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Abstract

In this note, we present new conditions for positivity of operators in
non-unital C*- algebras.
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1 Introduction

In this paper, we present new necessary and sufficient conditions for positive
operators in non-unital C*-algebras. Throughout the paper, by C∗NU we mean
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non-unital C*-algebras and C̃∗NU , their unitization.

2 Preliminary Notes

The following definitions are essential in the sequel;

Definition 2.1. A C*- algebra A is said to be unital or have a unit I if it has
an element, denoted by I, satisfying IA = AI = A ∀ A ∈ A. The element I is
called the multiplicative identity.

Definition 2.2. A C*- algebra C∗NU is said to be non-unital if it does not
admit a multiplicative identity I.

Definition 2.3. An operator T ∈ B(H) is said to be norm-attainable if there
exists a unit vector x ∈ H, such that ‖Tx‖ = ‖T‖.

Definition 2.4. A Neumann series is a mathematical series of the form
∞∑
k=0

ϕk

where ϕ is an operator.

3 Results

Proposition 3.1. Let C∗NU be a non-unital C*-algebra. Suppose ϕ : C∗NU → C
is a positive linear functional with ‖ϕ‖ = 1 and T ∈ C∗NU is a normal operator.
Then ϕ(T ) ∈ conv(σ(T )).

Proof. If C∗NU is non-unital, let C̃∗NU be the unitization of C∗NU . Then, ϕ extends
to a positive linear functional ϕ̃ : C̃∗NU → C such that ‖ϕ̃‖ = ‖ϕ‖ = 1. Hence
ϕ̃(I) = ‖ϕ̃‖ = 1. Thus if T ∈ C∗NU is a normal operator, then ϕ(T ) = ϕ̃(T ) ∈
conv(σ(T )).

Lemma 3.2. Let Ẽ∗NU be a non-unital sub-algebra of C̃∗NU with orthogonal
embedding and let ϕ : Ẽ∗NU → C̃∗NU be completely positive, self adjoint and
normal, then r(ϕ) = ‖ϕ‖.

Proof. Since Ẽ∗NU has an orthogonal embedding, then C̃∗NU admits a projection
P , i.e PϕP = ϕP. Let ϕ : Ẽ∗NU → C̃∗NU be completely positive, self adjoint and
normal, then since ϕ is a positive linear functional, it is bounded and r(ϕ) =

lim
m→∞

‖ϕm‖ 1
m . We first show that the limit on the right hand side exists. Now

let ξk = log ‖ϕk‖. We show that the series {ξk/k} converges. Since ‖ϕm+k‖ ≤
‖ϕm‖‖ϕk‖, we have: ξk ≤ kξ1 and ξm+k ≤ ξm + ξk.
Now write k = pm+ q where 0 ≤ q ≤ m. It follows that

ξk
k
≤ p

k
ξm +

1

k
ξq.
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If k → ∞ with m fixed, then p
k
→ 1

m
, so lim

n→∞
sup ξk

k
≤ ξm

m
. Taking the limits

as m→∞, we obtain that

lim
n→∞

sup
ξk
k
≤ inf

n→∞
sup

ξm
m
,

which implies that {ξk/k} converges hence, r(ϕ) = lim
m→∞

‖ϕm‖ 1
m . Next define a

Neumann series I +ϕ+ϕ2 +ϕ3 + ...+ϕn + ... The series converges if r(ϕ) < 1
and diverges if r(ϕ) > 1. Now if r(ϕ) < 1, then there exists a positive real
number R > 0 such that r(ϕ) < R < 1 and ‖ϕn‖ ≤ Rn for all n ≥ N. Therefore
λI−ϕ may be inverted by a Neumann series when |λ| > r(ϕ), so the spectrum
of ϕ is contained inside the disk {λ ∈ C : |λ| ≤ r(ϕ)}, and that the Neumann
series must diverge, so λI−ϕ is not invertible for some λ ∈ C with |λ| = r(ϕ).
Since ϕ is self adjoint, then

‖ϕ2‖ = ‖ϕ∗ϕ‖
= ‖ϕϕ∗‖
≤ ‖ϕ∗‖‖ϕ‖
= ‖ϕ‖2.

But, ‖ϕ‖2 ≥ 0. Hence, ‖ϕ2‖ = ‖ϕ‖2. By induction, we have ‖ϕ2m‖ = ‖ϕ‖2m .
This implies that

r(ϕ) = lim
m→∞

‖ϕm‖
1
m

= lim
m→∞

‖ϕ2m‖
1

2m

= ‖ϕ‖.

Theorem 3.3. Let Ẽ∗NU be a non-unital sub-algebra of C̃∗NU with orthogonal
embedding and let ϕ : Ẽ∗NU → C̃∗NU be completely positive, self adjoint and
normal. Then the eigenvalues of ϕ are real and their associated eigenvectors
are orthogonal via their respective orthogonal mappings.

Proof. Let ϕ be self adjoint and ϕX = λX with X 6= 0, then

λ〈X,X〉 = 〈X,ϕX〉 = 〈ϕX,X〉 = λ̄〈X,X〉

So λ = λ̄, λ ∈ R. Hence the eigenvalues are real. Next we show that the
associated eigenvectors are orthogonal. Now if ϕX = λX and ϕY = µY
where λ, µ ∈ R, X and Y are eigenvectors of ϕ, then

λ〈X, Y 〉 = 〈ϕX, Y 〉 = 〈X,ϕY 〉 = µ〈X, Y 〉.

It follows that if λ 6= µ, then 〈X, Y 〉 = 0 hence, X ⊥ Y as required.
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Corollary 3.4. Let Ẽ∗NU be a non-unital sub-algebra of C̃∗NU with orthogonal
embedding and let ϕ : Ẽ∗NU → C̃∗NU be completely positive, self adjoint and
normal. Then the spectrum of ϕ contains real values.

Proof. From Lemma 3.2, r(ϕ) = ‖ϕ‖. We only need to prove that the spectrum
is real. Suppose λ = A+iB ∈ C whereA,B ∈ R andB 6= 0. For anyX ∈ Ẽ∗NU ,
we have

‖(ϕ− λI)X‖2 = 〈(ϕ− λI)X, (ϕ− λI)X〉
= 〈(ϕ− AI)X, (ϕ− AI)X〉
+ 〈(−iB)X, (−iB)X〉
+ 〈ϕX, (−iB)X〉+ 〈(−iB)X,ϕX〉
= ‖(ϕ− AI)X‖2 +B2‖X‖2

≤ B2‖X‖2.

Therefore ϕ − λI is one-to-one and has a closed range. If this range is not
equal to Ẽ∗NU , then λ belongs to the residual spectrum and hence λ̄ = A− iB
is an eigenvalue of ϕ. Indeed, by continuous functional calculus for normal
operators, ξ = ξ+ − ξ− where ξ+ and ξ− are positive operators. Since ϕ is
completely positive and hence a positive linear operator, ϕ(ξ+) and ϕ(ξ−) are
positive scalars. Hence ϕ(ξ+)− ϕ(ξ−) ∈ R.
Now let ϕ be arbitrary in C̃∗NU , then ϕ(Re(ξ)), ϕ(Im(ξ)) belongs to R. There-
fore,

ϕ(ξ) = ϕ[(Re(ξ) + iIm(ξ))∗]

= ϕ[Re(ξ)− iIm(ξ)]

= ϕ[Re(ξ)]− iϕ[Im(ξ)]

= ϕ[Re(ξ)] + iϕ[Im(ξ)]

= ϕ(ξ).

Thus, ϕ has an eigenvalue that does not belong to R. This is a contradiction
since the eigenvalues of ϕ are real from Theorem 3.3. Therefore, if λ is not
real, then λ in the resolvent of ϕ.

4 Conclusion

In this paper, we have established new conditions for positivity of operators in
non-unital C*-algebras.



Conditions for positivity of operators 81

References

[1] W. B. Arveson, An Invitation to C*-Algebras, Springer-Verlag, Berlin
1998 (reprinted).

[2] A. S. Kavruk, Complete positivity in operator algebras, Msc thesis
Bilkent University, 2006.

[3] G. J. Murphy, C*-algebras and operator theory, Academic Press, Lon-
don, 1990.

[4] N. B. Okelo, On norms of elementary operators, Msc thesis Maseno
University, 2009.

[5] N. B. Okelo, Elementary operators and their orthogonality in normed
spaces, PhD thesis Maseno University, 2013.

[6] S. Paul, Completely Positive Maps, Lecture notes, 2011.

Received: December 5, 2014; Published: February 23, 2015


