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Abstract

In this paper, we introduce the concept of semi weakly compatibility
of maps in fuzzy metric space and apply it to prove the results on
existence of unique common fixed point of six self maps satisfying an
implicit relation. The implicit relation used in this paper is similar but
not the same as employed by Popa [8] in 2002, to obtain a fixed point
theorem for d-complete topological spaces. All the results of this paper
are new/generalizations of the earlier results.
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1 Introduction

Zadeh’s [17] introduction of the notion of fuzzy set, laid the foundation of fuzzy
mathematics. George and Veeramani [4] modified the concept of fuzzy metric
space introduced by Kramosil and Michalek [7] as every metric inducess a
fuzzy metric. Singh and Chauhan [12] introduced the concept of compatibitily
of maps and proved the existence and uniqueness of common fixed point of four
such mappings in the setting of fuzzy metric space. Cho.et.al.[2] introduced
the notion of semi-compatibility of maps in a d-topological space and defined
as a pair of self-maps (S, T) is semi-compatible if
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(i) Sy = Ty implies that STy = TSy;
(ii) for sequence {xn} in X and x ∈ X, whenever {Sxn} → x, {Txn} → x,

then {STxn} → Tx as n→∞ holds.

However in fuzzy metric space, Singh and Jain [15] remarked that the
condition (ii) implies (i), taking xn = y for all n and x = Ty = Sy and defined
the semi-compatible pair of self-maps in fuzzy metric space by condition (ii)
only. Also the notion of the semi-compatibility of maps S and T is as same
as the notion of compatibility only when T is continuous. Popa [8] used the
family F4 of implicit real functions to find the fixed points of two pairs of semi
compatible maps in a d-complete topological space. Analogously, in the paper
of Singh and Jain [15], F4 denotes the family of all real continuous functions
F : (R+)4 → R satisfying the following conditions:

(Fh) There exists h ≥ 1 such that for every u ≥ 0, v ≥ 0 with F (u, v, u, v) ≥ 0
or F (u, v, v, u) ≥ 0, we have u ≥ hv

(Fu) F (u, u, 1, 1) ≥ 0, for all u ≥ 1.

Jungck and Rhoades [6](also Dhage [3]) termed a pair of self maps defined
on a metric space to be coincidentally commuting or equivalently weakly
compatible if they commute at their coincidence points. This concept is most
general concept among all commutativity concepts. In this scenario every pair
of commuting self maps is compatible, every pair of compatible self-maps is
weakly compatible but the converse is not true always. Similarly, every semi-
compatible pair of self-maps is weakly compatible but the converse is not true
always.

The main objective of this paper is to introduce a new class of commutativity
of maps namely, semi weakly compatibility of maps in fuzzy metric space.
Also, using this concept along with the concepts of weakly compatibility and
semi-compatibility of maps satisfying an implicit relation, we have obtained
some fixed point theorems in the setting of fuzzy metric space. In the sequel, a
characterization of such implicit relation is also derived in the linear form and
used the same to establish some results regarding fixed point in fuzzy metric
space.

2 Preliminary Notes

For the sake of convenience, we recall some of the following definitions and
known results in fuzzy metric spaces mentioned in [1], [5], [7], [12], [13], [14],
[15] and others.
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Definition 2.1: A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is called a
continuous t-norm if ([0, 1], ∗) is an abelian topological monoid with unit 1
such that a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d for all a,b,c,d ∈ [0, 1].
Examples of t-norm are a ∗ b = ab and a ∗ b = min {a, b}.

Definition 2.2:(Kramosil and Michalek [7]).The 3-tuple (X,M, ∗) is called
a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is
a fuzzy set in X2× [0,∞) satisfying the following conditions for all x, y, z ∈ X
and s, t > 0:

(FM-1) M(x, y, 0) = 0 ;
(FM-2) M(x, y, t) = 1 for all t > 0 if and only if x = y ;
(FM-3) M(x, y, t) = M(y, x, t);
(FM-4) M(x, y, t) ∗M(y, z, s) ≥M(x, z, t+ s);
(FM-5) M(x, y, ·) : [0,∞)→ [0, 1] is left continuous.

Note that M(x, y, t) stands as the degree of nearness between x and y with
respect to t.

The following example shows that every metric induces a fuzzy metric.

Examples 2.3 (George and Veeramani [4]). Let (X, d) be a metric space.
Define a ∗ b = min {a, b} and for all a, b ∈ X, and

M(x, y, t) = t
t+d(x,y)

∀t > 0, M(x, y, 0) = 0, for all x, y ∈ X.

Then (X,M,*)is a fuzzy metric space. It is called the fuzzy metric space
induced by the metric d.

Lemma 2.4 (Grabiec[5]). For all x, y ∈ X,M(x, y, .) is a non-decreasing
function.

Definition 2.5(Grabiec [5]).Let (X,M, ∗) be a fuzzy metric space. A
sequence {xn} in X is said to be converges to a point x ∈ X if

limn→∞M(xn, x, t) = 1 for all t > 0.

Further, the sequence {xn} is said to be a Cauchy sequence in X if

limn→∞M(xn, xn+p, t) = 1 for all t > 0 and p > 0.

The space X is said to be complete if every Cauchy sequence in it converges
to a point of it.
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Remark 2.6 By the continuity of * and (FM-4) it follows that that the
limit of a sequence in a fuzzy metric space is unique.

Throughout this paper (X,M, ∗) denotes the fuzzy metric space with condition

(FM-6) limt→∞M(x, y, t) = 1, for all x, y ∈ X.

Lemma 2.7(Cho[1]]). Let {yn} be a sequence in a fuzzy metric space
(X,M, ∗) with the condition (FM-6). If there exists a number k ∈ (0, 1) such
that M(yn+2, yn+1, kt) ≥ M(yn+1, yn, t) for all t > 0, then {yn} is a Cauchy
sequence in X.

Lemma 2.8[14].Let A and B be two self-maps on a complete fuzzy metric
space (X,M, ∗) such that for some k ∈ (0, 1), for all x, y ∈ X and t > 0,
M(Ax,By, kt) ≥ min {M(x, y, t),M(Ax, x, t)}. Then A and B have a unique
common fixed point in X.

Definition 2.9. Two self mapings A and S on a fuzzy metric space
(X,M, ∗) are said to be weakly commmuting ifM(ASx, SAx, t) ≥M(Ax, Sx, t)
for all t > 0, x ∈ X.

Definition 2.10[12]. Two self mappings A and S on a fuzzy metric space
(X,M, ∗) are said to be compatible if

limn→∞M(ASxn, SAxn, t) = 1,∀t > 0, whenever {xn} is a sequence in X
such that limn→∞Axn = limn→∞Sxn = x ∈ X.

Definition 2.11. Two self mappings A and S on a fuzzy metric space
(X,M, ∗) are said to be weakly compatible if they commute at their coinci-
dence points, that is if for x ∈ X, Ax = Sx implies that M(ASx, SAx, t) = 1
for all t > 0

Proposition 2.12[13]. Two self-mappings A and S on a fuzzy metric
space (X,M, ∗) are compatible, then they are weakly compatible, but the
converse is not true.

Definition 2.13[14,15]. Two self mappings A and S on a fuzzy metric
space (X,M, ∗) are said to be semi-compatible if

limn→∞M(ASxn, Sx, t) = 1,∀t > 0, whenever {xn} is a sequence in X such
that limn→∞Axn = limn→∞Sxn = x ∈ X.

It follows that if (A, S) is semi-compatible and Ay = Sy, then ASy = SAy (on
taking xn = y for all n). Thus if the pair (A, S) is semi-compatible, then it is
weakly compatible, but the converse is not true always.
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Proposition 2.14[14,15]. Let A and S be self-maps on a fuzzy metric
space (X,M, ∗). If S is continuous, then the pair (A, S) is semi-compatible if
and only if (A, S) is compatible.

Remark 2.15[15].1. Semi-compatibility of a pair (A,S) of self mappings
on a fuzzy metric space, does not imply the semi-compatibility of pair (S,A).
2. It is to be noticed that the semi-compatible pair (A, S) of self-maps on a
fuzzy meric space is not compatible.
3. If (A, S) is a semi compatible pair of self mappings on a fuzzy metric space
(X,M, ∗) and S is continuous then (A, S) is compatible.
For detailed discussion of semi-compatibility, we refer to [11,12, 13, 14,15].

Definition 2.16. Two self mappings A and S on a fuzzy metric space
(X,M, ∗) are said to be semi weakly compatible if M(ASz, SAz, t) = 1 for all
t > 0, where z is a fixed point of either A or S.

Proposition 2.17. For two self maps on a fuzzy metric space (X,M, ∗),
the notion of commutativiy ⇒ weakly commutativity ⇒ compatibility ⇒
weakly compatibility ⇒ commutativity at common fixed points, but the
convers is not true always.

Proof. Let A and S be self mappings on a fuzzy metric space (X,M, ∗).
If A and S are commuting maps, then ASx = SAx, for all x in X then
1 = M(ASx, SAx, t) ≥ M(Ax, Sx, t) for all x in X and t > 0. Hence A
and S are weakly commuting maps.
If A and S are weakly commuting maps and there exists a sequence {xn} in
X such tat limn→∞Axn = limn→∞Sxn = y ∈ X, then for all t > 0, we have
M(SAxn, ASxn, t) ≥ M(Axn, Sxn, t)→ 1 as n→∞, yields that A and S are
compatible maps.
If A and S are compatible maps and xn = x for all n, then Axn, Sxn → Ax(=
Sx) in X. Therefore M(SAx,ASx, t) = M(SAxn, ASxn, t) → 1 as n → ∞,
implies that A and S are weakly compatible maps.
If suppose that A and S are weakly compatible maps and x is a common fixed
point of A and S then x = Ax = Sx which implies that SAx = ASx.

Proposition 2.18. Let A and S be compatible and continuous self-maps
on a fuzzy metric space (X,M, ∗). If there exists a sequence {xn} in X such
that limn→∞Axn = limn→∞Sxn = y ∈ X, where y is fixed point of either A
or S. Then A and S are semi weakly compatible maps.

Proof. Suppose that y is a fixed point of A then Ay = y. By the continuity
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of A , ASxn → Ay as n→∞. Now for s, t > 0

M(SAxn, Ay, s+ t) ≥M(SAxn, ASxn, s) ∗M(ASxn, Ay, t)

Letting n→∞ and using the compatibility of A and S, we have SAxn → Ay.
But by the continuity of S, SAxn → Sy. Now by the uniqueness of the limit
Ay = Sy = y, i.e., y is a common fixed point of A and S. Hence ASy = Ay =
y = Sy = SAy, yields that A and S are semi weakly compatible maps.

Remark 2.19. From the propositions (2.17) and (2.18), it is clear that in
a fuzzy metric space (X,M, ∗) (i) commutativiy of two self mappings A and
S on X ⇒ semi weakly compatibility of maps. (ii) Compatibility of two self
mappings A and S on X ⇔ semi weakly compatibility of maps, if both the
maps are continuous and y = limn→∞Axn = limn→∞Sxn ∈ X is a fixed point
of either A or S. But the converse of (i) an (ii) are not true always as we can
see in the following examples.

Example 2.20. Let (X,M,*) be a fuzzy metric space, where X=R and
M(x, y, t) = t

t+d(x,y)
∀t > 0. Define self maps A and S on X by Ax = x2,

Sx = x2 + 1. Then we have
M(ASx, SAx, t) = t

t+|(x2+1)2−(x4+1| 6= 1 for all x and t > 0, implies that A and
S are non-commutig maps.
On the other hand at the fixed point 0 of A, we have
M(AS0, SA0, t) = t

t+|1−1| = 1, implies that the maps A and S are semi weakly
compatible.

Example 2.21. Let (X,M,*) be a fuzzy metric space as defined in example
2.20. Define self maps A and S on X by Ax = x+1

3
, Sx = 3x2. Then we have

M(ASx, SAx, t) = t

t+| 3x2+1
3
−x2+1

3
|
6= 1 for all x and t > 0, implies that A and S

are non-commuting maps.
On the other hand at the fixed point 0 of S, we have
M(AS0, SA0, t) = t

t+| 1
3
− 1

3
| = 1, implies that the maps A and S are semi weakly

compatible.

Example 2.22. Let (X, M, *) be a fuzzy metric space, where X = [0, 2]
and M(x, y, t) = t

t+d(x,y)
∀t > 0. Define self maps A and S on X by

Ax =
{
2, if0≤x≤1
x
2
, if1<x≤2 and Sx =

{
2, ifx=2
x+4
5

, otherwise

Then it is easy to verify that A and S are non-commuting maps.
On the other hand at the fixed points 1 and 2 of S, we have
M(AS1, SA1, t) = t

t+|2−2| = 1 and M(AS2, SA2, t) = t
t+|1−1| = 1, implies that
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the maps A and S are semi weakly compatible.

Example 2.23. Let (X, M, *) be a fuzzy metric space as defined in example
2.22. Define self maps A and S on X by

Ax =
{
0, ifx=0,2
x+1
2

, otherwise
and Sx =

{
0, ifx=0,1
2x+2

3
, otherwise

Then it is easy to verify that A and S are non-commuting, non-continuous and
non-compatible maps.
On the other hand at the fixed point 1 of A and 2 of S, we have
M(AS1, SA1, t) = t

t+|0−0| = 1 and M(AS2, SA2, t) = t
t+|0−0| = 1, implies that

the maps A and S are semi weakly compatible.

Example 2.24. Let (X, M, *) be a fuzzy metric space as defined in example
2.22. Define self maps A and S on X by

Ax =
{
2, ifx=2
x+1
2

, otherwise
and Sx =

{
2, ifx=1
2x+2

3
, otherwise

Then it is easy to verify that A and S are non-commuting, non-continuous and
non-compatible maps.
On the other hand at the fixed point 1 of A , we have
M(AS1, SA1, t) = t

t+|2−2| = 1 , implies that the maps A and S are semi weakly
compatible.

2.1 A class of implicit relation.Let Φ be the set of all real continuous
functions φ : (R+)4 → R, non-decreasing in first argument and satisfying the
following conditions:

(i) For u, v ≥ 0 , φ(u, v, v, u) ≥ 0 or φ(u, v, u, v) ≥ 0 implies that u ≥ v.
(ii) φ(u, u, 1, 1) ≥ 0 implies that u ≥ 1.

Example 2.26. Define φ(t1, t2, t3, t4) = 15t1−13t2+5t3−7t4. Then φ ∈ Φ.

3 Main Results

Theorem 3.1. Let A, B, S, T, P and Q be self-mappings of a complete fuzzy
metric space (X,M, ∗) satisfying:
(3.1.1) A(X) ⊆ QT (X), B(X) ⊆ PS(X);
(3.1.2) the pair (A, PS) is semi-compatible and (B, QT) is weakly compatible;
(3.1.3) one of A or PS is continuous;

For some φ ∈ Φ, there exists k ∈ (0, 1) such that for all x, y ∈ X and t > 0,
(3.1.4)

φ (M(Ax,By, kt),M(PSx,QTy, t),M(Ax, PSx, t),M(By,QTy, kt)) ≥ 0
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(3.1.5)
φ (M(Ax,By, kt),M(PSx,QTy, t),M(Ax, PSx, kt),M(By,QTy, t)) ≥ 0

(3.1.6) the pairs (P, S) and (Q, T) are commuting mappings;
(3.1.7) the pairs (P, A),(S, A),(Q, B) and (T, B) are semi weakly compatible
mappings.
Then A, B, S, T, P and Q have unique common fixed point in X.

Proof.Let x0 ∈ X be any arbitrary point as A(X) ⊆ QT (X) and
B(X) ⊆ PS(X), there exist x1, x2 ∈ X such that Ax0 = QTx1, Bx1 = PSx2.
Inductively, we can construct sequences {yn} and {xn} in X such that

y2n+1 = Ax2n = QTx2n+1, y2n+2 = Bx2n+1 = PSx2n+2, for n = 0, 1, 2, . . .

Now using (3.1.4) with x = x2n, y = x2n+1, we get

φ(M(Ax2n, Bx2n+1, kt),M(PSx2n, QTx2n+1, t),
M(Ax2n, PSx2n, t),M(Bx2n+1, QTx2n+1, kt)) ≥ 0

that is
φ(M(y2n+1, y2n+2, kt),M(y2n, y2n+1, t),M(y2n+1, y2n, t),M(y2n+2, y2n+1, kt)) ≥ 0
Using 2.1(i), we get M(y2n+2, y2n+1, kt) ≥M(y2n+1, y2n, t).
Similarly by putting x = x2n+2 and y = x2n+1 in (3.1.5), we have

M(y2n+3, y2n+2, kt) ≥M(y2n+1, y2n+2, t).
Thus for any n and t, we have M(yn, yn+1, kt) ≥M(yn−1, yn, t).
Hence by lemma 2.7, {yn} is a Cauchy sequence in X. By the completenes of
X, {yn} and its all subsequences {Ax2n} , {Bx2n+1} , {PSx2n} , {QTx2n+1} are
also, converges to some point say u ∈ X.

Case I. Suppose PS is continuous: then, we have PSAx2n → PSu, (PS)2x2n →
PSu. By semi-compatibility of the pair (A, PS) of maps, we have limn→∞APSx2n =
PSu.
Using (3.1.4) with x = PSx2n, y = x2n+1, we have

φ(M(APSx2n, Bx2n+1, kt),M((PS)2x2n, QTx2n+1, t),
M(APSx2n, (PS)2x2n, t),M(Bx2n+1, QTx2n+1, kt)) ≥ 0

Letting n→∞, we have φ (M(PSu, u, kt),M(PSu, u, t), 1, 1) ≥ 0.
As φ is non decreasing in the first argument, we have

φ (M(PSu, u, t),M(PSu, u, t), 1, 1) ≥ 0.

Using 2.1(ii), we get M(PSu, u, t) ≥ 1, for all t > 0, which gives PSu = u.
Again by putting x = u, y = x2n+1 in (3.1.4), we obtain

φ(M(Au,Bx2n+1, kt),M(PSu,QTx2n+1, t),
M(Au, PSu, t),M(Bx2n+1, QTx2n+1, kt)) ≥ 0

Taking limit as n → ∞ and using 2.1(i), we get u = Au. Hence Au = u =
PSu.
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Since A(X) ⊆ QT (X), there exists w ∈ X such that Au = PSu = u = QTw.
By putting x = x2n, y = w in (3.1.4), we obtain

φ(M(Ax2n, Bw, kt),M(PSx2n, QTw, t),
M(Ax2n, PSx2n, t),M(Bw,QTw, kt)) ≥ 0

Taking limit as n→∞ ad using 2.1(i), we get u = Bw. Therefore Bw = QTw
= u. Since the pair (B, QT) is weakly compatible mappings, we get QTBw =
BQTw, that is Bu = QTu.
Now by putting x = y = u in (3.1.4) and using 2.1(ii), we have Bu = Au.
Therefore u = Au = PSu = Bu = QTu, that is, u is a common fixed point of
the maps A, B, PS and QT.
Similarly it can be proved that if the map A is continuous then u is the common
fixed point of the mas A, B, PS and QT.
Uniqueness. Let z be another common fixed point of the maps A, B, PS and
QT.
Putting x = u and y = z in (3.1.4) and using 2.1(i), we get

φ (M(Au,Bz, kt),M(PSu,QTz, t),M(Au, PSu, t),M(Bz,QTz, kt)) ≥ 0.

that is φ (M(u, z, kt),M(u, z, t), 1, 1) ≥ 0, yields that u = z.
Therefore u is the unique common fixed point of the self maps A, B, PS and
QT in fuzzy metric space X.
From (3.1.6 and 3.1.7)), we have
Pz = P(PSz) = P(SPz) = (PS)Pz ; Pz = PAz = APz and Sz = S(PSz) =
(SP)Sz = (PS)Sz;
Sz = SAz = ASz, implies that Pz and Sz are common fixed points of the maps
PS and A.
Therefore z = Pz = Sz = Az = PSz. Similarly, Qz and Tz are common fixed
points of the maps QT and B, therefore z = Qz = Tz = Bz = QTz. Hence z
is the common fixed point of the maps A, B, S, T, P and Q. Further since z is
the unique common fixed point of the maps A, B, PS and QT, consequently
it is the unique common fixed point of the maps A, B, S, T, P and Q.

Corollary 3.2. Let A, B, S, T, P and Q be self-mappings of a complete
fuzzy metric space (X,M, ∗) satisfying (3.1.1), (3.1.4), (3.1.5), (3.1.6), (3.1.7)
and
(3.2.1) the pairs (A, PS) and (B, QT) are semi-compatible maps;
(3.2.2) one of A, B, PS or QT is continuous map;
Then the maps A, B, S, T, P and Q have unique common fixed point in X.

Proof. As semi-compatibility of maps implies weakly compatibility of
maps, the proof follows from the proof of Theorem 3.1.



42 R. K. Sharma and Sonal Bharti

On taking A = B in Theorem 3.1, we have the following corollary.

Corollary 3.3. Let A, S, T, P and Q be self - mappings of a complete
fuzzy metric space (X,M, ∗) satisfying (3.1.3), (3.1.6) and

(3.3.1) A(X) ⊆ QT (X) ∩ PS(X);

(3.3.2) the pair (A, PS) is semi-compatible and (A, QT) is weakly compatible
maps;

(3.3.3) pairs (P, A), (S, A), (Q, A) and (T, A) are semi weakly compatible
maps.

For some φ ∈ Φ, there exists k ∈ (0, 1) such that for all x, y ∈ X and t > 0.

(3.3.4)

{
φ(M(Ax,Ay,kt),M(PSx,QTy,t),M(Ax,PSx,t),M(Ay,QTy,kt))≥0
φ(M(Ax,Ay,kt),M(PSx,QTy,t),M(Ax,PSx,Kt),M(By,QTy,t))≥0

Then the maps A, S, T, P and Q have a unique common fixed point in X.

Now, taking P−1 = S and Q−1 = T in Theorem 3.1 then PS = I = QT,
the conditions (3.1.1), (3.1.2), (3.1.3) are satisfied trivially, and we get the
following corollary.

Corollary 3.4. Let A and B be self - mappings of a complete fuzzy metric
space (X,M, ∗) such that for φ ∈ Φ, there exists some k ∈ (0, 1) such that for
all x, y ∈ X and for all t > 0,

(3.4.1)

{
φ(M(Ax,By,kt),M(x,y,t),M(Ax,x,t),M(By,y,kt))≥0
φ(M(Ax,By,kt),M(x,y,t),M(Ax,x,Kt),M(By,y,t))≥0

Then the maps A and B have a unique common fixed point in X.

Corollary 3.5. Let A, B, S, T, P and Q be self - mappings of a
complete fuzzy metric space (X,M, ∗) satisfying conditions (3.1.1), (3.1.3),
(3.1.4), (3.1.5), (3.1.6), (3.1.7) and

(3.5.1) the pair (A, PS) is compatible and (B, QT) is weakly compatible
maps.

Then the maps A, B, S, T, P and Q have a unique common fixed point in X.

Proof. In view of proposition 2.14 and theorem 3.1 it suffice to prove
the result when the map A is continuous. As in the proof of theorem 3.1 the
sequence {yn} and its subsequences also tends to u ∈ X. By the continuity of
map A, we have APSx2n → Au,AAx2n → Au.

Compatibility of the pair (A, PS) of maps gives limn→∞PSAx2n = Au =
limn→∞APSx2n.

By putting x = Ax2n and y = x2n+1 in condition (3.1.4), we get
φ(M(AAx2n, Bx2n+1, kt),M(PSAx2n, QTx2n+1, t),

M(AAx2n, PSAx2n, t),M(Bx2n+1, QTx2n+1, kt)) ≥ 0

Letting n→∞ and using 2.1(ii), we obtain u = Au.
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Since A(X) ⊆ QT (X), there exists w ∈ X such that Au = u = QTw.
By putting x = x2n, y = w in (3.1.4), we obtain

φ(M(Ax2n, Bw, kt),M(PSx2n, QTw, t),
M(Ax2n, PSx2n, t),M(Bw,QTw, kt)) ≥ 0

Letting n→∞ and using 2.1(i), we obtain Bw = u.
Therefore Bw = QTw = u. Since te pair (B,QT) is weakly compatible maps,
we have QTBw = BQTw, or Bu = QTu.
Again as u = Bw and B(X) ⊆ PS(X), there exists v ∈ X such that u = Bw
= PSv.
By putting x = v, y = w in (3.1.4) and using 2.1(i), we have

φ (M(Av,Bw, kt),M(PSv,QTw, t),M(Av, PSv, t),M(Bw,QTw, kt)) ≥ 0.

that is φ (M(Av, PSv, t), 1,M(Av, PSv, t), 1)) ≥ 0 imples that Av = PSv.
Since the pair (A, PS) is compatible maps, we have APSv = PSAv or Au =
PSu = u. Also Au = Bu follows in the proof of theorem 3.1 and it follows
that u is the common fixed point of the four mappings A, B, PS and QT. The
uniqueness follows immediate from theorem 3.1.

Corollary 3.6. Let A, B, S, T, P and Q be self mappings of a complete
fuzzy metric space (X,M, ∗) satisfying the conditions (3.1.1), (3.1.4), (3.1.5),
(3.1.6), (3.1.7) and
(3.6.1) the pairs (A, PS) and (B, QT) are compatible maps
(3.6.2) one of A, B, PS and QT is continuous map.
Then the maps A, B, S, T, P and Q have a unique common fixed point in X.

Proof. As compatibility of maps implies weakly compatibility of maps,
the proof follows from corollary 3.5.

If we take A = I, the identity map on X in corollary 3.5, we have the following
result for five self mappings, none of which is continuous and just a pair of
them is needed to be weakly compatible.

Corollary 3.7. Let B, S, T, P and Q be self mappings of a fuzzy metric
space (X,M, ∗), satisfying (3.1.6) and
(3.7.1) B(X) ⊆ PS(X)
(3.7.2) the pair (B, QT) is weakly compatible maps;
(3.7.3) QT is a surjective map.

For some φ ∈ Φ , there exists k ∈ (0, 1) such that for all x, y ∈ X and
t > 0,

(3.7.4)

{
φ(M(x,By,kt),M(PSx,QTy,t),M(x,PSx,t),M(By,QTy,kt))≥0
φ(M(x,By,kt),M(PSx,QTy,t),M(x,PSx,kt),M(By,QTy,t))≥0

(3.7.5) pairs (Q, B) and (T, B) are semi weakly compatible maps.
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Then the maps B, S, T, P and Q have a unique common fixed point in X.

Now taking A = I and B = I in corollary 3.6, the condition (3.6.1 and 3.6.2) are
satisfied trivially and we get an important result for surjective maps as follows.

Corollary 3.8. Let P, S, Q and T be self maps of a complete fuzzy metric
space (X,M, ∗) satisfying (3.1.6) and
(3.8.1) PS and QT are surjective maps;

For some φ ∈ Φ , there exists k ∈ (0, 1) such that for all x, y ∈ X and
t > 0.

(3.8.2)

{
φ(M(x,y,kt),M(PSx,QTy,t),M(x,PSx,t),M(y,QTy,kt))≥0
φ(M(x,y,kt),M(PSx,QTy,t),M(x,PSx,kt),M(y,QTy,t))≥0

Then the maps P, S, Q and T have a unique common fixed point in X.

3.1. A characterization of Φ in linear form. Define φ (t1, t2, t3, t4) =
at1 + bt2 + ct3 +dt4, where a, b, c, d ∈ R with a + b + c + d = 0, a > 0, a+ c >
0, a+ b > 0 and a+ d > 0. Then φ ∈ Φ.

Proof. For u, v ≥ 0 and φ (u, v, v, u) ≥ 0, we have
(I) (a+ d)u+ (b+ c)v ≥ 0, that is (a+ d)u ≥ (a+ d)v.

Hence u ≥ v, since a+ d > 0. Again
(II) φ (u, v, u, v) ≥ 0 gives
(III) (a+ c)u+ (b+ d)v ≥ 0, that is (a+ c)u− (a+ c)v ≥ 0.

Hence u ≥ v as (a+ c) > 0.
Also φ (u, u, 1, 1) ≥ 0 gives

(IV) (a+ b)u+ (c+d) ≥ 0, that is (a+ b)u ≥ −(c+d)⇒ (a+ b)u ≥ (a+ b),
as a + b +c + d = 0.
Hence u ≥ 1. As a > 0, φ is non-decreasing in the first argument and the
result follows.

Corollary 3.9. Let A and B be self mappings of a complete fuzzy metric
space (X,M, ∗) such that there exists some k ∈ (0, 1) satisfying,

(3.9.1)

{
aM(Ax,By,kt)+bM(x,y,t)+cM(Ax,x,t)+dM(By,y,kt)≥0
aM(Ax,By,kt)+bM(x,y,t)+cM(Ax,x,kt)+dM(By,y,t)≥0

for all x, y ∈ X and t > 0 and for some fixed a, b, c, d ∈ R such that
a > 0, a + b > 0, a + c > 0, a + d > 0 and a + b + c + d = 0. Then the
maps A and B have a unique common fixed point in X.

Proof. Using the characterization of Φ in corollary 3.4 the result follows.

Corollary 3.10.Let A and B be self mappings of a complete fuzzy metric
space (X,M, ∗) such that there exists k ∈ (0, 1) satisfying:
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(3.10.1) M(Ax,By, kt) ≥ b0M(x, y, t) + c0M(Ax, x, t)
for all x, y ∈ X and t > 0 where b0, c0 ∈ (0, 1) with b0 +c0 = 1. Then the maps
A and B have a unique common fixed point in X.

Proof. Choosing a = 1, d = 0, b = −b0 and c = −c0, c0 > 0 in corollary
3.9 and using the fact that M(x, y, .) is a non decreasing function, the second
condition of the corollary 3.9 is trivially satisfied and the result follows.

On combining the corollary 3.10 and lemma 2.8, we have the following impor-
tant results.

Corollary 3.11. Let A and B be self mappings of a complete fuzzy metric
space (X,M, ∗) such that there exists k ∈ (0, 1) satisfying:
(3.11.1) M(Ax,By, kt) ≥ b0M(x, y, t) + c0M(Ax, x, t)
for all x, y ∈ X and t > 0 where b0, c0 ∈ [0, 1] with b0 + c0 = 1. Then the maps
A and B have a unique common fixed point in X.

Corollary 3.12. Let A be a self mapping of a complete fuzzy metric space
(X,M, ∗) such that there exists k ∈ (0, 1) satisfying:
(3.12.1) M(Ax,Ay, kt) ≥ b0M(x, y, t) + c0M(Ax, x, t) for all x, y ∈ X and
t > 0 where b0, c0 ∈ [0, 1] with b0 + c0 = 1. Then the map A has a unique fixed
point in X.

Proof. Taking A = B in corollary 3.11 the result follows.

Remark 3.13. If we take b0 = 1, c0 = 0 in corollary 3.12, we get the
Banach contraction principle in the setting of the fuzzy metric space as given
by Grabiec [5].
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