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Abstract

In this paper, we examine the effects of assuming a negative lower
bound for the population growth rate within the Solow-Swan model
with AK technology and bounded population growth rate introduced
by Guerrini [9].
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1 Introduction

The standard one-sector neoclassical growth model (Solow [15], Swan [16]) is
a one-dimensional continuous time dynamical system able to generate mono-
tonic convergence to a steady growth equilibrium. The dynamic properties of
the Solow-Swan model follow from the assumptions on the constant average
propensity to save and on the neoclassical technology. As well, population is
assumed to grow at a positive given rate. If we assume the production function
to be linear within the Solow-Swan growth model, we have the so-called AK
Solow-Swan model. Unlike the standard Solow-Swan model, the AK Solow-
Swan formulation of Rebelo [14] predicts that growth rates do not exhibit any
tendency to convergence, i.e. no transitional dynamics. An economy that
starts from a stock of capital per-worker will perpetually accumulate physical
capital and its capital stock per-capita will rise at a constant rate toward infin-
ity. Recently, Guerrini [9] have studied the AK Solow-Swan when the change
over time of population is non-constant but governed by a population growth
rate subject only to be between prescribed upper and lower limits (bounded
population growth rate model), and showed that transitional dynamics can
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occur. The main aim of this paper is to pursue the attempt towards a com-
plete understanding of the role of a variable population growth rate within
economic growth models (see for example the works by Bucci and Guerrini
[1], Ferrara and Guerrini [2-4], Germanà and L. Guerrini [5], Guerrini [6-13]).
For this purpose, here, we will investigate the AK Solow-Swan model with
bounded population growth rate model introduced by Guerrini [9] by allowing
a negative lower bound for the population growth rate. With this setup, the
model’s dynamics are shown to be richer than those of the basic Solow-Swan
model with AK technology and bounded population growth rate.

2 The model

The Solow-Swan growth model with AK technology is based on the dynamics
.

kt = (sA − δ − n) kt, where kt denotes per capita capital, s ∈ (0, 1) is the
constant marginal propensity to save, A is an exogenous positive constant
that reflects the level of the technology, δ > 0 denotes the rate of capital

depreciation, and
.

Lt/Lt = n > 0 is the constant population growth rate.
Recently, Guerrini [9] has modified this model by considering the population

growth rate to be non-constant but evolving according to the law
.

Lt/Lt = nt,
where nt is subject only to be between prescribed upper and lower limits and
such that there exists lim

t→∞
nt = n∞. Now, contrary to Guerrini [9], we do not

exclude the possibility of a negative population growth rate. Hence, we assume
that

−M ≤ nt ≤ M (1)

for all t, where M > 0. For simplicity, let today’s population be normalized
to one, L0 = 1. It is clear from our assumptions that −M ≤ n∞ ≤ M.
Furthermore, integrating (1) between 0 and t, and then exponentiating the
result, we derive that

e−Mt ≤ Lt ≤ eMt (2)

for all t. Consequently, 0 ≤ L∞ ≤ ∞, having set L∞ = lim
t→∞

Lt. Within this

framework, the dynamic equation for capital accumulation of this modified
version of the AK Solow-Swan model is described by

.

kt = (sA − δ − nt) kt. (3)

This first order differential equation in kt, together with the initial condition
k0 > 0, completely determines the entire time path of the capital stock.
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3 Model’s solution and long-run behaviour

We will now work out an explicit solution to the differential equation of the
model as well as study its long-run behaviour.

Proposition 3.1. For all t > 0, the time path of per capita capital is

kt = k0e
(sA−δ)tL−1

t . (4)

Proof. Eq. (3) is a first-order homogenous differential equation with solution

given by kt = k0e
� t
0
(sA−δ−nt)]dt = k0e

(sA−δ)t−lnLt . Thus, the statement.

In order to understand the long-run behavior of the model, we will now
examine the value sA − δ in relation to −M and M , the lower and upper
bounds of the function nt, respectively.

Proposition 3.2. Set k∞ = lim
t→∞

kt.

i) Let sA − δ = 0. Then k∞ = ∞ if L∞ = 0; k∞ = 0 if L∞ = ∞;
k∞ = k0L

−1
∞ if L∞ < ∞.

ii) Let sA − δ < 0. Then k∞ = 0 if L∞ �= 0, L∞ = ∞, or L∞ = 0 and
sA−δ +M < 0; k∞ ∈ [0, k0] if L∞ = 0 and sA−δ +M = 0; k∞ ∈ [0,∞]
if L∞ = 0 and sA − δ + M > 0.

iii) Let sA − δ > 0. Then k∞ = ∞ if L∞ = 0 or L∞ < ∞; k∞ ∈ [1, +∞] if
L∞ = ∞ and sA−δ−M = 0; k∞ ∈ [0,∞] if L∞ = ∞ and sA−δ−M < 0;
k∞ = ∞ if L∞ = ∞ and sA − δ − M > 0.

Proof. i) Eq. (4) becomes kt = k0L
−1
t . Thus, k∞ = ∞ if L∞ = 0, k∞ = 0 if

L∞ = ∞, and k∞ = k0L
−1
∞ if L∞ < ∞.

ii) Eq. (4) yields k∞ = k0 lim
t→∞

e(sA−δ)tL−1
t . Three cases have to be considered:

L∞ �= 0, L∞ = ∞, L∞ = 0. It is immediate that this limit is zero if L∞ �= 0
or L∞ = ∞. Let L∞ = 0. Then we derive from (2) that

0 = lim
t→∞

e(sA−δ−M)t ≤ lim
t→∞

e(sA−δ)tL−1
t ≤ lim

t→∞
e(sA−δ+M)t. (5)

It now follows from (5) that if sA − δ + M = 0, then lim
t→∞

e(sA−δ)tL−1
t ∈ [0, 1];

if sA − δ + M < 0, then lim
t→∞

e(sA−δ)tL−1
t = 0; if sA − δ + M > 0, then

0 ≤ lim
t→∞

e(sA−δ)tL−1
t ≤ ∞.

iii) Again from Eq. (4), k∞ = k0 lim
t→∞

e(sA−δ)tL−1
t . This limit is clearly ∞ if

L∞ = 0 or L∞ < ∞. Let L∞ = ∞. The inequalities in (2) yield

lim
t→∞

e(sA−δ−M)t ≤ lim
t→∞

e(sA−δ)tL−1
t ≤ lim

t→∞
e(sA−δ+M)t = +∞.
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Hence, if sA−δ−M = 0, then lim
t→∞

e(sA−δ)tL−1
t ∈ [1, +∞]; if sA−δ−M > 0, then

lim
t→∞

e(sA−δ)tL−1
t = +∞; if sA−δ−M < 0, then 0 ≤ lim

t→∞
e(sA−δ)tL−1

t ≤ +∞.

Remark 3.3. From (1), we have sA− δ −M ≤ sA− δ −nt ≤ sA− δ + M.

Since
.

kt/kt = sA− δ −nt, we get that
.

kt ≤ 0 (resp.
.

kt ≥ 0) if sA− δ + M ≤ 0
(resp. sA − δ − M ≥ 0), so that kt is decreasing (resp. increasing).
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