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Abstract 
 

We consider an Archimedean �-algebra � with point separating order dual ��. The 
aim of this paper is to show that the results of the paper in [3] are true if we 
change the order continuous order bidual ����	�  by order dual ��� of ��. 
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1. Introduction and Preliminaries 
 

            First of all, for unexplained terminology and notation, we refer to the 
books [1,9,11].  
            Let 
 and � be two Archimedean Riesz spaces and the positive cone of 
 
is denoted by 
�. Let � be an �-algebra, that is, a lattice ordered algebra in which 
 ∧ � � 0 implies that . � ∧ � � 0 for all 0 � � ∈ �. A linear operator between 
two Riesz spaces is said to be order bounded if it maps order bounded subsets of 
 
to order bounded subsets of �. The collection of all order bounded operators will 
be denoted by 
��
,��. In a Riesz space 
, � and � are said to be disjoint 
�� � ��	if |�| ∧ |�| � 0 holds for �, � ∈ 
. An operator  �: 
 → � is said to 
preserve disjointness whenever � � � in 
 imply that ���� � �. An operator  
�: 
 → 
 is said to be band preserving whenever � leaves all bands of 
 invariant,  
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i.e., whenever ���� ⊆ � holds for each band � of 
. !"#$�
� is a space of all 
order bounded and band preserving operators on 
 and the set of orthomorphisms 
on 
 is denoted by !"#$�
� � %� ∈ 
��
�: � � �	⟹ �� � �'. 
            � ∈ 
��
,�� is called an �-linear operator if  ��. �� � . �� for each 
 ∈ � and � ∈ 
. The collection of all �-linear operators will be denoted by 

��
,�; �� [10].  
            The vector space 
′ of all order bounded linear functionals on 
 is called 
the order dual of 
, i.e., 
� � 
��
, *�. 
′ is a Riesz space [1]. The order bidual 
′′ 
of 
 is the order dual of 
′ that is 
�� � �
��′ and the order continuous part of the 
order bidual of 
 is denoted by �
��	� . A Riesz algebra � is called an �-algebra if � 
has the additional property that  � � in � implies � � � and � � � for all 
� ∈ �. Since every Archimedean �-algebra is commutative [7], we deal only with 
commutative �-algebras in this work. Let � be an �-algebra with �′ separates the 
points of �.  The band of all order continuous linear functionals on �′ is denoted 
by ����	�  and its disjoint complement in �′′ by ����+� . Observe that, ��� � ����	� ⊕
����+�   as �′′ is Dedekind complete [4,5]. 
 
Definition 1 Let � be an �-algebra with unit - and 
 be a Riesz space.  
 is said to 
be an (left) �-module over � [10] if 
 is a (left) module over � and satisfies the 
following conditions: 

i) For each  ∈ �� and � ∈ 
� we have . � ∈ 
� 
ii) If � � � in 
, then for each  ∈ � we have . � � � 

          When � is an �-algebra with unit -, saying 
 is a unital �-module over � 
implies that the left multiplication satisfies -. � � � for all � ∈ 
. We know that if 

 is an �-module over �, then 
′ is an 	�-module over � (and ���� [3,10]. �′ is an 
�-module over the �-algebras � and �′′ respectively. It is known from [10] that �′ 
is topologically full with respect to ���, and hence, the �-orthomorphisms and �-
linear operators are precisely the same class of operators, namely, 

!"#$���, ��; 	���� � 
����, ��; �′′�. 
             We recall that an Archimedean �-algebra � is said to have the 
factorization property if, given  ∈ �, there exists �, � ∈ � such that  � �. �. 
Observe that if � is unital or square-root closed, then � has the factorization 
property [6]. Throughout the paper, we only consider Archimedean Riesz spaces 
with point separating order dual. 
 
Lemma 2 Let � be an �-algebra. A multiplication can be introduced on ���, the 
order  bidual of  �, with respect to which ��� can also be made an �-algebra.  This 
is accomplished in three steps as explained [2,5]: 

1) � . � → � 
�, �� → . � for , � ∈ �, 

2) � . �′ → �′ 
�, �� → �.  ∶ ��. ���� � ���� for � ∈ �, 

3) �′′	 . A′ → A′ 
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�1, �� → �. � ∶ �1. ���� � 1��. � for  ∈ �, 
4) �′′ . �′′ → �′′ 

�1, 2� → 1. 2 ∶ �1. 2���� � 1�2. �� for � ∈ ��. 
 

             Let � be an �-algebra with separating order dual and � ∈ ��. We consider 
the mapping  �3 ∶ 	 ��� → �� defined by �3�1� � 1. � for all 1 ∈ ���. Note that the 
mapping 4 ∶ �′′ → !"#$���� defined by 4�1� � 45 for all 1 ∈ ���, where 
45��� � 1. � for every � ∈ ��, is linear, positive, algebra and Riesz 
homomorphism [10,5]. 
 
Theorem 3 [3] For 0 � � ∈ ��, �3 is an interval preserving lattice 

homomorphism. 
Proof.  �3  is a positive linear operator. We can easily prove the following 
respectively. 

i) �3 is a linear mapping. 
ii) �3 is lattice homomorphism. 
iii) �3 is interval preserving. 

 
Corollary 4 [3] Let � ∈ �′ and 1 ∈ ���. Then |1. �| � |1|. |�|. Furthermore, if 

� � 6 in ��, 1. � � 2. 6 holds for each 1, 2 ∈ ���. 
Proof. Let us take an element � ∈ ��. Decompose � � �� 7 �8. Since �� ∧ �8 �
0 and 45 ∈ !"#$����, we get 45���� � 45��8�. From Theorem 3 and by using 
the formulas, |�| � �� 9 �8 and � � �� 7 �8, we get |1. �| � |1|. |�|. 
Let  � � 6 in ��. Then we have, |1. �| ∧ |2. 6| � 0 which implies that 1. � � 2. 6 
for all 1, 2 ∈ ���. 
Denote the image of �′′ under �3 by *��� � %1. � ∶ 1 ∈ �′′' [3,10]. 
 
Corollary 5 [3] If � is an �-algebra and � ∈ ��, one has *��� � *�|�|�. 
Furthermore, *��� is an order ideal in ��. 
Proof. Since �|3| is an interval preserving lattice homomorphism, it is easy to see 
that *�|�|� is an order ideal in ��. By Corollary 4 we conclude that 	*��� ⊆
*�|�|�. And also we have *�|�|� ⊆ *���. The conclusion holds. 
 
Lemma 6 [3] Let � be an �-algebra with the factorization property and � ∈ ��. If 
�. � � 0 for each � ∈ �, then � � 0. 
Proof. Since � has the factorization property, for each  ∈ ��, there exist �, � ∈ � 
such that  � ��. From definition of factorization property, we see that � � 0 
holds. 
 
Theorem 7 [3] Let � be an �-algebra with the factorization property. If �, 6 ∈ ��, 
then	� � 6 if and only if *��� � *�6�. 
 



 

 

56                                                                                 Serap Özcan and Ömer Gök 
 

 

Proof. Let � � 6 in ��. We know from Corollary 4 that 1. � � 2. 6 for all 
1, 2 ∈ ���. This implies that *��� � *�6�. 
Conversely, if *��� and *�6� are disjoint, then we have  

1. �|�| ∧ |6|� � 0 
for each 1 ∈ ������. In particular, for any � ∈ �, its canonical image �′′ ∈ �′′ also 
satisfies ���. �|�| ∧ |6|� � �|�| ∧ |6|�. � � 0. 
By the preceding lemma, we have  |�| ∧ |6| � 0, which implies that � � 6.  
 
Let � be an �-algebra and � ∈ 
�����.	If *���� ⊆ *��� for each � ∈ ��, the 
collection of all �-orthomorphisms on �′ will be denoted by !"#$	���, ��; ���� 
[3,10]. 
The next result deals with the relationship between the �-orthomorphisms and the 
orthomorphisms on the order dual of an �-algebra with the factorization property. 
Note that !"#$���� is a band in 
����� [1, Theorem 2.45]. 
 
Theorem 8 [3,10] Let � be an �-algebra. Then !"#$���, ��; ���� is a linear 

subspace of 
����� and !"#$���� ⊆ !"#$���, ��; ����. Furthermore, if � has the 

factorization property, then !"#$���, ��; ���� � 	!"#$����. 
Proof. We can easily see that !"#$���, ��; ���� is a linear subspace of 
�����.  We 
can easily prove !"#$���� ⊆ !"#$���, ��; ����.  
 
Let � be an �-algebra with separating order dual and � ∈ 
�����. Recall that � is 
said to be �-linear with respect to ��� if ��2. �� � 2. ������ for all � ∈ �′ and 
2 ∈ ���. We will denote by 
����, ��; �′′�, the set of all �-linear operators on �′. It 
follows from [3,8,10] that 
����, ��; �′′� is a band in 
�����. 
 
Theorem 9 [3] Let � be an �-algebra with separating order dual. Then, inclusion 

!"#$���� ⊆ 
����, ��; ���� holds. 
 

For the following result we use that the order adjoint of an order bounded operator 
is order continuous [1]. 
 
Lemma 10 [3] Let � ∈ 
����, ��; ����. In this case, the order adjoint �′ of � 

satisfies ���1�. � � 1. ���� for all 1 ∈ �′′ and � ∈ ��. In addition, 2. ���1� �
�′�2. 1� for all 1, 2 ∈ ���. 
Proof. Since � ∈ 
����, ��; ���� and	�′′ is a commutative �-algebra [5], we get the 
following:  

����1�. ����� � :1. ����;���                                                                  
for all 1 ∈ ���, � ∈ �′ and � ∈ �, which implies that ���1�. � � 1. ����. 
Let 1, 2 ∈ ���. From here, it shows that 2. ���1� � ���2. 1�.  
 
Theorem 11 [3] 
����, ��; ���� ⊆ 	!"#$���, ��; ����. 
Combining theorems 8, 9 and 10 we get the following result: 
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Corollary 12 [3] For any �-algebra �, we have the following: 

!"#$���� ⊆ 
����, ��; ���� ⊆ 	!"#$���, ��; ����. 
In particular, if � has the factorization property, then we get  

!"#$���� � 
����, ��; ���� � 	!"#$���, ��; ����. 
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