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Abstract

In this paper, considering the utility measured as a logarithmic function associated
with rate of return, by examining historical data of a set of mutual funds, we study
different approximating methods of the expected utility and compare their related
approximation errors.
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1. Introduction

Utility function is an important economics concept. It is a mathematical way to
represent satisfactions or preferences. One general restriction is that the utility
function, defined on real number and real value, be increasing, continues and
concave. One commonly used utility measure is log-utility U(x) = In(1 + x).

2. Approximation Methods

In this section, we will approximate utility, EU, using a function of mean and
variance. All these three methods had been introduced in [1] and [2].

Lete = E(r),v = Var(r), o = /v, where r is the rate of return.

A) Mid-point approximation

Flu() = =D Uer o) (1)

B) Taylor series approximation
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Markowitz [1] introduced a method to approximate EU based on Taylor-series
around e:
Ur)=U(e)+U'(e)(r—e)+.5U0"(e)(r —e)? + -

Since e=E(r),v=E[(r —e)?], then
E[U(r)] = U(e) +.5U"(e)v (2)

C) Three points quadratic approximation
Levy and Markowitz [2] introduced an ‘alternate way’ class of estimating
functions that were selected in which the quadratic was fit to three points:

(e — ko, U(e — ka)), (e,U(e)), (e + ka,U(e + ko))
Write the quadratic functions as:

Qu(r) = ay + b (r — e) + ¢ (r — e)*

Then,
E[Qe(M] = ar + v

and
ap = U(e)

_U(e+ko) —U(e — ko)
B 2ko

by,

U(e + ko) +U(e —ka) —2U(e)
e = 2k?c?

From that we got

U(e+ka)+U(e—ka)—2U(e)
2k?2

E[Qx(m)] =U(e) +

U(e+o)+U(e—a)

Clearly, if k = 1, then E[Q,(1)] =
estimation in equation (1).

, Which is same as the mid-point

In fact, Levy and Markowitz [2] also pointed out if k — 0, then E[Qj_ ()] —
U(e) + .5U"(e)v , same as Tylor series approximation in equation (3).

For readers’ convenience, we provide a proof of k — 0 result as follows.
Let h = ko. Since ¢ is a finite constant,
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k-0

~U(e+h)+U(e—h)—2U(e)
im

k202

h—0
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~ U(e+ko)+U(e—ko)—2U(e)
lim

Ulet+h)—U(e) U(e)—U(e—h)
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h

lim
h—-0

h

U'(e)—U'(e—h)
m

h-0

=U"(e)

Of course, people can also take the second derivative of the numerator and
denominator on the first step with respect to ‘k’ and then apply L’Hospital’s rule.

3. Empirical Results

If we choose k = 0.5, then

h

E[Qos(r)] = 2[U(e + 0.50) + U(e — 0.50)] — 3U(e).
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(3)

For monthly return of ten mutual funds from Jan. 2011 to Jan. 2017, Table 1
provides results of these three estimations stated in equations (1), (2) and (3), for
U(r) =In(1+7).

Name E() UIE(m] | E[UM] Q:1(r) Qos (M) Qo(r)

0.0028352 | 0.0028392 | 0.0037251 | 0.0037377 | 0.0037371 | 0.0037369

ACMTX 6 8 3 0 0 0
0.0008291 | 0.0008288 | 0.0006417 | 0.0006399 | 0.0006399 | 0.0006399

AAAAX 9 5 9 2 4 5
0.0010297 | 0.0010302 | 0.0012131 | 0.0012155 | 0.0012155 | 0.0012155

AAXAX 6 9 5 7 4 3
0.0040622 | 0.0040540 | 0.0040072 | 0.0040069 | 0.0040069 | 0.0040069

UTAYX 9 6 7 5 5 5
0.0078763 | 0.0078454 | 0.0070195 | 0.0070134 | 0.0070139 | 0.0070141

ATHA 0 5 7 6 8 0
0.0068053 | 0.0067823 | 0.0064486 | 0.0064485 | 0.0064486 | 0.0064486

MQIFX 5 0 8 9 7 9
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0.0082417 | 0.0082079 | 0.0072413 | 0.0072247 | 0.0072254 | 0.0072256
GRECX 0 2 5 5 8 5
0.0243711 | 0.0240788 | 0.0205599 | 0.0206422 | 0.0206510 | 0.0206520
BIPSX 3 9 3 1 6 4
0.0167086 | 0.0165706 | 0.0145172 | 0.0144952 | 0.0144984 | 0.0144989
UDPIX 6 1 4 0 3 4
0.0100232 | 0.0100738 | 0.0102898 | 0.0102911 | 0.0102910 | 0.0102910
AFBIX 5 2 1 1 7 8

Table 1: U(r) = In(1 + r) , r is the monthly return rate.

Table 1 shows that all three methods (Q,, Qy.5, Q1) presented here can be
considered very good approximations of E(U(r)). In fact, the correlation
coefficients (easily calculated by using ‘CORREL’ function in Excel) between
E[U(r)] and each of Q,, Qy 5, Q; are over 0.99. It may also be noticed that column
values in U[E(r)] are greater than values in E[U(r)], which matches Jensen’s
inequality of E[U(r)] < U[E(r)] for U(r) = In(1 + r) is a concave function.

For reader’s convenience, steps of obtaining Table 1 in Excel are also
provided as follows:

1. Download and import monthly data of these 10 mutual funds from Jan.

2011 to Jan. 2017. A good data resource is yahoo finance webpage.

2. Evaluate monthly returns ‘r’ of each mutual fund.

3. Evaluate average monthly return, simple mean ‘e = E(r)’ and simple
variance ‘VAR(r)’ of each mutual fund.

Evaluate ‘U[E (r)] by calculating ‘LN (1 + e)’.
Evaluate ‘E[U(r)]’ by calculating the average of ‘LN (1)’

6. Evaluate ‘Qq(7)’, ‘Qo5(r)’and ‘Q,(r) by calculating
Q (T‘) __ LN(1+e—0)+LN(1+e+0)

s = 2
Qos(r) =2[LN(1+e—0.50) + LN(1 + e + 0.50)] — 3LN(e);

Qu(r) =LN(1+e) — % : mwm(r) ;

Here, e = E(r) and ¢ = SQRT(VAR(1)).

o s

4. Further Disscussions

In this paper, we used mutual funds data and log-utility to work on the
approximation. It can also be worked on other types of financial data like price of
stocks, options, or hedge funds [3] and other types of utility functions like
exponential utility U(x) = —e~%for some a > 0 or power utility U(x) = bx? for
some b < 1. It is a good example to show how numerical analysis applied to
economics and finance.

For readers with advanced numerical analysis skills, they may want to test other
type of approximations. For example, Chebyshev series estimation, which is one
kind of orthogonal polynomial approximations, states that
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o)

u(r) = Z anTy (1)

n=0

where the Chebyshev polynomials of the first kind are defined by the recurrence
relation:
To(r)=1
T,(r)=r
Tn1(r) = 20T (r) — Tpoa (1)

—In2, n=0
IfU(r) =In(1+71),thena, = {_n(:)n, a0

Interested readers may want to check on this approximation method.
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