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Abstract

We define Fourier-Stieltjes transform of vector measures on the Heisen-
berg group Hn and derive a characterization of L1(Hn, A)-multipliers,
where A is a Banach algebra which does not possess necessarily a
bounded approximate identity.
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1 Introduction

Let G be a locally compact group endowed with its left Haar measure and A
a Banach algebra. We denote by L1(G,A) the A−valued integrable functions
on G in the Bochner sense. L1(G,A)−multipliers for locally compact group G
in the scalar domain (A = C) have been intensively studied by many authors.
The books [6] and [8] are good references for readers looking for further details.
In [1] and [3] the authors studied generizations of Wendel’s characterization of
L1(G,A)−multipliers for locally compact abelian group [11] to general locally
compact group G and A a Banach algebra which possesses an approximate
identity. In [2] Assiamoua proved that the characterizations obtained by the
previous authors remain true even if the Banach algebra does not possess an
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approximate identity, using the fact that any Banach algebra is contained in
a Banach algebra with identity. Next, he entered upon the compact groups
case and obtained a characteization of L1(G,A)−multipliers via the Fourier-
Stieltjes transform extended to vector measures on compact groups. Recently,
Jitendriya and Radha [7] obtained a similar characterization for the (2n +
1)−dimensional Heisenberg group Hn under the assumption that the Banach
algebra is commutative and possesses a bounded approximate identity. In
this paper we obtain a characterization of L1(H

n, A)−multipliers thanks to
the Fourier-Stieltjes transform of vector measures on Hn, where A is a general
Banach algebra.

2 Preliminary Notes

Definition 2.1 Let G be a locally compact group and A a Banach alge-
bra. A continuous linear operator T : L1(G,A) → L1(G,A) is called a left
L1(G,A)−multiplier if

1. RsT = TRs, s ∈ G where Rs is the right translation.

2. T (xf) = xT (f), x ∈ A, f ∈ L1(G,A).

A right L1(G,A)−multiplier is defined analogously. In the sequel the word
”multiplier” means ”left multiplier”.
Let us denote by Au the Banach algebra with unit containing A and byM1(G,C
the space of all bounded complex measures on G. Assiamoua[2] generalized a
Wendel theorem to general locally compact group by obtaining the following
characterizations of L1(G,A)−multipliers.

Theorem 2.2 Let G be a locally compact group and A a Banach algebra.
The following statements are equivalent.

1. T is L1(G,A)−multiplier.

2. T (f ∗ μ) = T (f) ∗ μ, ∀f ∈ L1(G,A), ∀μ ∈M1(G,C).

3. T (f ∗ g) = T (f) ∗ g, ∀f, g ∈ L1(G,A).

4. There exists m ∈M1(G,A
u) such that ∀f ∈ L1(G,A), T (f) = m ∗ f .

Let G be a compact group with dual objet Ĝ. For each ρ ∈ Ĝ, let Hρ

denote the Hilbert representation space of ρ and S(Hρ × Hρ, A
u) the space

of continuous sesquilinear mappings from Hρ × Hρ to Au. Assiamoua in [2]
defined a product ×, extended Fourier-Stieltjes transform to vector measures
on compact groups and obtained the following result.
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Theorem 2.3 Let G be a compact group and A a Banach algebra. The
following assertions are equivalent.

1. T is a L1(G,A)−multiplier.

2. There exists Φ ∈ ∏
ρ∈ �G

S(Hρ ×Hρ, A
u) such that

T̂ (f) = Φ × f̂ , ∀f ∈ L1(G,A). (1)

(Here ĥ denotes the Fourier transform of h ∈ L1(G,A).)

The aim of this paper is to obtain a similar result for the 2n+1−dimensional
Heisenberg group. The (2n+1)− dimensional Heisenberg group denoted Hn is
the noncommutative nilpotent Lie group whose underlying manifold is Cn ×R

and group operation is given by

(z, t)(w, s) = (z + w, t+ s+
1

2
Im(z.w)), (z, t), (w, s) ∈ Hn. (2)

The Heisenberg group Hn is a unimodular group whose Haar measure is the
Lebesgue measure dzdt on Cn×R. By the Stone-von Neumann theorem, all the
infinite dimensional unitary irreducible representations of Hn on the complex
Hilbert space L2(R

n) are parametrized by λ ∈ R∗ and are given by

πλ(z, t)ϕ(ξ) := eiλt(x·ξ+ 1
2
x·y)ϕ(ξ + y) (3)

where ξ ∈ Rn, ϕ ∈ L2(Rn) and z = x+ iy ∈ Cn.
The group Fourier transform of a Haar-integrable function f ∈ L1(Hn) is

f̂(λ) :=

∫
�n

f(z, t)πλ(z, t)dzdt, λ ∈ R∗. (4)

The element f̂(λ) is a bounded operator on L2(R
n). In the next section we

will defined and interpret the Fourier-Stieltjes transform of a bounded vector
measure on Hn.
For f, g ∈ L1(H

n) the convolution of f by g is defined by

f ∗ g(z, t) :=

∫
�n

f((z, t)(−w,−s))g(w, s)dwds (5)

3 Main Results

Definition 3.1 Let Σ be the σ−field of Borel subsets of Hn and A a Banach
algebra. A finitely additive function μ : Σ → A is called a vector measure if
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for all sequences (En) of pairwise disjoint elements of Σ one has

μ(∪∞
n=1En) =

∞∑
n=1

μ(En) (6)

in the norm topology of A.

A vector measure μ on Hn is said to be bounded if |μ|(Hn) < ∞ where |μ|
denotes the variation of μ. For the definition of the variation of a vector mea-
sure and integration of a complex valued function with respect to a bounded
vector measure we refer to [4] or [5].

Troughtout this paper we denote by

1. M1(H
n, A), the (Banach) space of bounded A−valued measures on Hn

endowed with the norm
‖μ‖ = |μ|(Hn). (7)

2. H, the complex Hilbert space L2(Rn) of square integrable (with respect
to the Lebesgue measure) complex functions on Rn.

3. S(H×H, A), the Banach space of continuous sesquilinear mappings from
H×H to A endowed with the norm

‖f‖ = {‖f(ϕ, ψ)‖ : ‖ϕ‖ ≤ 1, ‖ψ‖ ≤ 1}. (8)

Lemma 3.2 The mapping

(ϕ, ψ) →
∫
�n

〈πλ(z, t)ϕ, ψ〉 dμ(z, t) (9)

is an element of S(H×H, A).

Proof. The sesquilinearity is transparent. The continuity is obtained by

‖
∫
�n

〈πλ(z, t)ϕ, ψ〉 dμ(z, t)‖ ≤ ‖ϕ‖‖ψ‖‖μ‖, using the fact that πλ is unitary.

�

The above lemma is the foundation of our definition of Fourier-Stieltjes
transform of vector measures.

Definition 3.3 The Fourier-Stieltjes transform of μ ∈ M1(H
n, A) is the

continuous A−valued sesquilinear mapping defined by

μ̂(λ)(ϕ, ψ) =

∫
�n

〈πλ(z, t)ϕ, ψ〉 dμ(z, t), λ ∈ R∗, ϕ, ψ ∈ H. (10)
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The Fourier-Stieltjes μ̂ of a measure μ is a member of M(R∗,S(H ×H, A)),
the set of all mappings from R∗ to S(H×H, A).

Now, we turn our attention upon an orthonormal basis of H given by
the multi-dimensional Hermite functions. The normalized Hermite functions
hk, k ∈ N on R are defined by

hk(x) = (−1)k(2kk!
√
π)

−
1

2

(
dk

dxk
e−x2

)
e

x2

2 , x ∈ R (11)

The multi-dimensional Hermite functions are defined by

Φα(x) =

n∏
j=1

hαj
(xj), x = (x1, . . . , xn) ∈ Rn, α = (α1, . . . , αn) ∈ Nn. (12)

It is well known that the family (Φα)α∈�n which linear span is dense in each
Lp(R

n), 1 ≤ p < ∞ is an orthonormal basis of L2(R
n). See for instance [9]

and [10] for these properties.
We define a product × on M(R∗,S(H×H, A)) as follows.
If ϕ, ψ ∈ M(R∗,S(H×H, A)) then ϕ× ψ is given by

(ϕ× ψ)(λ)(Φβ ,Φα) =
∑
γ∈�n

ϕ(λ)(Φγ,Φα)ψ(λ)(Φβ,Φγ). (13)

More explicitly if we consider the infinite matrices (aλ
α,β)α,β∈�n and (bλα,β)α,β∈�n

defined by
aλ

α,β = ϕ(λ)(Φβ,Φα), bλα,β = ψ(λ)(Φβ,Φα) (14)

then the matrix associated with (ϕ×ψ)(λ) is the matrix product (aλ
α,β)(bλα,β).

It is clear that this product is associative since so is the matrix product.

Definition 3.4 Let μ, ν ∈ M1(H
n, A), the convolution product of μ by ν

is defined by

μ ∗ ν(f) =

∫ ∫
�n

f [(z, t)(s, w)]dμ(z, t)dν(s, w), f ∈ L1(H
n, A). (15)

Remark. With the convolution product and the norm defined above it
is straightforward to prove that M1(H

n, A) is a Banach algebra. When each
f ∈ L1(H

n, A) is identified with the bounded vector measure fdt where dt is
the Haar measure of Hn, L1(H

n, A) appears as a two-sided ideal of M1(H
n, A).

Theorem 3.5 For μ, ν ∈ M1(H
n, A), we have

μ̂ ∗ ν = μ̂× ν̂. (16)
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Proof.

μ̂ ∗ ν(λ)(Φβ,Φα) =

∫
�n

〈πλ(z, t)Φβ ,Φα〉d(μ ∗ ν)(z, t)

=

∫ ∫
�n

〈πλ[(z, t)(s, w)]Φβ,Φα〉dμ(z, t)dν(s, w)

=

∫ ∫
�n

〈πλ(z, t)πλ(s, w)Φβ,Φα〉dμ(z, t)dν(s, w)

=

∫
�n

μ̂(λ)(πλ(s, w)Φβ,Φα)dν(s, w).

Now, if we express πλ(s, w)Φβ in the basis (Φα)α∈�n , we have

πλ(s, w)Φβ =
∑
γ∈�n

〈πλ(s, w)Φβ,Φγ〉Φγ. (17)

So μ̂ ∗ ν(λ)(Φβ ,Φα) =

∫
�n

μ̂(λ)(
∑
γ∈�n

〈πλ(s, w)Φβ,Φγ〉Φγ ,Φα)dν(s, w)

=
∑

γ∈�n

μ̂(λ)(Φγ ,Φα)

∫
�n

〈πλ(s, w)Φβ,Φγ〉
=

∑
γ∈�n

μ̂(λ)(Φγ ,Φα)ν̂(λ)(Φβ,Φγ). �

Theorem 3.6 Let A be a Banach algebra and T : L1(H
n, A) → L1(H

n, A)
a bounded linear operator.
Then T is a multiplier if and only if there exists Φ ∈ M(R∗,S(H ×H, Au))

such that T̂ f = Φ × f̂ .

Proof. Suppose T is a multiplier. Then according to Theorem 2.2, there exists
m ∈ M1(H

n, Au) such that

Tf = m ∗ f. (18)

Then T̂ f = m̂× f̂ = Φ× f̂ , where we have set Φ = m̂ ∈ M(R∗,S(H×H, Au)).

For the converse, suppose T̂ f = Φ × f̂ , ∀f ∈ L1(G,A). Then

̂T (f ∗ g) = Φ × f̂ ∗ g, ∀f, g ∈ L1(G,A).

= Φ × f̂ × ĝ

= T̂ f × ĝ

= ̂(Tf) ∗ g.

Since the Fourier-Stieltjes transform is injective we have T (f ∗ g) = (Tf) ∗ g.
So T is a multiplier (Theorem 2.2). �
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