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Abstract

It is known that for Ω a connected separable metric space, a function Ω → R

which at every point attains a weak local extremum must have countable image.
Let Ω ⊂ Rn be a bounded domain and f : Ω → C a measurable, bounded,
quasi-continuous function. For n ∈ Z+, we show that if |f | has countable image
then f attains weak local extremum at each point of a dense open subset. We
show by examples the optimality of the result, in the sense that strengthening
the countability condition to discreteness (or even finiteness) will not affect
the dense open condition. Conversely it is easily verified that if f attains weak
local extremum off a countable set then |f | has countable image.
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1. Introduction

Recently Behrends et al. [1] gave a short proof of the fact that if Ω is a
connected separable metric space, and if f : Ω → R attains weak local ex-
tremum at every point, then (the image) f(Ω) is countable. In this text we
shall only consider bounded domains Ω in Rn (as opposed to the more general
case of connected separable metric Ω), and complex or real-valued functions.
Therefore we shall use the following definition.

Definition 1.1 (Weak local extremum). Let Ω be a topological space and f :
Ω → Y for a metric space (Y, |·|Y ). The function f is said to attain a weak
local maximum (minimum) at a point p0 ∈ Ω if there exists an open U ⊂ Ω,
p0 ∈ U, such that |f(z)|Y ≤ |f(p0)|Y (|f(z)|Y ≥ |f(p0)|Y ) for all z ∈ U. f
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is said to have a weak local extremum at p if it attains either a weak local
maximum or a weak local minimum at p. In the special case that Y = R we
replace |f(·)|Y by f(·).

In particular Ω and the target space of our functions will always be second
countable1. The only continuous functions which attain weak local extremum
at every point of Ω are the constant functions. This is no longer true for the
case of quasi-continuous functions.

Definition 1.2 (See Kempisty [6]). A function f : X → Y from a topological
space X to a metric space (Y, d) is called quasi-continuous at p0 ∈ X if ∀ε > 0
and each neighborhood Up0 of p0 there exists a nonempty open set ωp0 ⊂ Up0

such that d(f(x), f(p0)) < ε,∀x ∈ ωp0.

The first author recently proved the following characterization.

Proposition 1.3 (Daghighi [4], Proposition 3.15, p.670). Let Ω be an open
subset of some Rn (or Cn), p0 ∈ Ω, and let f be a measurable locally bounded
function Ω → K (where K = R or C). Then the following assertions are
equivalent:

(i) f is quasi-continuous at p0 ∈ Ω.
(ii) There exists an open set Up0 ⊂ Ω with p0 ∈ Up0, such that for any

sequence {zj}j∈� in Up0 with zj → p0, it holds true that f(zj) → f(p0).

It is not sufficient for a continuous real-valued function with weak local ex-
trema (or even strict local maxima) which is dense, to reduce to a constant,
see e.g. Posey & Vaughan [10] and Villani [11] who proved that for any count-
able subset of a metric space there is a real-valued continuous functions whose
set of strict local maxima contains the given set. In the latter case the set of
extreme points will have empty interior, since each strict local maximum is the
boundary of two one-sided open intervals whose images under the continuous
function contains an interval. In this paper we shall be concerned with the
following.

Question: How can conditions on the image of the absolute value be used to
determine the sets of weak local extrema?

Of course a special case would be to inquire sufficient conditions on the image
of the absolute value in order for a quasi-continuous function to attain weak
local extremum at every point (we shall later see, however, that such condi-
tions must be quite restrictive and therefore less interesting, which is why we
will allow exceptional sets in our study). It is not sufficient, for reduction to a
constant, for a quasi-continuous function with weak local extremum at every
point, that the image be countable.

1A countable basis for the topology can be taken as the family of all products of intervals
with rational ends.
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Example 1.4. Let Ω = (−1, 1) ⊂ R and define the function f : Ω → R as
follows: f(x) := k+1

k
, for x ∈ [

1
k+1

, 1
k

)
, and f(x) := k−1

k
, for x ∈ (− 1

k
,− 1

k+1

]
,

k ∈ Z+, f(0) = 1. Then f(x) is quasi-continuous on Ω. The image f(Ω) =
{y ∈ R : y = f(x), some x ∈ Ω} is a countable set of points, namely f(Ω) ={
1 ± 1

k
: k ∈ Z \ {0}} , and therefore,

|f | (Ω) := {y ∈ R≥0 : y = |f(x)| , some x ∈ Ω},(1.1)

is a countable subset of R≥0. It is clear that any open interval of p0 = 0 in Ω,
must contain two different points x1, x2 such that |f(x1)| < |f(p0)| < |f(x2)| .
Hence f does not attain a weak local extremum at p0 (but this is also the only
point of Ω at which f does not attain a weak local extremum).

Obviously, there are plenty of examples of non-constant quasi-continuous
functions which attain weak local extremum everywhere.

Example 1.5. Let Ω = (−1, 1) ⊂ R and let f be the function in Example
1.5. Define the function g : Ω → R as follows: g(x) := f(x), for x ∈ (−1, 0]
and g(x) = 1 for x ∈ (0, 1). Then g(x) is again quasi-continuous on Ω but
now attains a weak local minimum at every point of Ω. On the other hand we
could define h(x) = k−1

k
, for x ∈ [

1
k+1

+ 1
4k+4k2 ,

1
k
− 1

4k+4k2

)
, and h(x) = g(x)

otherwise. Then h(x) is constant on [0, 1) but again any open interval of p0 = 0
in Ω, must contain two different points x1, x2 such that |h(x1)| < |h(p0)| <
|h(x2)| .

It is important to recall that functions which at every point attain weak local
extremum certainly need not be quasi-continuous as the following example
illustrates.

Example 1.6. Let Ω = (−1, 1) ⊂ R and define the function f : Ω → R

by f(x) := 1, for x ∈ (−1, 0) ∪ (0, 1), and f(0) := 0. Clearly f is Lebesgue
measurable, locally bounded, but not quasi-continuous at the origin, which we
may verify easily by the use of Proposition 1.3. However, f certainly attains
weak local extremum (in fact weak local minimum) at every point of Ω. Indeed
this is the case for any discrete lower semi-continuous function, and lower semi-
continuity does not imply quasi-continuity. In fact, if we define h(x) = 0 for
x ∈ (−1, 0] ∪ (1, 2), h(x) = 1 for x ∈ (0, 1], we obtain a quasi-continuous
function which is neither lower semi-continuous nor upper semi-continuous.

Sometimes we shall use the term discrete.

Definition 1.7. By a discrete subset of Rn we mean a subset such that every
point is an isolated point in the topology of the ambient space and the set does
not contain an accumulation point. In particular, for a bounded real-valued
function, being discrete implies that the image is countable. It is known that
for any uncountable subset S ⊂ R there are only a countable set of points
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of S which are not accumulation points2 of S, thus any discrete set must be
countable.

2. Non-triviality of the problem

The situation is nontrivial already in one dimension and when the absolute
value of a quasi-continuous function is finite.

Observation 2.1. Let Ω ⊂ R be a bounded domain and f : Ω → C a bounded
quasi-continuous function. In order for f to attain weak local extremum at
every point, it is in general, neither sufficient nor necessary that |f | (Ω) is
finite.

Let us verify this observation by examples. Example 1.5 (specifically the
function g) shows that even discreteness is not necessary (i.e. there are non-
discrete quasi-continuous functions with absolute value which has countable
image, such that the functions attain weak local extremum at each point). For
an example which illustrates non-sufficiency we have the following.

Example 2.2. Let Ω = (−1, 1) and set,

f(x) =

⎧⎪⎪⎨
⎪⎪⎩

1 , x ∈ (−1, 0],

0 , x ∈
(

1
k+1

, 2k+1
2k(k+1)

]
, k ∈ Z+,

2 , x ∈
(

2k+1
2k(k+1)

, 1
k

]
, k ∈ Z+,

(2.1)

Then f is quasi-continuous (one can for instance verify this by using Proposi-
tion 1.3) has finite image which in turn implies that |f | (Ω) is finite, but x = 0
does not yield a a weak local extremum for f .

Here is a counter-example for higher dimension.

Example 2.3. Let Ω = {(x, y) : − 1 < x < 1,−1 < y < 1} ⊂ R2 and define
the function f : Ω → R as follows: f(x, y) := 0 for −1 < x < 0, f(x, y) := 1
for 0 < x < 1 and f(0, y) = I�(y) where I� denotes the indicator function i.e.
I�(y) = 1 if y ∈ Q, and I�(y) = 0 otherwise. Then f(x, y) is quasi-continuous
on Ω (again this can be verified easily by the use of Proposition 1.3) and
clearly the image |f | (Ω) = {a ∈ R : a = |f(x, y)| , some (x, y) ∈ Ω} = {0, 1},
in particular it is finite. However, for any open neighborhood, U ⊂ Ω, of any
point (x0, y0) on the set Ω∩{x = 0}, there exists at least four pairwise distinct
points y1, . . . , y4 (all distinct also from y0) such that {y1, y2} ⊂ Q∩U whereas

2See e.g. Munkres [9], p.194: Let q1, q2 ∈ S \ SA q1 �= q2, where SA denotes the set of
accumulation points, SA, of S. Then there exists open neighborhoods Vqj � qj such that
{qj} = Vqj ∩SA, j = 1, 2, i.e. Vq1 ∩SA �= Vq2 ∩SA. Hence, if S \ SA is uncountable then any
basis for the topology must be uncountable. Since R is second countable we can conclude
that the set of points in S which are not accumulation points, must be at most countable.
In fact it is known that given any uncountable S ⊂ R there is a countable subset S′ ⊂ S
such that for every a ∈ S \ S′ and every ε > 0 both (a − ε, a) ∩ S and (a, a + ε) ∩ S are
uncountable, see e.g. Bennett & Lutzer [2], p.941.
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{y3, y4} ⊂ U ∩ R \ Q. Hence, f does not attain weak local extremum at any
point belonging to the set Ω ∩ {x = 0}.
Remark 2.4. One way to account for the underlying mechanism which causes
the additional complication in Example 2.3, compared to Example 2.2, is that
the restriction of a quasi-continuous function to a curve is not necessarily quasi-
continuous. Clearly, the function f(x, y) has restriction to the line segment
Ω∩{x = 0}, which is not quasi-continuous. In fact, it is not even sufficient that
the quasi-continuous function be separately quasi-continuous (see Example
2.7).

Definition 2.5 (Separate quasi-continuity). Let x = (x1, . . . , xn) ∈ Rn de-
note real-analytic coordinates centered at 0. For a fixed constant c = (c1, . . . , cn−1) ∈
Rn−1 we shall denote by x̂c,j the point (c1, . . . , cj, xj , cj+1, . . . , cn−1). Let Ω ⊂
Rn. A function f : Ω → C is called separately quasi-continuous if for each
c ∈ Rn−1, the function f(x̂c,j) (where defined) is quasi-continuous on the in-
tersection of Ω with the set of points x ∈ Rn such that xk = ck, k ≤ j, and
xk = ck+1, k > j.

Example 2.6. Let Ωj, 1 ≤ j ≤ n be domains Ωj � R, Let fj(xj) be quasi-
continuous on Ωj such that |fj| (Ωj) is discrete. Define x = (x1, . . . , xn),
Ω :=

∏n
j=1 Ωj ⊂ Rn, and f(x) =

∏n
j=1 fj(xj). Then clearly |f | (Ω) is quasi-

continuous in each variable separately and |f(x)| =
∏

j |fj(xj)| , so the image

of |f | is discrete.

Quasi-continuity together with separate quasi-continuity such that the func-
tion separately attains weak local extremum at every point (i.e. the restrictions,
with all but one variable fixed, attain weak local extremum at every point) does
not imply that the function attains weak local extremum at every point.

Example 2.7. Let Ω = (−1, 1) × (−1, 1) ⊂ R2 and let (x1, x2) denote Eu-
clidean coordinates centered at (0, 0). Define f(x1, x2) = 2 for Ω∩{x1 < 0, x2 >
0}, f(x1, x2) = 1 for Ω∩ {x2 ≤ 0}, and f(x1, x2) = 0 for Ω∩ {x1 ≥ 0, x2 > 0},
Then f is quasi-continuous on Ω and separately quasi-continuous in the sense
of Definition 2.5. Clearly |f | (Ω) = {0, 1, 2} and the restrictions, with all but
one variable fixed, attain weak local extremum at every point. However the
point (0, 0) does not render a weak local extremum for f.

3. Result

In light of our examples we shall attempt to determine what can be said
about the set of weak extrema given countability of the absolute value of a
bounded quasi-continuous function, for arbitrary positive dimension n. We
shall make use of the following.

Proof-tool 3.1. Let f be a measurable complex-valued function on a domain
Ω ⊂ Rn. Given a point p0 ∈ Ω and an ε > 0, we define,

ωf
p0,ε := {z ∈ Ω: |f(z) − f(p0)| < ε}◦,
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where we use the notation X◦ for the interior of a set X. Note that we always
have p0 ∈ {z ∈ Ω: |f(z) − f(p0)| < ε} and that ωf

p0,ε is always open but can
be empty. It is known (see Daghighi [4]) that f is quasi-continuous at a point
p0 ∈ Ω iff if for any open ambient neighborhood Up0 of p0, ωf

p0,ε∩Up0 �= ∅, ∀ε >
0.

Proposition 3.2. Let Ω ⊂ Rn be a bounded domain and f : Ω → C a mea-
surable, bounded, quasi-continuous function. Then the following holds true:

(i) f attains weak local extremum at each point of a dense open subset of Ω
whenever |f | (Ω) is countable.

(ii) If f attains weak local extremum off a countable subset then |f | (Ω) is
countable.

Proof. (i).
Define Ac := {z ∈ Ω: |f(z)| = c} for c ∈ R≥0. By assumption there is a
countable set {cj}j∈� such that, for any open subset U � Ω we have,

U =
⋃
j∈�

(
U ∩ Acj

)
.(3.1)

We now show that this implies that at least one of the U ∩ Acj
contains an

interior point: If at least one U ∩ Acj
is open we are already done. If instead

all the sets (i.e. for each j ∈ N) U ∩ Acj
, are closed then we have a countable

family of closed sets whose union (= U) contains an interior point since U
is open. This implies (see e.g. Munkres [9], p.179) that at least one of the
members of the cover must contain an interior point. This in turn implies that
at least one of the sets U ∩ Acj

has an interior point. Now, for any ε > 0, we

are free to replace U by the set ωf
p0,ε (see Proof-tool 3.1). Furthermore, for any

ε > 0, we can let Up0 (appearing in Proof-tool 3.1) to be the ball, Bp0(ε), in Rn,
centered at p0 and of radius ε. This implies that, for any small ε > 0, Bp0(ε),
must contain an interior point of some Acj

. Finally, the set A :=
⋃

j∈� Acj
is

open (as the union of open subsets) and it necessarily belongs to the set of
weak local extrema of f (any point, q, such that |f | is constant on an open
neighborhood of q is necessarily both a weak local minimum and a weak local
maximum). This proves (i).

(ii).
Let B be the set of weak local extremum points of f . It is known, see e.g. Hirsch
& Lacombe [5], p.11, that the image of the set of weak local extrema of a real-
valued function on a separable metric space, is countable. In particular |f | (B)
is countable (and by assumption B contains a dense open subset, A ⊂ Ω). Let
W denote the set of isolated points of Ω \ B, and,

h(z) :=

{
f(z) , z ∈ W,
0 , otherwise.

(3.2)
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Then, h attains weak local extrema at each point of W, thus |h| (W) = |f | (W)
is countable. Hence the equality |f | (Ω) = |f | (Ω \W)∪ |f | (W) completes the
proof of (ii) and thereby also the proof of Proposition 3.2.

For a domain Ω ⊂ Rn, and an integrable function f on Ω, we denote by [f ],
the L1(Ω)-equivalence class of f . Note that if a function is measurable and
bounded on a bounded domain, then it is integrable on that domain. We also
denote by Hess(φ) the real Hessian (matrix) of φ ∈ C2.

Example 3.3. Let Ω ⊂ Rn be a bounded domain and f : Ω → C a bounded,
measurable, quasi-continuous function. Let φ ∈ C2(Rn, R) be a function such
that Hess(f) is definite a.e. on Ω and assume the set of extreme points of f is
the intersection of Ω with {φ < c} for some constant c ∈ R.

If |f | (Ω) is countable then [g] = [f ] for some g attaining weak local extremum
everywhere on Ω.

This follows from the fact that the boundary of a strictly convex set has
Lebesgue measure zero (see e.g. Lang [8], p.90). Let p0 ∈ Ω ∩ {φ = c}
such that Hess(φ)(p0) is definite and assume w.l.o.g. Hess(φ)(p0) is positive
definite (for negative definite we can repeat the arguments using the opposite
orientation). This implies by continuity of the Hessian that there exists an
open Up0 ⊂ Ω ∩ {φ = c} such that Hess(φ) on Up0 , whence Up0 belongs to
the boundary of a strictly convex subset of Rn, so it has Lebesgue measure
zero. Also the set of points where the Hessian is not definite are already of
Lebesgue measure zero by the assumption on φ thus the set {φ = c} ∩ Ω is
a subset of Lebesgue measure zero. On the other hand the conditions of the
corollary imply that the set of extreme points, let us denote it by B, of f,
coincide with {φ < c} ∩ Ω. By Proposition 3.2, B is dense in Ω, thus the set
Ω \ B = ∂B ∩ Ω. (Note that Ω being open implies that ∂Ω ∩ ∂B does not
intersect Ω). Therefore ∂B ∩ Ω = {φ = c} ∩ Ω, is of Lebesgue measure zero
(in Rn). Hence, we can define,

g(z) =

{
f(z) , z ∈ B,
0 , z ∈ Ω \ B.

(3.3)

Then (because 0 is always a weak extreme value), g attains weak local ex-
tremum at every point and g = f except on a set of Lebesgue measure zero,
i.e., [f ] = [g].

Since continuous functions are quasi-continuous we immediately have the
following.

Example 3.4. Let Ω ⊂ Rn be a bounded domain and f : Ω → C be a con-
tinuous function attaining weak local extremum at each point off a countable
subset. Then f must be of constant modulus on Ω.
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Proof. By Proposition 3.2, the set |f | (Ω) is countable. Also z �→ |f(z)| is
continuous, thus |f | (Ω) must be connected, therefore |f | reduces to a real
constant on Ω.
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