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Unità Tecnico Scientifica Tecnologie Fisiche Avanzate

ENEA-Centro Ricerche Frascati, C.P. 65
Via Enrico Fermi 45, I-00044, Frascati, Roma, Italy

B. Germano and M. R. Martinelli

Sapienza - Università di Roma
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Abstract

The Hermite polynomials can be defined through a second order
differential equation with non constant coefficients, admitting two so-
lutions one of which of non polynomial nature. The properties of this
solution are studied here using an algebraic formalism, employing the
techniques developed within the framework of the monomiality princi-
ple.
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1 . Introduction

The Hermite polynomials [1]

Hn(x, y) = n!

[n/2]∑
r=0

xn−2ryr

(n − 2r)! r!
, (1)

reduces to the ordinary case, for particular values of the x, y variables. We
have indeed

Hn(2x,−1) = Hn(x) ,

Hn(x,−1
2
) = Hen(x) .

(2)

They are quasi-monomials according to the identities [2]

(x + 2y∂x)Hn(x, y) = Hn+1(x, y) ,

∂xHn(x, y) = nHn−1(x, y) ,
(3a)

as a consequence of the first recurrence and on account of the fact that H0(x, y) =
1, we can generate the Hermite polynomials from the “vacuum” 1, using the
relation

(x + 2y∂x)
n(1) = Hn(x, y) . (3b)

The recurrences (3a) can be further exploited to prove that the Hermite
polynomials (1) satisfy the second order differential equation

(2y∂2
x + x∂x)zn(x, y) = nzn(x, y) , (4)

which admits a second independent solution of non polynomial nature.
Limiting for the moment to the ordinary case y = −1/2 , we easily infer

that, for n = 0 , the non-polynomial solution of the eq. (4) can be written as
an integral of the anti-gaussian function 2

h0(x, y) =

∫ x

0

eξ2/2dξ . (5)

We will consider (5) as a kind of vacuum state in the space of the solutions
of (4) and we will generate the higher order solutions, for n > 0 , in analogy
to eq. (3b).

hn(x) = (x − ∂x)
nh0(x) . (6)

1We have borrowed this term from the quantum field theory, where particle states are
constructed from the vacuum, representing a state without any particle.

2By anti-gaussian we will denote the function ex2
.
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Furthermore, by exploiting the Burchnall identity [2]

(x + b∂x)
n =

n∑
s=0

(
n

s

)
bsHn−s

(
x,

b

2

)
∂s

x , (7)

we find from eqs. (5)-(6)

hn(x) =

n∑
s=0

(
n

s

)
(−1)sHen−s(x)∂s

xh0(x) =

= Hen(x)h0(x) − Gn−1(x)ex2/2 ,

Gn(x) = −
n+1∑
s=1

(
n + 1

s

)
(−1)sHen+1−s(x)Hs−1

(
x,

1

2

)
,

(8)

which has beeb derived using the following property of the repeated derivatives
of the anti-gaussian

∂s
xe

ax2

= Hs(2ax, a)eax2

. (9)

The polynomials Gn(x) are known as Nielsen polynomials [1]-[3] and their
properties will be more thoroughly studied in the forthcoming parts of this
paper.

Before closing this section, we note that, from our definition (6), we can
obtain the well known generating function

∞∑
n=0

tn

n!
hn(x) = e(x−∂x)t h0(x) = ext− 1

2
t2h0(x − t) , (10)

derived using standard operator de-coupling methods, involving the Weyl rule
(see e.g. [2]).

2 . The Nielsen polynomials

For further convenience, we will write the Gn(x) using the following two vari-
able extension

Nn(x, y; τ) =

n+1∑
s=1

(
n + 1

s

)
Hn+1−s(x,−τ)Hs−1(−y, τ), (11)

which, evidently, reduces to the ordinary case by setting y = x, τ = 1/2 and
by exploiting the property [2]

Hn(−x, y) = (−1)nHn(x, y) . (12)
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The use of the operational rule

ey∂2
xxn = Hn(x, y) , (13)

yields

Nn(x, y) = eτ(−∂2
x+∂2

y) 1

y

[
n∑

s=0

(
n + 1

s

)
(−1)sxn+1−sys − xn+1

]
=

= eτ(−∂2
x+∂2

y)

[
(x − y)n+1 − xn+1

y

]
,

(14)

which helps to conclude that the Nielsen polynomials are the natural solution
of the following partial differential equation

∂τNn(x, y; τ) = (∂2
y − ∂2

x)Nn(x, y; τ) ,

Nn(x, y; 0) =
(x − y)n+1 − xn+1

y
.

(15)

For a generic value of the y variable, the second solution of eq. (4) can be
written as

hn(x, y) = Hn(x, y)h0(x, y) + Nn−1(x, x;−y)e−(x2/4y) ,

h0(x, y) =

∫ x

0

e−(ξ2/4y)dξ .
(16)

It can also easily checked that the hn(x, y) satisfy the same recurrence (3a)
of the polynomial solution, so that the relevant generating function can be cast
in the form

∞∑
n=0

tn

n!
hn(x, y) = ext+yt2 h0(x + 2yt, y) , (17)

and, more in general,

∞∑
n=0

tn

n!
hn+�(x, y) = ext+yt2 h�(x + 2yt, y) , (18)

whose extension will be considered elsewhere.

3 . Concluding remarks

We have so far dealt with the non polynomial solution of the Hermite equation,
the method we have developed can be extended to other differential equations
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as e.g. that defining the Laguerre polynomials . We will consider the two-
variable form [2]

Ln(x, y) = n!
n∑

r=0

(−1)rxryn−r

(n − r)! (r!)2
, (19)

reducing to the ordinary case for y = 1 and satisfying the differential equation[
yx∂2

x + (y − x)∂x

]
zn(x, y) + nzn(x, y) = 0 . (20)

The Laguerre polynomials too have been shown to be quasi-monomials so
that we can apply the same technique as before to study the properties of the
non polynomial solution of eq. (20).

In the case of n = 0 we find

�0(x, y) =

∫ x

a

eξ/y

ξ
dξ . (21)

The higher order solutions can be derived by the use of the monomiality for-
malism, involving, in the case of the Laguerre polynomials, the properties of
the negative derivative operator. This aspect of the problem will be however
treated in a forthcoming investigation.

Before concluding the paper, we believe to be worth stressing some prop-
erties of the function (21), which on account of the identity [4]∫ x

f(ξ)dξ =

∞∑
s=0

(−1)sxs+1

(s + 1)!

(
d

dx

)s

f(x) + c , (22)

where c is an arbitrary constant, can be written as

�0(x, y) =

∞∑
s=1

(−1)s

s + 1
es

(
x

y

)
ex/y ,

es(x) =

s∑
r=0

xr

r!
.

(23)

An analogous expression can be also obtained for the hn(x, y) , namely

h0(x, y) =

∞∑
s=0

xs+1

(s + 1)!
Hs

(
− x

2y
,− 1

4y

)
e−x2/4y , (24)

which can also be viewed as an expansion in series of Hermite polynomials of
the error function.

The technique we have developed seems to be quite promising, in a forth-
coming paper it will be applied to the so called lacunary polynomials, which
will rise new and interesting perspectives in the field of monomials methods.



152 G. Dattoli et al

References

[1] L.C. Andrews, Special functions of mathematics for engineers, Second edi-
tion, McGraw-Hill Inc., New York, 1992.

[2] G. Dattoli, Hermite-Bessel and Laguerre-Bessel functions: A by-product ot
the monomiality principle, in Advanced Special Functions and Applications
- Proceedings of the Melfi School on Advanced Topics in Mathematics
and Physics; Melfi, 9-12 May 1999 - (D. Cocolicchio, G. Dattoli and H.M.
Srivastava, Editors), Aracne Editrice, Rome, 2000, pp. 147–164.
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