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Abstract 

In this paper, we define a new class of set called πp-ℋ-open sets and 

(𝜋𝑝ℋ, λ)-continuous in hereditary generalized topological spaces. Also, we 

introduce the notions of πp-ℋ-open and πp-ℋ-closed functions by using πp-ℋ-

open sets and πp-ℋ-closed sets, respectively and obtain new two decompositions 

of (𝜋𝑝ℋ, λ)-continuous.  
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1. Introduction 
 

In 2007, Á.Császár [2] defined a class of subsets of nonempty set called 

hereditary class and studied modification of the generalized topology with 

hereditary classes. A subfamily µ of 𝓅(X) is called a generalized topology 

[3](briefly, GT) on X, if ∅ ∈µ and unions of elements of µ belong to µ. The pair 

(X, µ) is called a generalized topological space (briefly, GTS). The elements of µ 

are called µ-open [3] subsets of X and the complements are called µ-closed sets. 

The largest µ-open set contained in a subset A of X is denoted by iµ(A)) [4] and is 

called the µ-interior of A. The smallest µ-closed set containing A is called the µ-

closure of A and is denoted by cµ(A) [4].A generalized topology µ is said to be a 

quasi-topology if µ is closed under finite intersection. Let X be a nonempty set  
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and µ be a GT of subsets of X. A nonempty family ℋ of subsets of X is said to be 

a hereditary class [2], if A ∈ ℋ and B⊂A, then B∈ ℋ.A generalized topological 

space (X, µ) with a hereditary class ℋ is hereditary generalized topological space 

and denoted by (X, µ, ℋ). 

With respect to the generalized topology µ of all µ-open sets and a hereditary 

class ℋ, for each A⊆X, A*(ℋ, µ) = {x∈X: A ∩ V∉ ℋfor every V ∈µ such that x 

∈V}[1]. ℋ is said to be µ-codense if µ∩ ℋ = {∅}[2]. For A⊂X, define 𝑐µ
∗(A) = 

A∪A*(ℋ, µ) for every subset A of X, with respect to µ and a hereditary class ℋ 

of subsets of X. then µ*= {A⊂X: X –A = 𝑐µ
∗(X –A)} is a generalized topology [2], 

and i*(µ) will denote the interior of A in (X, µ*). 

 

2. Preliminaries 
 

By a space, we always mean a GTS (X, µ) with a hereditary class ℋ with no 

separation properties assumed. A subset A of a GTS (X, µ) with a hereditary class 

ℋis said to be ℋ-open [2] if A⊂iµ(A*). The family of all ℋ-open sets is denoted 

by ℋO(X). N(µ) or simply N is the hereditary class of all nowhere dense subsets 

in (X, µ). 

 

Definition 2.1 [5] Let A be a subset of hereditary generalized topological space 

(X, µ,ℋ) and κ∈{α(µ), σ(µ), π(µ),β(µ)}. Then 𝐴𝜅
∗ (ℋ,µ) = {x ∈X: A∩U∉ ℋ for 

every U∈ 𝜅}. For A⊂ X, define 𝑐𝜅
∗(A)=A∪ 𝐴𝜅

∗ .According to [2], 𝑐𝜅
∗ is enlarging, 

monotone and idempotent. Also 𝑐𝜅
∗(A) = A ∪ 𝑐𝜅(𝐴𝜅

∗ )⊆ 𝑐𝜅(A). 

Remark 2.2 [7] If A and B are subsets of hereditary generalized topological space 

(X, µ, ℋ) and κ∈{α(µ), σ(µ), π(µ), β(µ)}. Then (i) 𝐴𝜅
∗ (ℋ, µ) = A*(ℋ, µ), if κ= µ. 

(ii)A⊆B, then  𝐴𝜅
∗ ⊆ 𝐵𝜅

∗. 

(iii)𝐴𝜅
∗ = cκ(𝐴𝜅

∗ ) ⊆cκ(A) and𝐴𝜅
∗  is κ-closed set in (X,µ,ℋ). 

(iv) (𝐴𝜅
∗ )𝜅

∗ ⊆ 𝐴𝜅
∗ . 

(v) 𝑐𝜅
∗(A) ⊂ 𝑐𝜅

∗(B) whenever A⊂B⊂X. 

(vi) 𝑐𝜅
∗(𝑐𝜅

∗(A)) = 𝑐𝜅
∗(A) 

 

Lemma 2.3 [8] If (X, µ) is a quasi-topology with a hereditary class ℋ. Then the 

following are hold. 

(i) ℋis µ-codense if and only if A ⊂A* for every A∈µ. 

(ii) If A⊂A*, then A* = cµ(A*) = cµ(A) = 𝑐µ
∗(A) 

 

Lemma 2.4 [6] If (X, µ) is GTS with a hereditary class ℋ. For A ⊂X, 

(i) 𝑐µ
∗(A) = X - 𝑖µ

∗(X- A). 

(ii) iµ(A) ⊂ 𝑖µ
∗(A) ⊂A. 

 

Definition 2.5 [1] Let (X, µx) be a generalized topological space and A⊆ X. Then 

A is said to be 

(i) µ- semi open if A⊆ cµ(iµ(A)). 

(ii) µ- preopen if A⊆iµ(cµ(A)). 
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(iii) µ-α-open if A⊆iµ(cµ(iµ(A))). 

(iv) µ-β-open if A⊆cµ(iµ(cµ(A))). 

(v) µ-r-open  if A = iµ(cµ(A)) 

(vi) µ-rα-open if there is a µ-r-open set U such that   U⊂A⊂cα(U). 

 

Definition 2.6[1] Let (X, µx) be a generalized topological space and A⊆ X. Then 

A is said to be µ-πrα closed set if cπ(A) ⊆U whenever A⊆U and U is µ-rα-open 

set. The complement of µ-πrα closed set is said to be µ-πrα open set. 

The complement of µ-semi open ( µ-preopen, µ-α-open, µ-β-open, µ-r-open, µ-rα-

open) set is called µ- semi closed ( µ- pre closed, µ-α- closed, µ-β- closed,                  

µ-r- closed, µ-rα-closed) set. 

Let us denote the class of all µ-semi open sets, µ-preopen sets, µ-α-open sets, µ-β-

open sets, and µ-πrα open sets on X by σ(µ) (σ for short), π(µ) (π for short),           

α(µ) ( α for short), β(µ) (β for short)  and πp(µ) (πp for short)respectively. Let µ 

be a generalized topology on a nonempty set X and S⊆X. The µ-α-closure (resp. 

µ-semi closure, µ-pre closure, µ-β-closure, µ-πrα-closure) of a subset S of X 

denoted by cα(S) (resp. cσ(S), cπ(S), cβ(S), cπp(S)) is the intersection of µ-α-closed                      

( resp. µ- semi closed, µ- pre closed, µ-β-closed, µ-πrα closed) sets including S. 

The µ-α-interior (resp. µ-semi interior, µ-pre interior, µ-β-interior, µ-πrα-interior) 

of a subset S of X denoted by iα(S) (resp. iσ(S), iπ(S), iβ(S), iπp(S)) is the union of 

µ-α-open ( resp. µ- semi open, µ- preopen, µ-β-open, µ-πrα open) sets contained 

in S. 

 

Definition 2.7[1] A function f between the generalized topological spaces (X, μX) 

and (Y, μY) is called (πp, μY) – continuous function if f-1(A) ∈πp(μX) for each 

A∈(Y, μY). 

 

Definition 2.8 [5] Let (X, µX) and (Y, µY) be GTS’s. Then a function                           

f: (X, µX)→(Y, µY) is said to be weakly (πp, µY)- continuous function if for each      

x ∈X and each µY-open set V of  Y containing f(x), there exists  U ∈πp(µX) such 

that f(U)⊆ 𝑐µ𝑌
(V). 

 

3. πp-𝓗-closed sets 
 

In this section, first of all we introduce the notion called πp-ℋ-open and 

give some characterizations of this sets. 

 

Definition 3.1 A subset of A of an hereditary generalized topological spaces              

(X, µ,ℋ) is said to be 

(i) π-ℋ-open [2] if A⊂iµ(𝑐µ
∗(A)). 

(ii) α-ℋ-open [2] if A⊂iµ(𝑐µ
∗(iµ(A))). 

(iii) r-ℋ-open[2] if A = iµ(𝑐µ
∗(A)). 

(iv) δ-ℋ-set [2] if iµ(𝑐µ
∗(A))⊂ 𝑐µ

∗(iµ(A)) 

(v) t-ℋ-set [8] jf  iµ(𝑐µ
∗(A)) = iµ(A). 
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(vi) t*-ℋ-set [8] if iµ(𝑐µ
∗(iµ(A))) = iµ(A). 

(vii) Cπp-set if A = G∩F, where G is πp-ℋ-open and F is t-ℋ-set. 

(viii) Cπp*-set if A = G∩F, where G is πp-ℋ-open and F is t*-ℋ-set. 

(ix) rα-ℋ-open if there is r-ℋ-open set U such that U⊆A⊆ 𝑐𝛼
∗ (A). 

 

Definition 3.2 Let (X, µ, ℋ) be a hereditary GTS in X and A⊆X, then A is said to 

be πp-ℋ-closed if 𝑐𝜋
∗ (A)⊆U, whenever A ⊆U and U is rα-ℋ-openset. 

The complement of πp-ℋ-closed set is said to be πp-ℋ-open set. 

 

Proposition 3.3 In a hereditary generalized topological space (X, µ,ℋ), the 

following hold. 

(i) Every µ-closed set is πp-ℋ-closed set. 

(ii) Every µ-πrα closed set is πp-ℋ-closed set. 

Proof: (i) Obvious. 

(ii) Let A be µ-πrα closed set. Then cπ(A) ⊆U, whenever A ⊆U and U is rα-ℋ-

openset.Therefore 𝑐𝜋
∗ (A) ⊆cπ(A) ⊆U. Hence A is πp-ℋ-closed set. 

 

Example 3.4 Let X = {a, b, c, d}, µ= {∅, {a}, {a, b}, {b, c}, {a, b, c}} and       

 ℋ= {∅, {c}, {d}}. Then A= {b, c, d} is πp-ℋ-closed but not µ-closed and µ-πrα 

closed. 

 

Theorem 3.5 Let (X, µ,ℋ) be a hereditary generalized topological space and A, 

B⊂X.If A is πp-ℋ-closed set and A⊂B⊂ 𝑐𝜋
∗ (A) then B is πp-ℋ-closed. 

Proof: Let A be a πp-ℋ-closed set and B⊆U, where U is rα-ℋ-open set, then  

A⊆U and hence 𝑐𝜋
∗ (A) ⊆U. Now 𝑐𝜋

∗ (B) ⊆ 𝑐𝜋
∗(𝑐𝜋

∗ (A)) = 𝑐𝜋
∗ (A) ⊆U.                           

Hence 𝑐𝜋
∗ (B) ⊆U. Therefore B is πp-ℋ-closed. 

 

Theorem 3.6 Let (X, µ, ℋ) be a hereditary generalized topological space. If A is 

πp-ℋ-closed set in X such that A⊂Y⊂X, then A is πp-ℋ-closed in Y. 

Proof: Suppose that A⊂V∩Y, where V is rα-ℋ-open set in X. Then A⊆ V. Since 

A is πp-ℋ-closed set in X then 𝑐𝜋
∗ (A)⊆V. So 𝑐𝜋

∗ (A) ∩Y⊂V ∩Y. Hence it follows 

that 𝑐𝜋𝑌
∗ (A) ⊂V. This shows that A is πp-ℋ-closed in Y. 

 

Remark 3.7 The following examples shows that the intersection and union of          

πp-ℋ-closed sets need not be πp-ℋ-closed. 

 

Example 3.8 Let X = {a, b, c, d}, µ= {∅, {a}, {a, b}, {b, c}, {a, b, c}} and             

 ℋ= {∅, {c}, {d}}. Then set of all πp-ℋ-closed sets, πp (ℋµC(X))={ X, {b, c, d}, 

{a, c, d}, {c, d},{b, d}, {a, d}}. Consider A= {b, d} and B = {a, d} are two                

πp-ℋ-closed sets but A ∪ B = {a, b, d} is not πp-ℋ-closed set. 

 

Example 3.9 Let X = {a, b, c, d}, µ= {∅, {a}, {a, b}, {b, c}, {a, b, c}} and              

ℋ= {∅, {c}, {d}}. Then set of all πp-ℋ-closed sets, πp (ℋµC(X))={ X, {b, c, d},  
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{a, c, d}, {c, d},{b, d}, {a, d}}. Consider A= {b, d} and B = {a, d} are two        

πp-ℋ-closed sets but A ∩B = {d} is not πp-ℋ-closed set. 

 

Theorem 3.10 Let (X, µ) be a GTS with hereditary class ℋ. If A⊂X is δ-ℋ-set 

and t-ℋ-set then A is t*-ℋ-set. 

Proof: Suppose A is a δ-ℋ-set and t-ℋ-set. Then iµ(𝑐µ
∗(A)) ⊂ 𝑐µ

∗(iµ(A)) and so 

iµ(𝑐µ
∗(A))⊂iµ(𝑐µ

∗(iµ(A))). Since 𝑐µ
∗(iµ(A))⊂ 𝑐µ

∗(A), iµ(𝑐µ
∗(iµ(A)))⊂iµ(𝑐µ

∗(A)) and so  

iµ(𝑐µ
∗(iµ(A))) = iµ(𝑐µ

∗(A)) = iµ(A). Therefore A is t*-ℋ-set. 

 

Theorem 3.11 Let (X, µ) be a quasi- topology with a hereditary class ℋ, if A and 

B are t-ℋ-sets, then A∩B is   t-ℋ-set. 

Proof: Let A and B be t-ℋ-sets. Then iµ(A∩B)⊂iµ(𝑐µ
∗(A∩B))⊂iµ(𝑐µ

∗(A)∩

𝑐µ
∗(B))=iµ(𝑐µ

∗(A))∩iµ(𝑐µ
∗(B))=iµ(A)∩iµ(B). This implies that A∩B is a t-ℋ-set. 

 

Theorem 3.12 Let (X, µ) be a quasi-topology with a hereditary class ℋ, if A and 

B are t*-ℋ-sets, then A∩B is a   t*-ℋ-set. 

Proof: Let A and B be t*-ℋ-sets. Then iµ(A∩B)⊂iµ(𝑐µ
∗(iµ(A∩B)))⊂iµ[𝑐µ

∗(iµ(A))∩

𝑐µ
∗(iµ(B))] =iµ(𝑐µ

∗(iµ(A))∩iµ(𝑐µ
∗(iµ(B))=iµ(A)∩iµ(B). This implies that A∩B is a           

t*-ℋ-set. 

 

4. Decomposition of Continuity via hereditary classes 
 

Definition 4.1 A function f: (X, µ,ℋ) →(Y, λ) is said to be (𝜋𝑝ℋ, λ)-continuous if 

f-1(V) is πp- ℋ-open in (X, µ, ℋ) for every λ-open V of (Y, λ). 

 

Definition 4.2 Let (X, µ,ℋ) be a hereditary generalized topological space and 

A⊂X and let x∈X. Then A is said to be a 𝜋𝑝ℋ-neighbourhood of x, if there exists 

πp-ℋ-open set U containing x such that U⊂A. 

 

Theorem 4.3 Let 𝜋𝑝ℋ is a closed under arbitrary union and f: (X, µ,ℋ)→(Y, λ) 

be a function between the hereditary generalized topological space (X, µ, ℋ) to 

the generalized topological space (Y, λ). Then the following are equivalent. 

(i) f is a (𝜋𝑝ℋ, λ)-continuous. 

(ii) For each x∈X and each λ-open set V in Y with f(x) ∈V, there exists               

πp-ℋ-open set U containing x such that f(U)⊂V. 

(iii) For each x∈X and each λ-open set V in Y with f(x) ∈V, f-1(U) is a             

𝜋𝑝ℋ-neighbourhood of x. 

(iv) The inverse image of each λ-closed in (Y, λ) is πp-ℋ-closed. 

Proof. (i)⇒(ii). Let x∈X and let V be any λ-open set in Y such that f(x) ∈V. Since 

f is (𝜋𝑝ℋ, λ)-continuous, f-1(V) is πp-ℋ-open set. By putting U = f-1(V) which is 

containing x, we have f(U) ∈V. 

(ii)⇒(iii). Let V be any λ-open set in Y and let f(x)∈V. Then by (ii), there exists 

πp-ℋ-open set U containing x such that f(U) ⊂V. Therefore, x∈U⊂f-1(V). Hence 

f-1(V) is a 𝜋𝑝ℋ-neighbourhood of x. 
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(iii)⇒(iv).Let F be λ-closed in Y. Take V=Y∖F. Then V is a λ-open in Y.                   

Let x∈ f-1(V), by (iii),f-1(V) is a 𝜋𝑝ℋ-neighbourhood of x. Thus for each x∈f-1(V), 

there exists πp-ℋ-open set Ux containing x such that x∈Ux⊂f-1(V).                          

Hence f-1(V) ∈ ⋃ 𝑈𝑥𝑥∈𝑓
−1(𝑉)   and so f-1(V) is πp-ℋ-open set in X.                            

Hence f-1(F) = X∖f-1(Y∖F) =  X ∖f-1(V) is πp-ℋ-closed in X. 

(iv)⇒(i).Let V be a λ-open in Y and let f(x) ∈V.Take F=Y∖V. Then F is a                      

λ-closed in Y. Let x∈ f-1(F), by (iv), f-1(F) is a πp-ℋ-closed in X.                                 

Hence f-1(V) =f-1(Y∖F) = X ∖f-1(F) is πp-ℋ-open in X. Hence f is a (𝜋𝑝ℋ, λ)-

continuous. 

 

Proposition 4.4 For a function f: (X, µ,ℋ)→(Y, λ), the following hold. 

(a) Every (µ, λ)- continuous is (𝜋𝑝ℋ,λ)- continuous. 

(b) Every (πp, λ)- continuous is (𝜋𝑝ℋ,λ)- continuous. 

 

Theorem 4.5 Let f: (X, µ, ℋ1) →(Y, λ, ℋ2) and g: (Y, λ, ℋ2) →(Z, η) be two 

functions, where ℋ1 andℋ2 are hereditary classes on X, Y and Z respectively. 

Then g∘f is (𝜋𝑝ℋ, λ)-continuous if f is (𝜋𝑝ℋ, λ)-continuous and g is                                         

(λ, η)-continuous. 

Proof. Let U be any η-open in (Z, η). Then g is (λ, η)-continuous, g-1(U) is λ-open 

in (Y, λ, ℋ2). Since f is (𝜋𝑝ℋ, λ)-continuous, f-1(g-1(U)) = (g∘f)-1(U) is                                

πp-ℋ-open in (X, µ,ℋ1). Hence g∘f is (𝜋𝑝ℋ, λ)-continuous. 

 

Definition 4.6 A function f: (X, µ) →(Y, λ, ℋ) is said to be weakly (𝜋𝑝ℋ, λ)-

continuous if for each x∈X and each λ-open set V of Y containing f(x), there 

exists πp-ℋ-open set U containing x such that f(U) ⊆ 𝑐𝜆
∗(V). 

Remark 4.7 Every weakly (𝜋𝑝ℋ, λ)-continuous function is weakly (πp, λ)- 

continuous but the converse is need not be true. 

 

Example 4.8 Let X =Y= {a, b, c, d}, µX = {∅, {a}, {a, b}, {b, c}, {a, b, c}}, 

µY={∅, {a, c},{b, c}, {a, b, c}}.Define f: (X, µX) →(Y, µY) as follows f(a) = b, 

f(b) = f(c) = a and f(d) = c and ℋ= {∅, {c}, {d}}. Then the set of all πp-ℋ-open 

sets, πp (ℋµO(X)) ={X, {b, c, d}, {a, c, d}, {c, d},{b, d}, {a, d}} and set of all           

µ-πrα open sets, πp(µ)= {∅, X, {a, b, c}, {a, c}, {b, c}, {a, b}, {b},{a}, {c}} . 

Now f is weakly (πp, 𝜆)-continuous but f is not weakly(𝜋𝑝ℋ, λ)-continuous. 

 

Theorem 4.9Let 𝜋𝑝ℋ is a closed under arbitrary union. A function                                 

f: (X, µ)→(Y, λ, ℋ) is weakly(𝜋𝑝ℋ, λ)-continuous if and only if for each λ-open 

set V⊂Y,f-1(V)⊂iπp(f
-1(𝑐𝜆

∗(V))). 

Proof: Let V be any λ-open set of Y and x∈f-1(V). Since f is weakly (𝜋𝑝ℋ, λ)-

continuous, there exists a µ-πrα open set U such that x∈U and f(U)⊂ 𝑐𝜆
∗(V).Hence 

x∈U⊂f-1(𝑐𝜆
∗(V)) and x∈iπp(f

-1(𝑐𝜆
∗(V))). Therefore, we obtain f-1(V)⊂iπp(f

-1(𝑐𝜆
∗(V))). 

Conversely, let x∈X and V be a λ-open set of Y containing f(x).Then                     

x∈f-1(V)⊂iπp(f
-1(𝑐𝜆

∗(V))). Let U = iπp(f
-1(𝑐𝜆

∗(V))) then f(U) = f(iπp(f
-1(𝑐𝜆

∗(V))))             

⊂f(f-1(𝑐𝜆
∗(V)))⊂ 𝑐𝜆

∗(V). This shows that f is weakly (𝜋𝑝ℋ, λ)-continuity. 
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Definition 4.10 A function f: (X, µ)→(Y,λ, ℋ) is called πp-ℋ-open if the image 

of each µ-open set of X is an πp-ℋ-open set of Y. 

 

Theorem 4.11 A function f:(X, µ)→(Y,λ, ℋ) is πp-ℋ-open if and only if for each 

subset U of Y and each µ-closed set F of X containing f-1(U), there exists πp-ℋ-

closed set V of Y containing U such that f-1(V)⊂F. 

Proof: Let V = Y∖f(X∖F).Then we have f(X∖F)⊂Y∖U. Since f is πp-ℋ-open, 

then V is πp-ℋ-closed and f-1(V) =  f-1(Y∖f(X∖F))= X∖f-1(f(X∖F))⊂X∖(X∖F)= F. 

Conversely, let W be any µ-open set of X and U = Y∖f(W).                                       

Then f-1(U) = f-1(Y∖f(W))= X∖f-1(f(W))⊂X∖W and X∖W is µ-closed. By the 

hypothesis, there exists an πp-ℋ-closed set V of Y containing U such that                    

f-1(V)⊂X∖W. Then, we have f-1(V)∩W = ∅ and V∩f(W) = ∅. Therefore, 

Y∖f(W)⊃V⊃U= Y∖f(W) and f(W) is πp-ℋ-open in Y. This shows that f is πp-ℋ-

open. 

 

Definition 4.12 Let f:(X, µ,ℋ)→(Y, λ) be a function. If for each V∈λ, f-1(V) is a 

Cπp-ℋ-set (resp. Cπp*-ℋ-set) then f is said to be a Cπp-ℋ-continuous (resp. Cπp*-

ℋ-continuous). 

 

Theorem 4.13 For a function f:(X, µ,ℋ)→(Y, λ), the following properties are 

hold. 

(i) f is (πp, λ)-continuous if and only if .f is Cπp-ℋ-continuous. 

(ii) f is (πp, λ)-continuous if and only if Cπp*-ℋ-continuous. 

Proof: (i). Let V be an µ-open set in Y. Since f is (πp, λ)-continuous, then f-1(V) is 

a µ-πrα open set in X. Since every µ-πrα open set is πp-ℋ-open, then f-1(V) is             

πp-ℋ-open set. Since f-1(V)=A = A∩X, where A is πp-ℋ-open and X is                   

t-ℋ-set.Hence f-1(V) is Cπp-ℋset. Therefore f is Cπp-ℋ-continuous. 

Conversely, let f be Cπp-ℋ-continuous. Then for each V∈λ, f-1(V) is a Cπp-ℋ-set.                                         

That is f-1(V)= A = G∩F, where G is πp-ℋ-open set and F is t-ℋ-set.Let U be              

rα-ℋ-open such that A⊆U. Then 𝑖𝜋
∗ (G)∩iµ(F) ⊆U. That is iπ(G)∩iµ(F)⊆U, 

iπ(G∩F)⊆U.Therefore f-1(V) is µ-πrα open set. Hence f is (πp, λ)-continuous. 

(ii) Similarly as that of (i). 
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