
0.055105
0.262428
0.768137
1.796470
3.688934

0
0.018018
0.139329
0.526144
1.451631
3.36302

0
0.005827
0.071227
0.346863
1.137877
3.003534

0
0.001991
0.038025
0.237335
0.922699
2.769401

0
0.000705
0.020845
0.166157
0.764367
ے2.606586

ۑ
ۑ
ۑ
ۑ
ې
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and 

     ࣠ ൌ ሾെ1 െ0.585590 0.203303 1.397271 2.968683 4.635446ሿ௧ 
From equations (33 and 34), the matrix forms for initial conditions are: 

ܵ௞ࣛ ൌ ሾݕ௞ሿ   ݎ݋   ሾܵ௞; ; ௞ሿݕ   ݇ ൌ 0  ܽ݊݀  1  
or clearly 

ሾܵ଴; ଴ሿݕ ൌ
ሾ ଵܵ; ଵሿݕ ൌ

ሾ1        0         0 0 0 0 ;   െ1ሿ
ሾ0 0.893515 0 0 0 0 ;     0ሿ  

After the system of the augmented matrices and condition are computed, we get the 
new augmented matrix in the form 
ൣ ෨࣬ ; ෨࣠ ൧

ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

1
0.769578

0.4262873
െ0.137929

1
0

െ0.446758
െ0.105903
െ0.039773
െ0.213905

0
0.893515

1.101803
0.999797
0.992977
0.858611

0
0

0
0.655648
0.981108
1.164246

0
0

0
0.363007
0.820825
1.273054

0
0

0
0.183988
0.629587
1.259278

0
0

;
;
;
;
;
;

െ1
െ0.585590
0.203303
1.397271

െ1
0 ے

ۑ
ۑ
ۑ
ۑ
ې

 

 
This system has the solution  
ࣛ ൌ ሾെ1.00004 െ0.103101e െ 3 െ0.194346e െ 4  0.271458e െ 2 െ0.665339e െ 2 1.00419ሿ௧ 

andݕ෤ሺݔሻ is evaluated as: 

ሻݔ෤ሺݕ ൌ െ1.00004 െ ଷݔ 0.000103101 ହ⁄ െ ଺ݔ 0.0000194346 ହ⁄

൅ ଽݔ 0.00271458 ହ⁄ െ ଵଶݔ 0.00665339 ହ⁄ ൅  ଷݔ1.00419
 For ߙ ൌ 0.4, we apply the algorithm [GTM-V] by the previous procedure 
to obtain the approximate function ݕ෤ሺݔሻ for the solution of consider problem, take 
ܰ ൌ ଵܰ ൌ 6;  

ሻݔ෤ሺݕ ൌ െ1.00 െ ଶݔ 0.0225457 ହ⁄ െ ସݔ 0.0107382 ହ⁄ െ ଺ݔ 0.721801 ହ⁄

൅ ଼ݔ 3.48758 ହ⁄ െ ଶݔ6.13334 ൅ ଵଶݔ 4.35416 ହ⁄  
 
 Table (1), for ߙ ൌ 0.6, presents a comparison between the exact and 
approximate solution which depends on the least square error and running time with 
different values of   ܰ  ܽ݊݀  ଵܰ. 

Table (1) 

 ݔ
Exact 

Solution  
Present Method for ܰ ൌ 5 

ଵܰ ൌ 5 ଵܰ ൌ 7 ଵܰ ൌ 10 ଵܰ ൌ 15 
0.0 െ1 െ1.00004 െ1 െ1 െ1 
0.1 െ0.999 െ0.999046 െ0.9990002 െ0.999 െ0.999 
0.2 െ0.992 െ0.992039 െ0.9920001 െ0.992 െ0.992 
0.3 െ0.973 െ0.973041 െ0.9730002 െ0.973 െ0.973 
0.4 െ0.936 െ0.936054 െ0.9360006 െ0.936 െ0.936 
0.5 െ0.875 െ0.875074 െ0.8750012 െ0.87500001 െ0.875 
0.6 െ0.784 െ0.784092 െ0.7840019 െ0.78400002 െ0.784 
0.7 െ0.657 െ0.657097 െ0.6570026 െ0.65700003 െ0.657 
0.8 െ0.488 െ0.488078 െ0.4880030 െ0.48800004 െ0.488 
0.9 െ0.271 െ0.271021 െ0.2710029 െ0.27100005 െ0.271 
1.0 0.0 8.86݁ െ 5 െ2.31݁ െ 6 െ7.22݁ െ 8 െ1.2݁ െ 13 

L.S.E 0.414783݁ െ 006 0.336713݁ െ 009 0.816289݁ െ 013 0.241݁ െ 024 

R.T/Sec 0.460625 0.660062 1.081343 1.845121 
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 For ߙ ൌ 0.4 , comparisons of numerical result with the exact solution are 
showed in table (2) for different values of   ܰ  ܽ݊݀  ଵܰ. 
 

Table (2) 

ሺࡺ,  ૚ሻࡺ
ܰ ൌ 6 ܰ ൌ 9 

ଵܰ ൌ 6 ଵܰ ൌ 8 ଵܰ ൌ 10 ଵܰ ൌ 6 ଵܰ ൌ 8 ଵܰ ൌ 10 

Error 
0.60252 
݁ െ 01 

0.59104
݁ െ 01

0.59063
݁ െ 01

0.37327
݁ െ 07

0.17733 
݁ െ 07 

0.79683 
݁ െ 08 

R.T/Sec 0.57448 0.82439 1.03503 0.62802 0.85083 1.08504 

 
 
 

6 Conclusion 

 To find analytically the exact solutions of high-order linear VIFDEs with 
variable coefficients are usually difficult and mostly impossible. For this purpose, 
we introduced a new numerical method for approximating the solution of such a 
problem, in which a generalized Taylor collocation method is applied in matrix 
form. 
 A considerable advantage of the method is that the generalized Taylor 
coefficients of the solution are found very easily by using computer programs. For 
this reason, this technique is much faster than the other methods.  
 Several examples are included for illustration and good results are achieved. 
We concluded that the numerical results show that the accuracy improves with 
increasing the truncation limit ܰ, hence for better results, using large number ܰ is 
recommended. Also, the truncation limit ଵܰ  (the degree of the approximating 
kernel) must be chosen to be large enough.    
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