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Abstract

Integrals involving products of Hermite polynomials with the weight
factor exp (—x?) over the interval (—oo,c0) are considered. A result of
Azor, Gillis and Victor (SIAM J. Math. Anal. 13 (1982) 879-890] is
derived by analytic arguments and extended to higher order products.
An asymptotic expansion in the case of a product of four Hermite poly-
nomials H,(x) as n — oo is obtained by a discrete analogue of Laplace’s
method applied to sums.
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1. Introduction

Consider an even set of distinguishable elements divided into k subsets con-
taining n, elements (r = 1,2,...,k) with 3*_, n, an even integer, 2s. In [2],
Azor, Gillis and Victor considered the combinatorial problem of the arrange-
ment of these elements into s disjoint pairs. They showed that the number

of possible pairings of different types is expressed in terms of integrals of the

type

. k
I(ny,na, ... 1) :/ e~ [ H,, (x) dx, (1.1)
o0 r=1

where H,(z) denotes a Hermite polynomial of degree n. The evaluation of
the above integral in the case &k = 4 when n; = ny and ng = ny was ob-

tained by combinatorial arguments and expressed in terms of a terminating
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3Fy generalised hypergeometric function. In the case n, =n (1 < r < 4) the
asymptotics of this integral as n — oo were obtained by means of an elaborate
argument involving the use of a generating function derived from a contour
integral containing a Legendre function. In this paper, we shall obtain the
evaluation of (1.1) in the cases k = 4,5 and 6 by analytic arguments. In addi-
tion, we show how an asymptotic expansion in the case k = 4 and n, = n can
be obtained as n — oo by a discrete analogue of Laplace’s method applied to
sums.

We assemble here the main properties of the Hermite polynomials that we
shall require. The H,,(x) are defined by

z2 d" 2

H,(z) = (—)"e e (e, n=012,...

and have the representation

n!
(—)n/Q(ln)v 1Fi(=3m; 3:2%) (n even),
in)!
H, () = | (1.2)
n!
(_)(n—l)/Q(ln - l)'2$1F1(—§n +2:2:2%) (n odd),
2 T3

where 1 F} denotes the confluent hypergeometric function. These polynomials
satisfy the well-known orthogonality property

/Oo ¢ Hp(2)Hy () dz = 2" /7 1l 6, (1.3)

—00

where 9,, ,, is the Kronecker delta.
From [4, p. 838, 7.376], we have the integrals'

o —_\n92n—1
J eﬂﬁﬂﬁuwm=ﬁlyF—T@v+9Fm+%hﬂvﬂév+%%ﬂ%
(_)n22n—1

/ e e Hypa (1) do = L(zv + D0 (n+ 3) 1Fi(=n, 3v + 1;3;1),
0

N
the first integral holding for Re(r) > —1 and the second integral for Re(v) >
—2. Making use of Vandermonde’s theorem [5, p. 243]

1Fi(=n,r+35;1) =

!There are misprints in the second of these evaluations in [4].
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where (a), = I'(a+n)/I'(a) is the Pochhammer symbol, we obtain the moment

integrals for nonnegative integer r

/_O:O e ¥ Hop(2) d = (=) 22" /7 (%) (=7 ), (1.4)
/ O:O e g 1 () dr = (=)' 22 /m(2)s (=) (1.5)

Since (=), = (=)"r(r —1)...(r —n+ 1), we see that both these moment
integrals vanish when r < n.

Finally, with 2s = n; + ns + n3, we note the integral (1.1) corresponding
to k = 3 is given by [4, p. 838, 7.375]

25\/mnilng!ng!

[ Hay (@) Ho () ) o = (5= mlls — mo)its —mp)t 7R
0 (s odd);
(1.6)

this integral is also clearly zero when s is even if any one of the three indices
is greater than the sum of the other two.

2. The case k£t =4

We consider the evaluation of the integral (1.1) when k& = 4: this requires
the sum of the indices n, to be an even integer for a nonzero value. Thus,
the indices can be all even or odd, or two of them can be of different parity.
With ns 4+ ny = 2p even, we can expand the product H,,(z)H,,(x) as a linear
combination of Hoy(z) (0 < k < p) in the form

Hns(x)Hm(x) = kzp:CQkH%(x), (2.1)

where .
2/ (2R = [ €7 Hoy () Hoy (@) Hon (v) do
by the orthogonality property (1.3). Evaluation of this integral by (1.6) then

yields the coefficients ¢y in the form

2(n3+n4)/27k n3!n4!

maoms )1 (Bagms oy k)1 (B — g1 22)

CQk:(
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Then the integral

Iyomn) = Y e [ €% Hoy(2) oy () Hop() do
k=0 -
P 2(nutn2) 24k /7 In, ! (2k)!

= D oD ]
» (_n1+n2 )k(_”3‘;”4)k(2/€)!

— A 2 |
2 (B R+ R + (2% + D)
where | | | | r
_ 00/2 NN M3 Ny- .
A — 2 / \/ﬂ- (n1+n2)'(n3+n4)'7 g = an
2 ’ 2 ) r=1

and we have used the fact that (—a), = (—)*a!/(a—k)!. Since (2k)! = 2%#E!(1),
by the duplication formula, the above sum can be expressed as a 5 F} generalised
hypergeometric function to yield the final result

2972, /7 ny ! mg! ng! ny!

I(nl""’n4): ni+n n3y+n ni—n na—mn n3—mn. ng—mn
(g (g (g (g ()]

—mdny _matng 19 7.
X 5 F) 2 202 4. (2.3)
ni ;’RQ _|__ 1, 7’!;25711 _|__ 1, 7’!;35714 + 17 7’!;45713 + 1;

In the case n;y = ny = m, n3 = ny = n, the 5F; function reduces to a 3F5
function to yield the evaluation

—m, —n

00 1.
/ e~ H2 (z)H2(x) do = 2™ " /mmin! 3 Fy ( L1 r2 4) (2.4)

as found in [2] by means of combinatorial arguments. A similar reduction

arises when n; = ny = ng = n, ny = m, where m and n have the same parity,

to produce
0o 2(m+3n)/2 !2 |
[ e @i = 2 P, (29
oo )
where
! -2
Fim,n) = ————3F: ’ P27 4. 2.6

We remark that the above hypergeometric functions have natural cut-offs.
For example, the function F'(m,n) can be written as
k1 —n), (—mEn 1 22k:
Fimm) = 3 (o EET RN
kIR + RN + )]

k=ko

(2.7)
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where
ko = |5(m —n)|, ki = min{n, £(m +n)}.

From this, it is seen that when m > 3n we have kg > ki, so that the sum
(2.7) is empty and the integral in (2.5) is therefore zero; when n > m we have
ko < k1, so that the integral (2.5) is nonzero.

3. Examples of (1.1) when k=5 and k =6

The same procedure used in Section 2, combined with the result in (2.5), can
be employed to evaluate cases of (1.1) corresponding to k& = 5 and k& = 6.
Consider the integral (1.1) with £ =5 and n, = 2n (1 <r < 5) given by

I, = / e HS (2) dx. (3.1)
Then, since by (2.1) and (2.2)

220k ((2n)1)?

HQQn Z CQk-HQk Cop, = ma

we have upon employing (2.5)

2n )
I, = chk/ e " H3 (x)Hap(z) d
=0 7~

2k 2k:)'
+k)!

where F'(2k,2n) is defined in (2.6). We therefore have the evaluation

= 2% /7((2n)! chk

F(2k, 2n),

I, = 22" /7 ((2n)1)* kz:jo k$(22)22— i)(‘?fl ’ETZ)!. (3.2)

In a similar manner we can evaluate (1.1) when & = 6 and n, =n (1 <

r < 6), namely the integral

T = / T e HY () da, (3.3)

If we first suppose that n is even , we have (upon replacing n by 2n)

H3,(x) Z corHow(x
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where by (1.3)
220 /m(2k) cop, = /OO e " H} (2)Hop(z) da.

It then follows that

3n 0o ) 3n
Jon =Y CQk/ e Hy (v)Hop(z) do = /7> 2°7(2k)! 3.
k=0 7T k=0

(3.4)

Evaluating the integral in (3.4) by means of (2.5), combined with a similar

procedure for odd n, we then obtain the result

L2 (L)kt22
kz::() (G + k)
Jp =25/ ((n)))* )
D2 (3, o2k

L nelon)

k=0

4. Moment integrals

2
5 F2(2k+1,n) (n odd).

2
5 I (2k,n) (n even),

(3.5)

In this section we evaluate the moment integrals involving a product of two

Hermite polynomials defined by
K(m,n,r) = / e 2" H,,(2)Hp () da,

— 00

where r is a nonnegative integer and m + n + r is even.

From (1.2) and (1.4) we find, for even m and n,

K(2m,2n,2r) = (—)"(

(4.1)
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we then obtain
K(2m,2n,2r) = (- )”22m\/ % Z

It is readily seen that when r < m—n (m > n) all terms in the above sum van-

r+ 3)k(r + k)
k(r—m—l—k)

(4.2)

ish. Since m and n are interchangeable, it then follows that K (2m, 2n,2r) =0
when 7 < |m — n|.

An alternative representation is given by expressing the sum in (4.2) as a
3F5 hypergeometric function of unit argument to obtain

2n)!r! —n,r+ i r4+1;
K(2m,2n,2r) = (—)"22™ @t 1 S F ’ 2’ "1]. (4.3
(2m, 2n, 2r) = (=) \/ﬁn!(r—m)!(Z) 3 2( %,r—m—i—l; ) (43)

A similar procedure can be applied to the remaining two cases of odd m, n

and m, n of different parity with r odd to yield

(2n—|—1)'7“'(3> —n,r+ 1,7+ 3;

nl(r —m)! 27302 Sr—m+1;
(4.4)

K(@2m+1,2n+1,2r) = (—)"2*" /7 1

and

K(2 1,2n,2r +1) = (=)"2?" /m——2" "
(2m+1,2n,2r +1) = (=)" 2" /7 —r

It is found that K (2m + 1,2n + 1,2r) in (4.4) similarly vanishes when r <
|m — n|, whereas K(2m + 1,2n,2r + 1) in (4.5) vanishes when r < m —n
(m>n)andr <n—m-—1(n>m+1).

In the case m = n, we define

k.(n) == K(n,n,2r) = / e 2 H2(x) da (4.6)
for nonnegative integer n. If we apply Thomae’s transformation [1, p. 143]
B a, b, c; 1 = L(d)T(e)l(s) B d—a,e—a,s; 1)
d, e; I'(a)'(s +0)I'(s +¢) s+b,s+¢

where in this section s = d + e — a — b — ¢ denotes the parametric excess, to

the hypergeometric functions appearing in (4.3) and (4.4) we find that
—r,r+1,3n+3;
1

(3)r 3F% ( 1) 1) (n even),
k.(n) = (=) 2"/mn! (4.7)

_ 1.1 1:
(%)r:st( nre ;2714— ’1) (n odd).

)9
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Application of Sheppard’s transformation for nonnegative integer r [1,
p. 141]

28 (—r,a, b> 1) _ (d_ a)T(e — (l),« 2 ( —r,a,1 —s; 1)

d,e;; (d),(e), a—r+d+1l,a—r—e+1;

shows that the ratio of the two 3 F, functions appearing in (4.7) equals (), /(

N[

)T"

Hence we finally obtain the evaluation
kr(n) = (=)"72"7"/mn! o, (n) (4.8)
for nonnegative integers n and r, where the polynomial p,(n) is given by
or(n) = QT(%)T T, (—T,T’ —|—;fn + %% 1) '
The first few polynomials p,(n) are then found to be

n) = 1, o1(n) =2n+1,
o(n) = 3(2n* +2n + 1),

(n)
(n)
3(n) = 5(4n® + 6n* + 8n + 3),
(n)
(n)

<

0

n

T D

n) = 35(2n* + 4n® 4+ 10n* 4 8n + 3),

= 63(4n° + 10n* + 40n® + 500 + 46n + 15), ... .

<

4

n

S

5

5. An asymptotic expansion for n — oo

The asymptotic behaviour of the integral (1.1) when one or more of the indices
n, is large and k = 2, 3 follows immediately from (1.3) and (1.6), respectively.
In [2], Azor et al. considered the particular case of the next integral in the
sequence corresponding k =4 and n, =n (1 <r <n), namely
I, = / e_:EQHi(I) dz,

and derived by an elaborate argument an asymptotic estimate of this integral
as n — oo. They expressed I, as integral involving a Legendre function taken
round a contour surrounding the origin in the complex plane and from this
constructed a generating function to which they applied Darboux’s method.
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The asymptotics of I, as n — oo were then deduced from the bahaviour of the
generating function at its singularities on its circle of convergence.

Here, we shall obtain an asymptotic expansion for [, by means of the
discrete analogue of Laplace’s method applied to sums. This method was
employed by Stokes [6] in his determination of the leading behaviour of the
generalised hypergeometric function ,F,(z) for  — 4o00. An example of the
application of this method can also be found in [3, p. 304]. From (2.4) together
with (—=n), = (=)*n!/(n — k)!, we find

__ 92n n 4 - 22kr(k+%>
=20 2 G — Ry ol

This sum consists of positive terms which are easily shown to possess a maxi-
mum for large n at k ~ gn =m. As n — oo, the terms in the sum (5.1) peak

sharply near the maximum term. For arbitrary € > 0 we then have

zn: 22kr(k+ ) N [m(1+€)] 22kr(k+%)
k=0 —k)!)? k=[m(1—¢)] (K1)3((n — K)1)?

(5.2)

with an error that is subdominant with respect to every power of 1/n as
n — oo.

The terms retained in the sum on the right-hand side of (5.2) can now be
approximated by means of the well-known expansion for I'(z) given by

[(z) ~ V21 > (=) 7.277, z — 400, (5.3)
s=0

where the first few Stirling coefficients v, are given by 7 = 1, 11 =

_ 1 — 139
V2 = 2830 13 = Fisa0-

we have for large k

-
Then, by the duplication formula for the gamma function,

V27T (2k) bk aeo(—)*s(2k) 7
2231 (k) ~ Ve (=) sk

1 . 1003
~ Vorkke (1 — ) 5.4
e o1k T 1152k T a14m20k8 (5-4)

Lk+3) =

and

1 1 1 1
Dk+1) = (k) ~ Vark e (14 - i

_ ...). (55
2k+288k2 51840k3+ ) (5:5)

From (5.4) and (5.5) we therefore find

20 (k + 3) 22kk_2ke%< 7 49 N 2749 N >
24k 1152k2  414720k3

kD3 T 2nk3 *
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as k — +oo.
We now set
k=m+t, mz%n, T=t/m,
where |¢| is small compared with m. We find from (5.3) that

)25,
(TL — k)' = (%n — t)' ~ 4/ 271'(%71 — t)%n_t"'% __TH't Z 77

Zms(1—27)s

Some routine algebra then shows that the terms in the sum on the right-hand
side of (5.2) can be written as

22kr(k + %) 3 (3)3/2 (E>2n 2n—3t2 /m
KD3((n— k)2 ™~ am2n \2n 3) ©

y (1+7)7%2 exp [3m72 — 2m(1 + 7) log(1 + 7)]

G Y )
1—or exp [m(1 — 27) log(1 — 27)] (r,m)
where 7(A+7)"t | 49(1+7)72 | 2749(1+7) 73
G(r,m) = (1 ~ " oam T ez T Taamoms T )
Y (1—27)-1 | (1-2r)~2  139(1—2r)~3 2
(1 + 5 %m T Tmmr T Temomd T )

This produces the expansion for large n in the form

22D (k + 3) 3 (3NN e & S
(K (0 —k))? "~ drn (%) <§> c S;)Cs(m)T ,

where, omitting the odd coefficients (as these will not be required),

colm)=1-— gm Ly mm 24+ 0(m™), ca(m) = %3 — %mfl +O0(m™?),
ca(m) = —2m + 18 4+ O(m™), ce(m) = im* + O(1),

cs(m) = %m + 0(1),

We now extend the range of summation in (5.2) to £00 to obtain

3e2n s 3\%/2 /p\2n X
A R S ——

472n \2n 3 tzoo
(5.6)

The sums in (5.6) may be evaluated using the Poisson-Jacobi transformation
(7, p. 124]

> e = \/f <1 +2)° 6”2"2/a> . Re(a) >0,
a

n=-—00 n=1
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so that for a — 0+ we have (neglecting exponentially small terms of order
—7r2/a)
e

s _—an? s d ’ m —s—1
n;m n2 ~ (—) (@) E = P(S + %) a 2

for s =0,1,2,.... Since odd powers of 7 yield zero contribution to the sum
n (5.6), we then find from (5.1) and (5.6)

3 [3n e >, cos(m)D(s + 1)

- 2n
L 0 Z 3m SN/

An\V m 2mn =

Evaluation of this sum with the above values of ¢o5(m) (0 < s < 3) produces
the value 1 — Zn~ + O(n~?). Continuation of this process with the help of
Mathematica then yields the expansion

e 2n s s —s
I, 471\/”6 (E bsn~ )(;O —)vsn ),

where we have removed a factor of (n!)? with the help of (5.3) and

_ _ 5 _ 17 287
bp=1, b= 127 b2_1447 b3_12960’

b, — 1301 b — 1371821
4 62208 5 261273607 * " -

We then finally obtain the expansion?

3 /3 >
I, ~ %\/;6%(”!)2 Sz:;)@sn’s (n — 00), (5.7)

where

CL():]_, ) = —7 a9 = 77 a3 = 45

7 _ 59

a4:ﬁ, &5——1024, e

The first three terms of this expansion were obtained in [2], where the third
coefficient was incorrectly given as as = 1%. To demonstrate the validity of this
expansion we present in Table 1 the absolute relative error in the computation
of I,, in (5.1) by means of (5.7) for different values of n and truncation index
S.

2 An obvious misprint in [2, Eq. (58)] has the factor (n!)? in the denominator.
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S n = 50 n = 100 n = 200

0]5.000x 1073 2500 x 102 1.250 x 1073
1[2538x107° 6.297x107%  1.568 x 1076
212558 %1077 3.161 x 1078 3.928 x 107
314592 x 107 2.801 x 10710 1.729 x 101
411.956 x 1071 5931 x 10712 1.827 x 103
51 1.026 x 1071 1.552 x 10713 2.387 x 10~

Table 1: Values of the absolute relative error in the computation of I,, by the asymptotic
expansion (5.7) for different values of n and truncation index s.

The integral (1.1) with ny = ny = m, ny = ny = n is much more straight-
forward to estimate asymptotically as n — oo when m is finite. From (2.5)
and (2.7), we have when n > m
m D(k+ 35)2%

Ly = /O:o e Hy (x) Hy () do = 27" (mln!)* ,; (KD3(m — k)l(n — k)!

and, for large n, the maximum term in the sum corresponds to k£ = m. With

k =m — j, we can rewrite the above sum as

where

(Y21 (m)
dim)=—1— ||
(2 m); J
This is in the form of an inverse factorial expansion in n which is suitable for
computation as n — oo.

The behaviour of the integrals with ny = ny = n3 = m, ny = n and n; = m,
ny = n3 = ng = n (where m and n have the same parity) as n — oo can be
obtained from (2.5) and (2.7). We have

| et L@ Ha () de =0 (n > 3m),

and

00 N2
/ e~ H,, (2) HO () das = 2mom/2, g (120!

s (=)

F(m,n),
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where F(m,n) is defined in (2.6). If we suppose m and n are both even and
define (a,j) := (a + j)!(a — j)!, we can express F'(m,n) in the form

9 m/2 29T (An+ 1+ )
F(m,n) = Jr (zm+3n)! > (In, ) (3 2~)( T + ')1;
j=—my2 2" I\ )NV = 51 = 7 )

a similar result applies for m, n odd. A difficulty arises in the estimation
of F(m,n) as n — oo since, for finite m, the discrete analogue of Laplace’s
method cannot be employed. Since (3n,7+1)/(3n,j) ~ 1 as n — oo, the ratio
of consecutive terms in this sum is controlled by e; := 2%T'(in + £ + j)/(n —
%m + j)!. It is then easy to see that eji1/e; >~ 2 as n — o0, so that there is
no clear maximum term in the sum.

Finally, we can consider the integral

o, n 22Dk + 1)
—x H2 H2 dr = 2m+2n In! 2
/ ‘ n(@)Hy (@) d2 (m+n)in kz::o(k!)?’(n—k)!(m—i-n—k)!

—0o0

by (2.5) and (2.7). As n — oo, the discrete analogue of Laplace’s method can
be used to show that that this integral possesses the leading behaviour

3 /3
e 62n+m In~™ )
w\ > (m+n)ln (n — o0)

References

[1] G. E. Andrews, R. A. Askey and R. Roy, Special Functions, Cambridge
University Press, Cambridge, 2000.

[2] R. Azor, J. Gillis and J. D. Victor, Combinatorial applications of Hermite
polynomials, STAM J. Math. Anal. 13 (1982) 879-890.

[3] C. M. Bender and S. A. Orszag, Advanced Mathematical Methods for
Scientists and Engineers, McGraw-Hill, New York, 1978.

[4] 1. S. Gradshteyn and I. M. Rhyzhik, Table of Integrals, Series and Prod-
ucts, Academic Press, New York, 1980.

[5] L. J. Slater, Generalised Hypergeometric Functions, Cambridge Univer-
sity Press, Cambridge, 1966.



3056 R. B. Paris

6] G. G. Stokes, Note on the determination of arbitrary constants which
appear as multipliers of semi-convergent series, Proc. Camb. Phil. Soc. 6
(1889) 362-366.

[7] E. T. Whittaker and G. N. Watson, Modern Analysis, Cambridge Uni-
versity Press, Cambridge 1952.

Received: May, 2010



