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Abstract

In this note, under regular majorant conditions on the weighted function ω, we

characterize boundness and the norm of integral operator Tg and Ig on analytic

Lipschitz-type spaces Aω.
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1. Introduction

Let D be the unit disk in the complex plane C and H(D) be the class of
functions analytic in D. As usual, let H∞ be the set of bounded analytic
functions in D and A stands for the family of f ∈ H(D) that are continuous
up to ∂D, where ∂D is the boundary of D and D = D ∪ ∂D.

A continuous function (0,∞) → (0,∞) with lim supt→0+ ω(t) = 0 will be
called a regular majorant if it satisfies the flowing two conditions

(1): ω is increasing and ω(t)
t

is monotonically decreasing for t > 0.
(2): There are constants C(ω) and 0 < δ < 1 such that∫ δ

0

ω(t)

t
dt+ δ

∫ ∞
δ

ω(t)

t2
dt ≤ C(ω) · ω(δ).
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Given a regular majorant ω and a compact set E ⊂ C, the Lipschitz-type
spaces Λω(E) consists of those functions f : E → C, such that

‖f‖Λω = sup

{
|f(z)− f(w)|
ω|z − w|

: z, w ∈ E, z 6= w

}
<∞.

When ω(t) = tα, 0 < α < 1, it is just the classical Lipschitz space Λα. In this
paper, we concerned with the space Aω =: A ∩ Λω(D), for which the norm

‖f‖Aω = ‖f‖Λω + ‖f‖∞.
For more informations on Aω, we refer to [4], [5], [24].

For any g ∈ H(D), the Volterra type operator Tg is defined as

Tgf(z) =

∫ z

0

f(w)g′(w)dw,

on the space of f ∈ H(D). Another similar integral operator Ig is defined as

Igf(z) =

∫ z

0

f ′(w)g(w)dw.

There are many papers related to these operators, we refer to [1, 2, 3], [6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18], [22, 23].

In this paper, we study the boundness and the norm of integral operator Tg
and Ig on Aα spaces.

Throughout this paper, for two functions f and g, f � g means that g .
f . g, that is, there are positive constants C1 and C2 depend on index s, r, ω,
such that C1g ≤ f ≤ C2g.

2. Auxiliary results

Before to proof, we need to know some results.

Lemma 1. Let ω be a regular majorant. There exists a small ε > 0, such that

ω(sδ) . sεω(δ) 0 < s < 1

and
ω(sδ) . s1−εω(δ) s ≥ 1,

where 0 < δ < 1.

Proof. Since ω(t)
t

is nonincreasing for t > 0, we have∫ δ

0

ω(t)

t
dt ≥ ω(δ).

Note that ω satisfies∫ δ

0

ω(t)

t
dt+ δ

∫ ∞
δ

ω(t)

t2
dt ≤ C(ω) · ω(δ),
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then ∫ δ

0

ω(t)

t
dt ≤ C(ω) · ω(δ).

Thus, ∫ δ

0

ω(t)

t
dt � ω(δ).

An easy computation gives(∫ δ
0
ω(t)
t
dt

δa

)′
=
ω(δ)− a

∫ δ
0
ω(t)
t
dt

δ1+a
> 0,

if a > 0 is small enough. Hence, we get that

ω(sδ)

ω(δ)
=

(sδ)aω(sδ)

ω(δ)(sδ)a
�
sa

∫ sδ
0

ω(t)
t
dt

(sδ)a∫ δ
0
ω(t)
t
dt

δa

. sa,

where 0 < s < 1.
Using the fact that ω(t) is increasing for t > 0, we can deduce that

δ

∫ ∞
δ

ω(t)

t2
dt ≥ ω(δ).

Similar to the above, we can easy to deduce that

δ

∫ ∞
δ

ω(t)

t2
dt � ω(δ).

Meanwhile, we also have
ω(sδ)

ω(δ)
≤ sb,

where s ≥ 1. Let
ε = min{a, b}.

The proof is completed. �

The following lemma is directly consequence of Lemma 6 of [5].

Lemma 2. Let ω be a regular majorant and f ∈ A. Then f ∈ Aω if and only
if

sup
z∈D

1− |z|2

ω(1− |z|2)
|f ′(z)| <∞ and sup

z∈D
|f(z)| <∞

Moreover, we have

‖f‖Aω � sup
z∈D

1− |z|2

ω(1− |z|2)
|f ′(z)|+ sup

z∈D
|f(z)|,

|f ′(w)| . ω(1− |w|2)

1− |w|2
‖f‖Aω , w ∈ D,
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and

|f(w)| . ‖f‖Aω , w ∈ D.

Lemma 3. Let ω be a regular majorant and lim supt→0
ω(t)
t
<∞. Then

F (z) =

∫ z

0

ω(1− |a|2)

1− as
ds ∈ Aω,

where z, a ∈ D.

Proof. By Lemma 1, we know that there exists a small ε > 0 such that

ω(sδ) . s1−εω(δ),

where s ≥ 1. Thus, combine with ω(t) is increasing for t > 0, we get that

sup
z∈D

1− |z|2

ω(1− |z|2)
|F ′(z)| = sup

z∈D

1− |z|2

ω(1− |z|2)

ω(1− |a|2)

|1− az|

. sup
z∈D

1− |z|2

ω(1− |z|)
ω(|1− az|)
|1− az|

. sup
z∈D

1− |z|
|1− az|

(
|1− az|
1− |z|

)1−ε

= sup
z∈D

(
1− |z|
|1− az|

)ε
.1.

Since ω is a regular majorant and lim supt→0
ω(t)
t

< ∞, we easy to see that
supz∈D |F (z)| <∞.

Hence, by Lemma 2, it follows that F ∈ Aω. The proof is completed. �

3. Boundedness of Ig and Tg operators

In this section, we give the main results of this paper.

Theorem 1. Let ω be a regular majorant and lim supt→0
ω(t)
t
< ∞. Suppose

that g ∈ H(D), then Ig is bounded on Aω if and only if g ∈ H∞. Moreover,
the operator norm satisfies ‖Ig‖ � supz∈D |g(z)|.
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Proof. Let g ∈ H∞. For any f ∈ Aω, using Lemma 2, we obtain that

‖Igf‖Λω = sup
z∈D

1− |z|2

ω(1− |z|2)
|(Igf)′(z)|

= sup
z∈D

1− |z|2

ω(1− |z|2)
|f ′(z)||g(z)|

. sup
z∈D
|g(z)| sup

z∈D

1− |z|2

ω(1− |z|)
|f ′(z)|

. sup
z∈D
|g(z)|‖f‖Aω

and

‖Igf‖∞ = sup
z∈D

∣∣∣∣ ∫ z

0

f ′(w)g(w)dw

∣∣∣∣
. sup

z∈D

∫ z

0

|g(w)|ω(1− |w|2)

1− |w|2
|dw|‖f‖Aω

. sup
z∈D
|g(z)| sup

z∈D

∫ z

0

ω(1− |w|2)

1− |w|2
|dw|‖f‖Aω

. sup
z∈D
|g(z)|‖f‖Aω

Combined with Lemma 2 again, this leads the boundedness of Ig and ‖Ig‖ ≤
supz∈D |g(z)|.

On the other hand, for any a ∈ D, let F as in Lemma 3. Suppose that Ig is
bounded on Aω, then

‖Ig‖ &‖IgF‖Λω

= sup
z∈D

1− |z|2

ω(1− |z|2)

ω(1− |a|2)

|1− az|
|g(z)|

≥ 1− |a|2

ω(1− |a|2)

ω(1− |a|2)

1− |a|2
|g(a)| = |g(a)|.

Since a is arbitrary, we have ‖Ig‖ & supz∈D |g(z)|. Therefore, we have ‖Ig‖ �
supz∈D |g(z)|. The proof is completed. �

Theorem 2. Let ω be a regular majorant and lim supt→0
ω(t)
t
< ∞. Suppose

that g ∈ H(D), then Tg is bounded on Aω if and only if g ∈ Aω. Moreover,
the operator norm satisfies ‖Tg‖ � ‖g‖Aω .

Proof. Suppose that g ∈ Aω and f ∈ Aω. Notice the fact that

Aω ⊆ A ⊆ H∞.
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Joining with Lemma 2, we have

‖Tgf‖Aω � sup
z∈D

1− |z|2

ω(1− |z|2)
|f(z)||g′(z)|+ sup

z∈D

∣∣∣∣∫ z

0

f(w)g′(w)dw

∣∣∣∣
.‖f‖Aω

(
sup
z∈D

1− |z|2

ω(1− |z|2)
|g′(z)|

)
+ +‖f‖Aω sup

z∈D

∫ z

0

|g′(w)||dw|

.‖f‖Aω‖g‖Aω + +‖f‖Aω‖g‖Aω sup
z∈D

∫ z

0

ω(1− |w|2)

1− |w|2
|dw|

.‖f‖Aω‖g‖Aω
Conversely. If Tg is bounded on Aω. It is easy to check that G(z) = 1 ∈ Aω.

Thus,

sup
z∈D

1− |z|2

ω(1− |z|2)
|g′(z)| = sup

z∈D

1− |z|2

ω(1− |z|2)
|(Tg1)′(z)|

�‖Tg1‖Λω ≤ ‖Tg‖.
Since

|g(z)− g(0)| =
∣∣∣∣∫ z

0

g′(w)dw

∣∣∣∣ . ‖Tg1‖∞ ≤ ‖Tg‖,
we have

sup
z∈D
|g(z)| . ‖Tg‖

Therefore, we have ‖Tg‖ � ‖g‖Aω . The proof is completed. �

For g ∈ H(D), the multiplication operator Mg is defined by Mgf(z) =
f(z)g(z). It is easy to see that Mg is related with Ig and Tg by

Mgf(z) = f(0)g(0) + Igf(z) + Tgf(z).

Corollary 1. Let ω be a regular majorant and lim supt→0
ω(t)
t
< ∞. Suppose

that g ∈ H(D), then Mg is bounded on Aω if and only if g ∈ Aω.

Proof. Suppose Mg is bounded on Aω. Consider the function Fw is defined as
in Lemma 3. We have

sup
z∈D
|g(z)| . ‖Mg‖Aω .

On the other hand, we have

sup
z∈D

1− |z|2

ω(1− |z|2)
|g′(z)| = sup

z∈D

1− |z|2

ω(1− |z|2)
|(Mg1)′(z)|

�‖Mg1‖Λω ≤ ‖Mg‖.
Thus, we deduce that g ∈ Aω. The other side is obvious. The proof is
completed. �
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[7] S. Li and S. Stević, Integral type operators from mixed-norm spaces to α-Bloch
spaces, Integral Transforms and Special Functions, 18 (2007), 485-493.
https://doi.org/10.1080/10652460701320703
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[21] S. Stević, On an integral operator between Bloch-type spaces on the unit ball,
Bulletin of Sciences Mathmatiques, 134 (2010), 329-339.
https://doi.org/10.1016/j.bulsci.2008.10.005

[22] A. Siskakis and R. Zhao, A Volterra type operator on spaces of analytic functions,
Function Spaces, Contemporary Mathematics, Vol. 232, American Mathematical
Society, 1999, 299-311. https://doi.org/10.1090/conm/232/03406

[23] J. Xiao, The Qp Carleson measure problem, Advances in Mathematics, 217 (2008),
2075-2088. https://doi.org/10.1016/j.aim.2007.08.015

[24] K. Zhu, Bloch type spaces of analytic functions, Rocky Mountain Journal of Math-
ematics, 23 (1993), 1143-1177. https://doi.org/10.1216/rmjm/1181072549

[25] K. Zhu, Operator Theory in Function Spaces, American Mathematical Society, Prov-
idence, RI, 2007. https://doi.org/10.1090/surv/138

Received: November 27, 2016; Published: January 6, 2017


