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Abstract

We prove that 2-subgroups with maximal cyclic subgroups can be
identified in the table of marks and are therefore preserved by isomor-
phisms of tables of marks.

Mathematics Subject Classification: 19A22

Keywords: table of marks, finite group, Burnside ring

1 Introduction

The investigation of finite p-groups provides one of the most powerful methods
in finite group theory. One of the best known results in the study of finite p-
groups is the classification of finite non-abelian p-groups which have a cyclic
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subgroup: for odd p there is only one such group, and for p = 2 there are
four possible groups. In this paper we prove that for any finite group G, if G
has a p-subgroup with a cyclic maximal subgroup, we can detect this from the
table of marks, and we can even determine the isomorphism class of such a
subgroup. In particular, an isomorphism of tables of marks between two finite
groups preserves the isomorphism classes of all these p-subgroups.

In Section 2 we give the basic definitions and notation regarding tables of
marks, as well as some simple facts we shall use later. In Section 3 we quote
the main results about p-groups that we need in this paper, and in Section 4
we prove our main result.

2 Tables of marks

Definition 2.1. Let G, Q be finite groups. Let C(G) be the family of all
conjugacy classes of subgroups of G. We usually assume that the elements of
C(G) are ordered non-decreasingly. Let ψ be a function from C(G) to C(Q).
Given a subgroup H of G, we denote by H ′ any representative of ψ([H]). We
say that ψ is an isomorphism between the tables of marks of G and Q if ψ is a
bijection and if #(K ′H

′
) = #(KH) for all subgroups H,K of G.

Note that #(KH) = |NG(H)|
|K| α(H,K), where α(H,K) equals the number of

subgroups of K which are G-conjugate to H. If ψ is an isomorphism between
the tables of marks of G and Q and we denote ψ(H) by H ′, we have that
|H ′| = |H|, |NQ(H ′)| = |NG(H)|, and alpha(H,K))α(H ′, K ′) for all H,K
in C(G); in fact, the previous conditions are an equivalent definition of an
isomorphism between the tables of marks of G and Q. The matrix whose
H,K-entry is #(KH) is called the table of marks of G (where H,K run
through all the elements in C(G)). Some authors define the table of marks
of G as the transpose of the previous matrix (for instance, that is how GAP
defines it). Note that this matrix is defined up to an ordering of the elements
of C(G), so that the groups G and Q have isomorphic tables of marks if and
only if it is possible to rearrange the elements of C(G) and/or C(Q) so that G
and Q have identical tables of marks.

The Burnside ring of G, denoted B(G), is the subring of ZC(G) spanned
by the columns of the table of marks of G. It is easy to see that if G and Q
have isomorphic tables of marks, then they have isomorphic Burnside rings;
the converse is an open problem (see [2]).

The table of marks provides some useful information about the group and
its subgroups, as we can see in the following theorem, which can be found
in [1].

Theorem 2.2. Let G, Q be finite groups with isomorphic tables of marks. Let
K, H denote subgroups of G, and let K ′, H ′ denote representatives in their
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respective conjugacy classes of subgroups under the isomorphism between their
tables of marks. Then we have that:

1. G′ = Q, (1G)′ = 1Q, |G| = |G′|, |H| = |H ′|, α(H,K) = α(H ′, K ′), β(H,K) =
β(H ′, K ′), |NG(H)| = |NQ(H ′)|.

2. The subgroup H is normal in G if and only if H ′ is normal in Q. In this
case, G/H and Q/H ′ have isomorphic tables of marks.

3. If K ≤ H and at least one of these two subgroups is normal in G, then
K ′ ≤ H ′ for any choice of K ′ and H ′.

4. If K and H are normal subgroups of G, then (K ∩ H)′ = K ′ ∩ H ′ and
(KH)′ = K ′H ′. In particular, two normal subgroups with trivial in-
tersection correspond to two normal subgroups with trivial intersection.
Furthermore, if G = K ×H, then Q = K ′×H ′, K and K ′ have isomor-
phic tables of marks, and H and H ′ have isomorphic tables of marks.

5. The subgroup H is maximal in G if and only if H ′ is maximal in Q.

6. If G is a p-group, then socle(Z(G))′ = socle(Z(Q)).

7. The Frattini subgroups correspond, that is, Φ(G)′ = Φ(Q).

8. The group G is nilpotent if and only if Q is nilpotent. However, there
are non-isomorphic p-groups with isomorphic tables of marks.

9. For any divisor d of the order of H, the number of subgroups of H of
order d is preserved; in particular, the total number of subgroups of H is
preserved.

10. The subgroup H is cyclic if and only if H ′ is cyclic.

11. If H is isomorphic to the quaternion group of order 8, then H ′ is iso-
morphic to H.

12. If G is abelian then G ∼= Q.

13. The commutator subgroups correspond, that is, [G,G]′ = [Q,Q]. More-
over, the abelianized groups are isomorphic, that is, G/[G,G] ∼= Q/[Q,Q].

14. If G is isomorphic to Sn for some n ≥ 5, then Q is isomorphic to G.

15. The subgroup H is elementary abelian if and only if H ′ is elementary
abelian.
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3 Finite p-groups with cyclic maximal subgroups

The following results are Theorems 4.1 and 4.2 from [3]. Let p denote a prime
number.

Theorem 3.1. Let G be a p-group of order pn. Assume that G is nonabelian
and that G has a maximal subgroup M which is cyclic. Then n ≥ 3 and if
p is odd, then G is isomorphic to the group M(pn) which has the following
presentation:

M(pn) =< x, y | xpq = yp = 1, y−1xy = x1+q >,

where q = pn−2.
If p = 2 and n = 3, then G is isomorphic to either the dihedral group or

the quaternion group. If p = 2 and n ≥ 4, then G is isomorphic to M(2n), the
dihedral group Dg, the generalized quaternion group Qg, or the quasi-dihedral
group Sg.

Theorem 3.2. The groups G = D2m, Q2m, S2m have the following properties:

1. The group Q2m contains exactly one element of order 2.

2. The groups D2m, Q2m(m > 4), and S2m contain two non-cyclic maximal
subgroups, and their isomorphism classes are (Dm, Dm), (Qm, Qm), and
(Dm, Qm), respectively.

In order to tell these groups apart from M(2n) we need the following lemma,
which shows that all the proper subgroups of the group M(2n) are abelian.

Lemma 3.3. Let G = M(2n), and let H be a proper subgroup of G. Then H
is abelian.

Proof. Note that x2 is in the centre of M(2n). There are two cases. First
assume that y ∈ H. Since H is a proper subgroup, then x 6∈ H, so H can
be generated by y and a power of x2, which implies that H is abelian. Now
assume that y 6∈ H. If H is generated by a power of x then we are finished.
Assume that H contains an element of the form xty. It follows that H contains
the element xtyxty, which is a power of x. Since x 6∈ H, this element must be
a power of x2. In particular, H is contained in the subgroup generated by xy
and x2, which is abelian (since x2 is central).

4 Main result

Theorem 4.1. Let G be a finite group, and let p be a prime number. If p is
odd, then the noncyclic p-subgroups of G which have a cyclic maximal subgroup
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are determined by the table of marks but it is not possible to determine which
ones are isomorphic to Cpn−1 × Cp and which ones are isomorphic to M(pn).
If p = 2, then the isomorphism classes of all 2-subgroups of G which have a
cyclic maximal subgroup are determined by the table of marks.

Proof. If p is odd, note that the only noncyclic groups of order pn with a
cyclic maximal subgroup are Cpn−1 × Cp and M(pn). In general one cannot
distinguish these two subgroups in the table of marks (one can find in GAP
a group of order 81 with abelian and nonabelian subgroups of order 27 which
look identical in the table of marks).

Now assume that p = 2. We shall use induction on the order of the 2-
subgroup. Note that the only abelian 2-groups with a cyclic maximal subgroup
are either cyclic or C2n−1 ×C2, and the cyclic subgroup can be determined by
the table of marks. If the subgroup is nonabelian, by Theorem 3.1 we know
that there are only four possible cases: M(2n), D2n , Q2n and S2n .

By Theorem 3.2, we have that Q2n is the only group which has exactly one
cyclic subgroup of order 2, and this can be seen in the table of marks.

We also know that all maximal subgroups of C2n−1 × C2 and M(2n) are
abelian, whereas D2n and S2n have nonabelian maximal subgroups (which
in turn have cyclic maximal subgroups): D2n has two maximal subgroups
isomorphic to D2n−1 , whereas S2n has two maximal subgroups isomorphic to
D2n−1 and Q2n−1 , which can be distinguished inductively by the table of marks
(the induction starts when we can tell D8 from Q8 by the table of marks).

It remains to show that C2n−1 × C2 and M(2n) can be distinguished by
the table of marks. The former group has 2 cyclic maximal subgroups and a
maximal subgroup of the form C2n−2×C2, while the maximal subgroups of the
latter are of the form < x > and < x2, xty > with t = 0, 1.

Corollary 4.2. An isomorphism between tables of marks preserves the iso-
morphism class of 2-subgroups which have a cyclic maximal subgroup.

Proof. Since such 2-subgroups are determined by the table of marks, they must
also be preserved under isomorphisms of the tables of marks.
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