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Abstract 

 

AL-Watani manifold along with semi-symmetric metric connection have been 

studied, and some of its geometric properties are derived.  Also a new example of Al-

Watani manifold is given. 
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1-Introduction 

      In a recent paper [1] the author introduced a new type of Riemannian manifold 

called AL-Watani manifold, i. e., a Riemannian manifold (Mn, g) (n≥2), such that its 

curvature tensor R satisfies the relation, 

1.1) R(X, Y, Z)  =  β[S(Y, Z)X +  g(Y, Z)QX],  
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where β is constant and Q is the symmetric endomorphism of the Ricci tensor S such 

that, 

1.2) S(X,Y) = g(QX,Y). 

    A linear connection ∇̃ on n-dimensional Riemannian manifold (𝑀𝑛, 𝑔) is called 

semi-symmetric connection [3] if the torsion tensor T of the connection satisfies, 

1.3)   T(X,Y) = 𝛼(𝑌)𝑋 − 𝛼(𝑋)𝑌, 

For every vector fields X, Y on M, and α is a 1-form associated with the torsion tensor 

T of the connection ∇̃  given by, 

1.4)   𝛼(𝑋) = 𝑔(𝑋, 𝜌), 

where ρ is a vector field associated with the 1-form α. The 1-form α is called the 

associated 1-form of the semi-symmetric connection ∇̃ and the vector field ρ is called 

the associated vector field of the semi-symmetric connection∇̃. A semi-symmetric   

connection ∇̃ is called a semi-symmetric metric connection [3] if it satisfies also,  

 1.5)  ∇̃ g = 0. 

The relation between the Riemannian connection and the semi-symmetric metric 

connection is given by [3], 

1.6)   ∇̃𝑋𝑌 = ∇𝑋𝑌 + 𝛼(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜌. 

The covariant differentiation of a 1-form ω with respect to ∇̃ is given by [3] 

1.7)   (∇̃𝑋𝜔)(𝑌) = (∇𝑋𝜔)(𝑌) + 𝜔(𝑋)𝛼(𝑌) − 𝜔(𝜌)𝑔(𝑋, 𝑌). 

Now if  �̃� and R denote respectively the curvature tensors of  ∇ and  ∇̃  then [3] 

1.8)   �̃�(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 − 𝐻(𝑌, 𝑍)𝑋 + 𝐻(𝑋, 𝑍)𝑌 − 𝑔(𝑌, 𝑍)𝐿𝑋 + 𝑔(𝑋, 𝑍)𝐿𝑌  

where H is a tensor field of type (0,2) given as 

1.9)   𝐻(𝑋, 𝑌) = 𝑔(𝐿𝑋, 𝑌) = (∇𝑋𝛼)(𝑌) − 𝛼(𝑋)𝛼(𝑌) +
1

2
𝛼(𝜌)𝑔(𝑋, 𝑌), 

For any vector fields X, Y. 
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Let X, Y ∈ Tp(M) at a point p ∈ M. Let γ be a plane spanned by X, Y. Then the 

sectional curvature with respect to the section γ is defined by [2], 

1.10)   𝑘(𝛾) = −
𝑅(𝑋,𝑌,𝑋,𝑌)

𝑔(𝑋,𝑋)𝑔(𝑌,𝑌)−𝑔(𝑋,𝑌)2 . 

Sectional curvature k(γ) is uniquely determined by the section γ and is independent of 

the vectors X, Y in the section. If the sectional curvature k(γ) is a constant for all 

sections γ at each point of M, then M is said to be a space of constant curvature and 

we have [2], 

1.11)   R(X,Y)Z = h[g(Y,Z)X-g(X,Z)Y], 

for any C∞ vector fields X,Y,Z on M where h is a constant. 

    The con-harmonic curvature tensor L, the conformal curvature tensor and the 

projective curvature tensor P of a Riemannian manifold [2] are defined as, 

1.12)  𝐿(𝑋, 𝑌, 𝑍) = 𝑅(𝑋, 𝑌, 𝑍) −
1

(𝑛−2)
[𝑆(𝑌, 𝑍)𝑋 − 𝑆(𝑋, 𝑍)𝑌 + 𝑔(𝑌, 𝑍)𝑄𝑋 −

𝑔(𝑋, 𝑍)𝑄𝑌], 

1.13)  𝐶(𝑋, 𝑌, 𝑍) = 𝑅(𝑋, 𝑌, 𝑍) −
1

(𝑛−2)
[𝑆(𝑌, 𝑍)𝑋 − 𝑆(𝑋, 𝑍)𝑌 + 𝑔(𝑌, 𝑍)𝑄𝑋 −

𝑔(𝑋, 𝑍)𝑄𝑌] +
𝑟

(𝑛−1)(𝑛−2)
[g(Y, Z)X − g(X, Z)Y], 

1.14)  𝑃(𝑋, 𝑌, 𝑍) = 𝑅(𝑋, 𝑌, 𝑍) −
1

(𝑛−1)
[𝑆(𝑌, 𝑍)𝑋 − 𝑆(𝑋, 𝑍)𝑌] 

A Riemannian manifold is said to be locally con-harmonically flat if, 

1.15)   𝐿(𝑋, 𝑌, 𝑍) = 0. 

Yano [3] proved the following important existence theorem, 

Theorem1.1) In order that a Riemannian manifold admits a semi-symmetric metric 

connection whose curvature tensor vanishes, it is necessary and sufficient that the 

Riemannian manifold is conformally flat. 

Also it is proved in [4] that, 

Theorem1.2)  A Riemannian manifold of constant curvature is conformally flat. 

   The Ricci tensor �̃� and the scalar curvature �̃� of AL-Watani manifold along with a 

semi-symmetric metric connection ∇̃ is defined as, 
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1.16)   �̃�(𝑌, 𝑍) = (𝐶1
1�̃�)(𝑋, 𝑌) = ∑ �̃�(𝐸𝑖, 𝑌, 𝑍, 𝐸𝑖)

𝑛
𝑖=1 , 

1.17)   �̃� = ∑ �̃�(𝐸𝑖 , 𝐸𝑖)
𝑛
𝑖=1 , 

where 𝐸𝑖, i = 1, …, n are orthonormal vector fields on M. 

    In section 2 it is been shown that if AL-Watani manifold admit a semi-symmetric 

metric connection then it is locally flat manifold if and only if its scalar curvature 

vanishes. Also it is tensor H defined by (1.9) is symmetric, and it is locally con-

harmonically flat if and only if it is of constant Riemannian curvature, or, sectional 

independent. Finally we obtained the necessary and sufficient for AL-Watani 

manifold to admit a semi-symmetric metric connection and obtained some properties 

of the projective curvature tensor. 

Section 3 was devoted for a new example of AL-Watani manifold. 

2- Semi-symmetric metric connection: 

Contracting (1.8) we get, 

2.1)   �̃�(𝑌, 𝑍) = 𝑆(𝑌, 𝑍) − (𝑛 − 2)𝐻(𝑌, 𝑍) − 𝑎𝑔(𝑌, 𝑍),  

where a denote the trace of H. From which we have, 

2.2)   �̃�(𝑋) = 𝑄(𝑋) − (𝑛 − 2)𝐿(𝑋) − 𝑎(𝑋). 

 Further contraction yields, 

2.3)   �̃� = 𝑟 − 2(𝑛 − 1)𝑎.  

  Now let us define A Riemannian manifold (Mn, g) (n≥2) as a AL-Watani manifold 

admitting a semi-symmetric metric connection ∇̃ such that its curvature tensor  �̃�  

satisfy the relation, 

2.4)   R̃(X, Y, Z)  =  β[S̃(Y, Z)X +  g(Y, Z)L̃X],  

and denote such a manifold by [AL, ∇̃]. 

Contracting (2.4) we get, 

2.5)   �̃�(𝑌, 𝑍) = −
𝛽�̃�

(𝛽𝑛−1)
𝑔(𝑌, 𝑍). 
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Further contraction yields, 

2.6)   �̃� = 0. 

Thus we can state, 

Theorem2.1) [AL, ∇̃] is locally flat manifold if and only if its scalar curvature 

vanishes. 

From (2.5), (2.6) and (2.1) we can have, 

2.7)   H(X,Y) = H(Y,X). 

Thus we can state, 

Theorem2.2) On [AL, ∇̃] the tensor H defined by (1.9) is symmetric. 

Using (1.9) on (2.7) we can get, 

2.8)   (∇𝑋𝛼)(𝑌) − (∇𝑌𝛼)(𝑋) = 0. 

Thus we can state, 

Theorem2.3) On [AL, ∇̃] the 1-form α is closed. 

From (1.8) by changing Z, Y, and Z cyclically and by virtue of (2.7) we can have, 

2.9)   �̃�(𝑋, 𝑌)𝑍 + �̃�(𝑌. 𝑍)𝑋 + �̃�(𝑍, 𝑋)𝑌 = 0, 

2.10)   �̃�(𝑋, 𝑌, 𝑍, 𝑊) = �̃�(𝑍, 𝑊, 𝑋, 𝑌). 

Thus we can state, 

Theorem2.4) On [AL, ∇̃] we have (2.9) and (2.10). 

Now from (2.5), (2.6) and (2.1) we have, 

2.11)   𝑆(𝑌, 𝑍) = (𝑛 − 2)𝐻(𝑌, 𝑍) − 𝑎𝑔(𝑌, 𝑍). 

Contracting we get, 

2.12)   𝑎 =
𝑟

2
. 
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Therefore (2.11) will reduce to the form, 

2.13)     𝐻(𝑌, 𝑍) =
1

(𝑛−2)
𝑆(𝑌, 𝑍) −

𝑟

2(𝑛−2)
𝑔(𝑌, 𝑍), or, 

2.14)   𝐿𝑋 =
1

(𝑛−2)
𝑄𝑋 −

𝑟𝑋

2(𝑛−2)
. 

Using (2.13) and (2.14) on (1.8) we get, 

2.15)  �̃�(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 −
1

(𝑛−2)
[𝑆(𝑌, 𝑍)𝑋 − 𝑆(𝑋, 𝑍)𝑌] −

1

(𝑛−2)
[𝑔(𝑌, 𝑍)𝑄𝑋 −

𝑔(𝑋, 𝑍)𝑄𝑌] +
𝑟

(𝑛−2)
[𝑔(𝑋, 𝑍)𝑌 − 𝑔(𝑌, 𝑍)𝑋]. 

This can be written by virtue of (1.12) as, 

2.16)   �̃�(𝑋, 𝑌)𝑍 = 𝐿(𝑋, 𝑌, 𝑍) +
𝑟

(𝑛−2)
[𝑔(𝑋, 𝑍)𝑌 − 𝑔(𝑌, 𝑍)𝑋]. 

Thus in consequence of (2.16), (1.15) and (1.11) we can state, 

Theorem2.5) [AL, ∇̃] is of constant Riemannian curvature if and only if it is locally 

con-harmonically flat. 

Theorem2.6) [AL, ∇̃] is locally con-harmonically flat if and only if it is sectional 

independent. 

Further we have from (2.8) and (1.9) that, 

2.17)   𝐻(𝑋, 𝑌) =
1

2
𝛼(𝜌)𝑔(𝑋, 𝑌). 

Thus we can state, 

Theorem2.7) On [AL, ∇̃]  
1

2
𝛼(𝜌) is an Eigen value of the tensor H defined by (1.9) 

with  𝜌 is an Eigen vector of the Eigen value. 

Using (2.17), (2.11) and (2.12) on (1.13) we can get, 

2.18)   𝐶(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌, 𝑍) − [𝛼(𝜌) −
𝑛𝑟

(𝑛−1)(𝑛−2)
][𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌]. 

Thus in consequence of (2.6), (1.11) and theorem (1.1) we can state, 
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Theorem2.8)  AL-Watani manifold admits a semi-symmetric metric connection iff it 

is sectional independent. 

The projective curvature tensor of [AL, ∇̃] can be defined as, 

2.19)   �̃�(𝑋, 𝑌, 𝑍) = �̃�(𝑋, 𝑌, 𝑍) −
1

(𝑛−1)
[�̃�(𝑌, 𝑍)𝑋 − �̃�(𝑋, 𝑍)𝑌]. 

In consequence of (2.5), (2.6), (2.8), (2.9), (2.10) and (2.19) we can easily prove, 

Theorem2.9)  On [AL, ∇̃] we have: 

1) �̃�(𝑋, 𝑌)𝑍 + �̃�(𝑌, 𝑍)𝑋 + �̃�(𝑍, 𝑋)𝑌 = 0, 

2) �̃�(𝑋, 𝑌)𝑍 = �̃�(𝑋, 𝑌)𝑍, 

3) �̃�(𝑋, 𝑌, 𝑍, 𝑊) = �̃�(𝑍, 𝑊, 𝑋, 𝑌), 

4) 𝐶1
1�̃�(𝑋, 𝑌)𝑍 = 𝐶3

1�̃�(𝑌, 𝑍)𝑋 = 0. 

 

 

3- New example of AL-Watani manifold 

Let us consider R4 endowed with the Riemannian metric [5], 

3.1) 𝑑2 = gijdxidxj = (x4)
4

3[(dx1)2 + (dx4)2] + (dx2)2 + (dx3)2 ,  

where  i, j = 1,2,3,4. Then it is known [5] that the only non vanishing Ricci tensors 

and the curvature tensors are, 

        𝛤14
1 = 𝛤44

4 =
2

3𝑥4
= −𝛤11

4   ;   

3.2)  𝑅1441 =
−2

3(𝑥4)
2
3

 , 

3.3)  𝑆11 = 𝑆44 =
−2

3(x4)2 . 

And the scalar curvature r = 
−4

3(𝑥4)
10
3

≠ 0 .  
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Let a = 
1

2
 , then to verify the definition by (1.1) we have to verify only the following 

relation:  

3.4)   𝑅1441 = 𝑎[𝑆44𝑔11 + 𝑆11𝑔44].   

Using (3.2), (3.3) and the value of a above on (3.4) we get, 

       R.H.S. = 𝑎[𝑆44𝑔11 + 𝑆11𝑔44]  

                   =  
1

2
[

−2

3(x4)2
(x4)

4

3 +
−2

3(x4)2
(x4)

4

3] 

                   = 
−2

9(𝑥4)
2
3

  = L.H.S. 

The other cases are trivially true. Hence R4 along with the metric g defined by (3.1) is 

AL-Watani manifold. Thus we can state, 

Theorem3.1)  A Riemannian manifold (M4,g) endowed with the metric (3.1) is a AL-

Watani manifold with non constant scalar curvature. 
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