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Abstract

Many evolutionary positive control systems can be described by an
abstract Cauchy problem governed at the boundary. Using the semi-
group approach, we define and characterize the positive boundary robust
stability. In order to illustrate the theoretical results, an applications
to an age dependant population equation is considered.
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1 Introduction

In this note we consider a class of boundary control systems of the form

(BCS)


ẋ(t) = Ax(t), t ≥ 0,
Qx(t) = Bu(t), t ≥ 0,
x(0) = x0 ∈ X,

(1)

where A, Q and B are linear operators. The functions u is interpreted as the
input and x is called the state of the system. Typically, A is a differential
operator on the state space X and Q is evaluation operator of the state at the
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boundary of the spatial domain, that is, the domain of the functions living in
X. Such systems arise naturally in modeling phenomena frequently encoun-
tered in applied sciences, e.g. dynamical population equations, heat equation,
delay equations, etc.. Boundary control is one kind of distributed parameter
controls, which has been emphasized in the control theory and has been exten-
sively studied and developed. Based on operator semigroups theory, different
approaches have been used to study these systems, see, e.g., the monographs
by Curtain-Zwart [9] and Lasiecka-Triggani [16]. Since there are many physical
systems whose state variables represent some nonnegative quantities (e.g. den-
sity of a population, concentration, mass transport, etc.), extensive research
has been conducted in the study of positivity and asymptotic behavior of the
uncontrolled systems, see, e.g., [3, 13, 14, 17] and references therein. The ap-
proximate positive controllability of these systems has been studied in [7], and
after the exact positive controllability has been investigated in [10]. Our aim
in this work is to study the positive robustness of (BCS) under perturbation
of the boundary. The main idea is to show that if the uncontrolled system
((BCS) with B = 0) is exponentially stable and positive, then the closed loop
system 

ẋ(t) = Ax(t), t ≥ 0,
Qx(t) = BKx(t), t ≥ 0,
x(0) = x0,

(2)

remains positive and exponentially stable, for any positive feedback operator
K ∈ L(X,U). By writing the system (2) as an abstract cauchy problem with
internal control, we will get a control problem where the control operator is
unbounded. Under perturbations in the boundary, and using the theory of
perturbations of operator semigroups, which is well documented in the books
of Engel and Nagel [8], Kato [15], Banasiak and Arlotti [4], Tucsnak and Weiss
[18], Bátkai, Kramar Fijavz̈ and Rhandi [5] we will show that the system
(2) is positive and exponentially stable. We call this property by the positive
boundary robust stability.

The paper is organized as follows. We first recall in section 2 some notions
from Banach lattices and positive operators, in section 3 we recall our abstract
framework from [7] as well as some basic results concerning boundary control
systems. In Section 4 we characterize the boundary positive robust stability.
Finally, in Section 5 we apply our results to study positive robust stability for
an age dependant population equation.

2 Notations and preliminary results

Throughout the paper, we use X and U to denote real Banach spaces. By
L(U,X) we denote the space of linear bounded operators from U into X and
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X
′
= L(X,R).
To make this work essentially self-contained we give a brief introduction of

some notions of Banach lattices, for more details see the standard references
[1], [12] and [17]. A (real) ordered vector space X is a Banach space over R
endowed with an order written as ≤ such that the ordering is compatible with
the Banach space structure X, i.e., x ≤ y implies x + z ≤ y + z for all x, y, z
in X, x ≥ 0 implies λx ≥ 0 for all x in X and λ ∈ R+. The axioms imply that
the set X+ = {x ∈ X : x ≥ 0} is a convex cone with vertex 0, the positive
cone of X. It follows that x ≤ y if and only if y − x ∈ X+. The elements
x ∈ X+ are called positive.

An ordered vector space X is called a vector lattice if any two elements
x, y in X have a supremum and an infimum denoted by sup(x, y) and inf(x, y),
respectively. For an element x of a vector lattice we write |x| = sup(−x, x)
and call it the absolute value of x. A norm ‖ · ‖ in a vector lattice X satisfying

|x| ≤ |y| ⇒ ‖x‖ ≤ ‖y‖ for all x, y ∈ X

is called a lattice norm. Finally, a (real) Banach lattice is a Banach space
X over R endowed with an ordering ≤ such that (X,≤) is a vector lattice
and the norm on X is a lattice norm. The euclidian spaces Rn, n ≥ 1, the
uniform function algebra C(Ω), and the spaces of Lebesgue integrable functions
Lp(Ω), 1 ≤ p ≤ ∞, are all Banach lattices, with the lattice structure inherited
from the reals. A linear form ϕ ∈ X

′
is called positive if 〈ϕ, x〉 ≥ 0 for all

x ∈ X+. An operator T ∈ L(E,F ), with E and F are Banach lattices, is
called positive if T (E+) ⊂ F+.
Let X be a Banach space and (T (t))t≥0 a C0-semigroup on X, with generator
A. For λ ∈ ρ(A) we define the extrapolation space as the completion X−1 :=
(X, ‖ · ‖−1)∼, where ‖f‖−1 := ‖R(λ,A)f‖. Here R(λ,A) = (λ − A)−1 is
the resolvent of A. For all t > 0, the operator T (t) has a unique extension
T−1(t) ∈ L(X−1), and (T−1(t))t≥0 is a C0-semigroup on X−1, with generator
A−1 satisfying D(A−1) = X. Moreover, these definitions are independent of
the choice of λ ∈ ρ(A), meaning that a different λ ∈ ρ(A) generates the
same space with equivalent norms. We refer the reader to Engel and Nagel [8,
Chapter II.5] for these properties and for more on this subject.

Definition 2.1 (6). Let X be a Banach lattice and X−1 the extrapolation
space for the positive C0-semigroup (T (t))t≥0. We say that f ∈ X−1 is positive,
if f belongs to the closure of X+ in X−1. We denote by X+

−1 the set of all
positive elements in X−1.

From the definition the set of positive elements satisfies X+ ⊂ X+
−1. By

s(A) = sup{Re(λ) : λ ∈ σ(A)}
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we denote the spectral bound of A. We recall that for generators of positive
semigroups R(λ,A) ≥ 0 holds for λ > s(A).
For λ > s(A−1) = s(A) it is easy to see that R(λ,A−1) ∈ L(X−1) is a positive
operator. Next we give some basic properties of the ordering on X−1. For the
proof you can see [6].

Proposition 2.2. Let X be a real Banach lattice and (T (t))t>0 a positive
C0-semigroup on X. The set X+

−1 is a closed convex cone in X−1, satisfying
X+ = X+

−1 ∩X.

Remark 2.3. The extrapolation space for a positive semigroup is not a
Banach lattice, in general. This will be shown by Examples 5.1 and 5.3 in [6].

3 Abstract framework

We consider the boundary control problems of the form

(BCS)


ẋ(t) = Ax(t), t ≥ 0,
Qx(t) = Bu(t), t ≥ 0,
x(0) = x0 ∈ X+.

(3)

Here, the state and the control of the system are x(t) ∈ X and u(t) ∈ U+,
where X and U are Banach lattices, A is a densely defined closed linear op-
erator on X, and the boundary operator Q is a bounded linear operator from
D(A) into a Banach lattice ∂X (the boundary space). The control operator
B ∈ L(U, ∂X) is positive. In the spirit of G. Greiner [13], we introduce the
assumptions :

(H1) The operator Q ∈ L(D(A), ∂X) is surjective.

(H2) The restricted operator A0 of A with domain D(A0) = kerQ generates
a strongly continuous positive semigroup (T (t))t≥0 on X satisfying

‖T (t)‖ ≤Meωt for all t ≥ 0,

for some ω ∈ R, M ≥ 1.

Under these assumptions the following properties have been shown in [13,
Lem 1.2, Lem 1.3] and will be fundamental for our study.

Lemma 3.1. The following assertions are true for each λ ∈ ρ(A0).

i) D(A) = D(A0)
⊕

ker(λ− A),

ii) Q|ker(λ−A) is invertible and the operator Qλ := (Q| ker(λ−A))
−1 : ∂X −→

ker(λ− A) ⊆ X is bounded,
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iii) R(µ,A0)Qλ = R(λ,A0)Qµ for all µ, λ ∈ ρ(A0).

For λ ∈ ρ(A0), Qλ is called the Dirichlet operator. Define the operator

Bλ := QλB ∈ L(U, ker(λ− A)).

Under the above assumptions the authors in [11] have transformed the
boundary control system (BCS) into a standard control system in a bigger
state space {

ẋ(t) = A−1x(t) + (λ− A−1)Bλu(t), t ≥ 0,
x(0) = x0.

(4)

By [11, Prop. 2.7] the solutions of (BCS) can be represented by the following
extrapolated version of the variation of constants formula.

Proposition 3.2. Let x0 ∈ X, u ∈ LPloc(R+, U) (1 ≤ p ≤ ∞) and λ ∈ ρ(A0).
If x(·) = x(·, x0, u) is a classical solution of (BCS), then it is given by the
variation of constants formula

x(t) = T (t)x0 + (λ− A−1)
∫ t

0

T (t− s)Bλu(s)ds, t ≥ 0. (5)

In the following we have to impose an additional assumption which, by (5),
ensures that solutions for Lp-controls have values in X.

Definition 3.3. Let 1 ≤ p ≤ +∞. The control operator B ∈ L(U, ∂X) is
called p-boundary admissible if there exist t > 0 and λ ∈ ρ(A0) such that∫ t

0

T (t− s)Bλu(s)ds ∈ D(A0) for all u ∈ Lp([0, t], U). (6)

Remark 3.4 (10). From Lemma 3.1.(iii) it follows that BA := (λ−A−1)Bλ ∈
L(U,X−1) is independent of λ ∈ ρ(A0). Then B ∈ L(U, ∂X) is p-boundary
admissible if and only if BA is p-admissible in the usual sense, cf. [19, Def.
4.1]. This implies that if (6) is satisfied for some t > 0 then it is satisfied
for every t > 0. Moreover, we note that by [10, Lem. A.2, Lem. A.3], B is
1-boundary admissible if one of the equivalents conditions are satisfied.

(H3) D(A) ⊂ FA0
1 ,

(H4) There exist c > 0 and λ0 > 0 such that ‖Qλ‖ ≤
c

λ
for all λ > λ0.

Where FA0
1 =

{
x ∈ X : supt∈(0,1]

‖T (t)x−x‖
t

<∞
}

is the Favard class of (T (t))t≥0.

Finally, since Lp([0, t], U) ⊂ L1([0, t], U) it follows that 1-boundary admissibil-
ity implies p-boundary admissibility for all p > 1.
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In the sequel we assume that B ∈ L(U, ∂X) is p-boundary admissible. Now
for λ ∈ ρ(A0),

x(t) = T (t)x0 +

∫ t

0

T (t− s)BAu(s)ds, t ≥ 0.

In order to ensure the positivity of this solution, in the sequel we assume
furthermore that:

(H5) There exists ω0 > s(A0) such that the Dirichlet operator Qλ is positive
for all λ > ω0.

Now, we can deduce the following result.

Proposition 3.5. Let λ > ω0. The operator BA := (λ − A−1)Bλ ∈
L(U,X−1) is positive.

Proof. For all µ > max(ω0, 0), we have

µR(µ,A−1)BA = µR(µ,A−1)(λ− A−1)Bλ,

since BA is independent of λ ∈ ρ(A0), hence

µR(µ,A−1)BA = µR(µ,A−1)(µ− A−1)Bµ = µBµ = µQµB.

Since B is positive and by assumption (H5) µQµ is also positive, therefore
µBµ ≥ 0. Consequently, for all u ∈ U+, µR(µ,A−1)BAu ≥ 0. By the closure
of the positive cone X+

−1, we have,

for all u ∈ U+, BAu = lim
µ→∞

µR(µ,A−1)BAu ≥ 0.

4 Boundary Positive Robust Stability

We start this section by considering the standard control system{
ẋ(t) = A0x(t) +Bλu(t), t ≥ 0,
x(0) = x0 ∈ X+,

(7)

for some λ ∈ ρ(A0) associated to the controlled abstract Cauchy problem
(BCS).

Let K ∈ L(X;U) be a positive feedback operator. According to [8, Section
III.1.3, p.158-159], the operator A0 + BλK generates a strongly continuous
semigroup SBλK(t)t≥0 satisfying

‖SBλKt)‖ ≤Me(ω+M‖BλK‖)t for all t ≥ 0. (8)
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Let µ ∈ ρ(A0) such that Re(µ) > ω + M‖BλK‖, then ‖BλKR(µ,A0)‖ ≤
M‖B‖
Re(µ)−ω < 1. Hence µ ∈ ρ(A0 +BλK) and

R(µ,A0 +BλK) = R(µ,A0)
+∞∑
n=0

(BλKR(µ,A0))
n.

Since, the semigroup T (t)t≥0 and the operator B are positive then SBλK(t)t≥0
is positive. In addition

SBλK(t)x = T (t)x+

∫ t

0

T (t− s)BλKSBλK(s)xds

holds for every t ≥ 0 and x ∈ X.
Let us formulate here the first result in this section.

Proposition 4.1. let λ ∈ ρ(A0) sufficiently large and positive. Suppose that
A0 generates a positive exponentially stable semigroup T (t)t≥0 on X. Under
the assumption (H4), for all positive feedback K ∈ L(X;U), the semigroup
generated by A0 +BλK is positive and exponentially stable.

Proof. Let K ∈ L(X,U) is a positive feedback operator. According to above
introduction, the operator A0 +BλK generates a positive strongly continuous
semigroup SBλK(t)t≥0 satisfying

‖SBλK(t)‖ ≤Me(ω+M‖BλK‖)t for all t ≥ 0.

Since (T (t))t≥0 is exponentially stable, then we can choose ω < 0. By assump-

tion (H4), there exists c and λ0 such that, for all λ > max

(
cM ‖ B ‖‖ K ‖

−ω
, λ0

)
,

we have

ω +M‖Qλ‖‖B‖‖K‖ < 0.

Since
‖SBλK(t)‖ ≤ Me(ω+M‖BλK‖)t

≤ Me(ω+M‖QλBK‖)t

≤ Me(ω+M‖Qλ‖‖B‖‖K‖)t

then SBλK(t)t≥0 is exponentially stable.

Let us consider the boundary control system (BCS) and his standard form{
ẋ(t) = A−1x(t) +BAu(t), t ≥ 0,
x(0) = x0.

(9)
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Our goal here, is to find a class of positive feedback K̃ ∈ L(X,U) which
preserve the positivity and exponential stability. More precisely, we would like
to find a non-zero positive feedback K̃ ∈ L(X,U) such that the closed loop
system {

ẋ(t) = (A−1x(t) +BAK̃)x(t), t ≥ 0,
x(0) = x0.

(10)

is positive and exponentially stable if the semigroup (T (t))t≥0 is also exponen-

tially stable. we note that, the operator A−1 + BAK̃ is a perturbation of A−1
with unbounded operator BAK̃ : X −→ X−1.

Definition 4.2. The system (BCS) is called boundary positively robust

stable, if there exist a non-zero feedback operator K̃, such that the operator
A−1 +BAK̃ generates on X a positive exponentially stable semigroup.

Recall some basic properties for unbounded perturbations needed for the
following results. For more details you can see [8, section III.3.a].

Theorem 4.3. Let A0 be the generator of a C0-semigroup (T (t))t≥0 on a
Banach space X. Let C ∈ L(X,X−1). Moreover, assume that there exist
t0 > 0 and p ∈ [1,∞) such that∫ t0

0

T−1(t0 − s)Cf(s)ds ∈ X (11)

for all functions f ∈ Lp([0, t0], X). Then (A−1+C)|X generates a C0-semigroup
SC(t)t≥0 on X which is given by the variation of parameters formula

SC(t) = T (t) +

∫ t

0

T−1(t− s)CSC(s)ds, t ≥ 0,

and by the Dyson-Philips series

SC(t) =
∞∑
n=0

Sn(t), t ≥ 0,

where S0(t) := T (t) and

Sn(t) = T (t) +

∫ t

0

T−1(t− s)CSn−1(s)ds, t ≥ 0.

Let us formulate here the first result of this subsection.

Theorem 4.4. Let K̃ ∈ L(X,U) be a positive operator. Then the operator

(A−1 +BAK̃)|X generates a positive C0-semigroup on X.
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Proof. The control operator B is p-admissible then there exist t > 0 and
λ ∈ ρ(A0) such that∫ t

0

T (t− s)BλK̃f(s)ds ∈ D(A0) for all f ∈ Lp([0, t], X).

Then

(λ− A−1)
∫ t

0

T (t− s)BλK̃f(s)ds = (λ− A0)

∫ t

0

T (t− s)BλK̃f(s)ds ∈ X

and

(λ− A−1)
∫ t
0
T (t− s)BλK̃f(s)ds =

∫ t
0
(λ− A−1)T (t− s)BλK̃f(s)ds

=
∫ t
0
T−1(t− s)(λ− A−1)BλK̃f(s)ds

=
∫ t
0
T−1(t− s)BAK̃f(s)ds.

Thus the operator BAK̃ satisfies (11) for all f ∈ Lp([0, t], X), hence by the

above Theorem, (A−1 + BAK̃)|X generates a C0-semigroup SBAK̃(t)t≥0. The

semigroup (T (t))t≥0 and BAK̃ are positive, hence by the Dyson-Philips series,
the C0-semigroup SBAK̃(t)t≥0 is positive.

Let us formulate here the main result for boundary positive robust stability.

Theorem 4.5. Suppose that A0 generates a positive exponentially stable
semigroup T (t)t≥0 on X. Under the assumption (H4), the system (BCS) is
boundary positively robust stable.

Proof. Let λ ∈ ρ(A0) and K ∈ L(X,U) be a positive operator. We note
by (S[BAKR(λ,A0)](t))t≥0 the semigroup generated by A−1 + BAKR(λ,A0) and
(SBλK(t))t≥0 the semigroup generated by A0 +BλK. It is easy to see that

A−1 +BAKR(λ,A0) = (λ− A−1)(A0 +BλK)R(λ,A0).

Hence

(λ− A−1)S[BλK](t)R(λ,A0) = S[BAKR(λ,A0)](t).

Let K ∈ L(X,U) be a positive feedback and λ > max{λ0, cM‖K‖‖B‖−ω } suffi-
ciently large, hence, by Proposition 4.1, the semigroup SBλK(t)t≥0 is exponen-
tially stable. Then, the semigroup (S[BAKR(λ,A0)](t))t≥0 is exponentially stable.
Consequently (BCS) is boundary positively robust stable by the positive feed-

back K̃λ = KR(λ,A0) ∈ L(X,U), for all λ > max{λ0, cM‖K‖‖B‖−ω }.
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5 Application

In this section we will show how our abstract results can be applied to an age
dependant population equation of the form

(APE)


∂
∂t
f(t, a) = − ∂

∂a
f(t, a)− µ(a)f(t, a), t ≥ 0, a ≥ 0,

f(t, 0) =
∫ +∞
0

β(a)v(t, a)da, t ≥ 0,
f(0, a) = g(a), for a ≥ 0.

(12)

Here t and a are nonnegative real variables representing time and age, re-
spectively, f(t; a) describes the density of the population of age a at time t.
Moreover, µ and β are supposed to be bounded, measurable, and positive func-
tions describing the mortality rate and birth rate, respectively. To this end we
first reformulate the problem in a Banach-space setting by choosing

i) the state space X := L1(R+),

ii) the boundary space ∂X = R, and

iii) the control space U := L1(R+).

On these spaces we then consider

i) the closed and densely defined operator A by

A := −f ′ − µf, f ∈ D(A) = W 1,1(R+),

ii) the boundary operator Q is defined by Qf := f(0) for f ∈ D(A) =
W 1,1(R+), and

iii) the control operator B ∈ L(U,R) is defined by Bv = 〈β, v〉 for v ∈ U .

Finally we set x(t) = f(t, .), then (12) is equivalent to the abstract bound-
ary control problem (BCS).

In the sequel we will always assume that

µ∞ := lim
t→+∞

µ(t) > 0 exists.

Then for Reλ > µ∞,

rg(λ− A) = X and ker(λ− A) = span{ελ} = Rελ,

where

ελ(a) := e
−

∫ a

0

(λ+ µ(s))ds
.
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It is easy to see that the boundary operator Q is surjective and for λ > 0,
the Dirichlet operator Qλ := (Q| ker(λ−A))

−1 : ∂X −→ ker(λ− A) is given by

Qλx = xελ for x ∈ R.

Indeed, let λ > 0 such that{
Qf = x,
Af = λf.

Since f ∈ ker(λ−A) = span{ελ}, then there exists some constant k ∈ R such
that {

Qf = x,
f = kελ,

this equivalent to {
f(0) = x,
f = kελ,

thus {
k = x,
f = kελ.

Consequently,
Qλx = xελ for x ∈ R.

It is easy to see that the operator Qλ is positive and then the assumption (H5)
is satisfied. For λ > 0

‖Qλx‖ =

∫ +∞

0

|(Qλx)(s)|ds

=

∫ +∞

0

ελ(s)ds

≤ x

∫ +∞

0

ελ(s)ds

≤ x

λ
.

Hence, ‖Qλ‖ ≤ 1
λ

for all λ > 0, so the assumption (H4) is fulfilled.
Now, we consider the operator

A0f := Af for f ∈ D(A0) := {f ∈ D(A) : f(0) = 0} .

The authors in [12, Chapter VI, Section 4, Theorem 4.4] show that the re-
stricted operator A0 of A with domain D(A0) = kerQ generates a strongly
continuous positive semigroup (T (t))t≥0 on X, it has been show that this semi-
group is exponentially stable if 〈ε0, β〉 < 1. Consequently, if 〈ε0, β〉 < 1, the
system (APE) is boundary positively boundary robust stable.
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