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Abstract

Using a comparison result, the measure of noncompactness and fixed
point methods, we establish a compactness parameter estimator for
a class of well known impulsive integro-differential control systems.
Therefore, without the assumption on compactness of the semigroup
or that of nonlinearity, we present sufficient conditions of controllabil-
ity results for the impulsive integro-differential systems. An example is
added to illustrate the applications of the main results.
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1 Introduction

Over the past few decades, various types of semilinear and nonlinear systems
prescribed by ordinary differential equations have been studied extensively by
researchers. Particularly, the existence, controllability and other properties
of solutions of various systems have attracted many authors, for instance, see
[1],[2],[3],[4],[5],[6],[7],[8],[9],[11],[12],[13],[15], [16],[17],[19],[20],[21],[22],[24],[28],
[29],[30],[31],[32],[33],[34],[35],[36],[37],[38],[39], and the references cited therein.
Using differential techniques, existence and controllability results for a variety
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of nonlinear differential systems are obtained, and this topic is very important
in various fields.

Reviewing the results of all previous work in this area, most of the suffi-
cient conditions of controllability results require the compactness of semigroup
generated by the linear part of these systems, see [16],[35],[38] and [39]. How-
ever, Hernández M. [4] pointed that the results in [2] and [26] are only valid
for ordinary differential control systems. To be more specific, if the semigroup
is compact, the applications are restricted to ordinary differential control sys-
tems (see, e.g., [4],[18]). Chang, Nieto and Li [27] studied the controllability
for a class of first-order semilinear differential systems with nonlocal initial
conditions

x′(t) = Ax(t) + f(t, x(t)) + (Bu)(t), t ∈ I = [0, b], (1)

x(0) + g(x) = x0, (2)

in Banach space. Here, the operator A generates a strongly continuous, not
necessarily compact, semigroup T (t) in X. However, the sufficient conditions
established require nonlinearity f is compact: (H3)(ii) f : I × X → X is
compact.

Recently, wang et al.[17] studied the complete controllability of fractional
evolution systems without involving the compactness of characteristic solution
operators, and the following condition is required: [HK2] for any bounded
subsets B, the set∏

h,δ(t)

=

{
q
∫ t−h

0

∫ ∞
δ

θ(t− s)q−1ξq(θ)T ((t− s)q−1θ)f(s, x(s))dθds : x ∈ B

}
(3)

is relatively compact in X for arbitrary h ∈ (0, t) and δ > 0.
Very recently, Yang et al.[10] discussed the existence of positive solutions for

fractional evolution equation with noncompact semigroup, the existence results
of positive and saturated mild solutions are obtained when nonlinearity f
satisfies a weaker measure of noncompactness condition and a weaker bounded
condition, one can refer to the monographs Chen and Li [23] and Ji and Li
[25]. However, the Fredholm operator included in the nonlinearity makes the
corresponding controllability problems difficult. According to our knowledge,
there is currently no effective technology to solve controllability problems of
integrodifferential systems without assuming that the semigroup is compact.

Inspired by the existing results, the main goal of this paper is to obtain
sufficient conditions guaranteeing the controllability of impulsive integrodiffer-
ential control systems without the compactness of semigroup or nonlinearity.
Using a comparison result, the measure of noncompactness and Schaefer fixed
point theorem, we established a compactness parameter estimator of a class
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of impulsive integrodifferential control systems to solve this problem. In order
to illustrate the significance of our results, we present sufficient conditions of
controllability results for a class of well known semilinear impulsive integrod-
ifferential systems in Banach space

x′(t) = Ax(t)+f(t, x(t), (Hx)(t), (Sx)(t))+(Bu)(t), t ∈ I = [0, b], t 6= tk, (4)

∆x |t=tk= Ik(x(t−k )), k = 1, 2, . . . ,m, (5)

x(0) = x0, (6)

where x(·) ∈ X, x0 ∈ X, f : I × X × X × X → X is continuous, A is
a infinitesimal generator of a strongly continuous operator semigroup, linear
operator H and S is defined as following

(Hx)(t) =
∫ t

0
k(t, s)x(s)ds, (Sx)(t) =

∫ b

0
h(t, s)x(s)ds. (7)

Where k ∈ C(K,R+), h ∈ C(I × I, R+), K = {(t, s) ∈ I × I | 0 ≤ s ≤ t ≤ b},
B ∈ L(U,X) is a bounded linear operator, the control function u(·) is given in
L2(I, U), a Banach space of admissible control functions with U as a Banach
space. 0 = t0 < t1 < t2 < · · · < tm < tm+1 = b, ∆x |t=tk= x(t+k )− x(t−k ), x(t+k )
and x(t−k ) represent the right and left limits of x(t) at t = tk, respectively.

In the following section, we present some necessary preliminaries, defini-
tions and lemmas on the measure of noncompactness and fixed point theo-
rems. In Sect.2, we reduce the controllability problem to that of finding a
fixed point, and prove the controllability of semilinear first order impulsive
integro-differential system (4)-(6). Finally, in Sect.3, we give an example to
illustrate the applications of abstract results obtained in Sect.2.

Let (X, ‖ · ‖) be a Banach space, consider the set of functions PC(I,X) =
{x : I → X | x ∈ C[(t0, t1), X],
C[(tk, tk+1), X] and there exist x(t−k ) and x(t+k ), k = 1, 2, . . . ,m with x(t−k ) =
x(tk)}. Endowed with the norm ‖x‖PC = supt∈I ‖x(t)‖, it is easy to know that
(PC(I,X), ‖·‖PC) is a Banach space. S is a bounded set in X, the Kuratowski
measure of noncompactness ∂(S) is defined by ∂(S) = inf{ε > 0 : S can be
covered with a finite number of sets of diameter smaller than ε}.

Definition 1.1 Let X be a real Banach space and S, T ⊆ X be bounded.
Then the following properties are satisfied:

[(p1)] ∂(S) = 0⇔ S is relatively compact;
[(p2)] S ⊂ T ⇒ ∂(S) ≤ ∂(T );
[(p3)] ∂(S̄) = ∂(S).

Definition 1.2 The function x ∈ PC(I,X) which satisfies

x(t) = T (t)x0 +
∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bu)(s)]ds
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+
∑

0<tk<t

T (t− tk)Ik(x(t−k ))

is called a mild solution of problem (4)-(6).

Definition 1.3 The system (4)-(6) is said to be controllable on the interval
I if, for every x0, x1 ∈ X, there exists a control u ∈ L2(I, U) such that a mild
solution x of (4)-(6) satisfies x(b) = x1.

Lemma 1.4 (Comparison Result, see [19]) Assume that m ∈ C[J,R+] sat-
isfies

m(t) ≤ L1

∫ t

t0
m(s)ds+ L2(t− t0)

∫ t

t0
m(s)ds+ L3(t− t0)

∫ t0+a

t0
m(s)ds, (8)

t ∈ J = [t0, t0 + a],

where Li ≥ 0(i = 1, 2, 3) are constants, provided one of the following two
conditions hold:

(a) L1 + aL2 > 0,aL3(e
a(L1+aL2) − 1) < L1 + aL2;

(b) a(2L1 + aL2 + aL3) < 2. Then m(t) ≡ 0 for t ∈ J .

2 Main Results

For the convenience of presentation, we list here the hypotheses to be used
later:

(H1) A is the infinitesimal generator of an equicontinuous operator (T (t))t≥0,
there exists a constant M1 ≥ 1 such that ‖T (t)‖ ≤M1 for every t ∈ I.

(H2) f is uniformly continuous, and there exist functions µi ∈ L[I, R+] (i=1,2,3,4)
such that

‖f(t, x(t), (Hx)(t), (Sx)(t))‖

≤ µ1(t) + µ2(t)‖x(t)‖+ µ3(t)‖(Hx)(t)‖+ µ4(t)‖(Sx)(t)‖

for almost all t ∈ I and all x ∈ X.

(H3) Ik : X → X are continuous compact operators, and there exist functions
νk ∈ C[I, R+] such that

‖Ik(x)‖ ≤ νk(t)‖x‖, k = 1, 2, . . . ,m, x ∈ X.

Define ν0 = max{νk(t) | k = 1, 2, . . . ,m; t ∈ I}.
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(H4) The linear operator W : L2(I, U)→ X is defined by

Wu =
∫ b

0
T (b− s)Bu(s)ds,

(i) there exists a bounded inverse operator W−1 : L2(I, U)/ kerW → X
and there exist positive constants M2 and M3 such that ‖W−1‖ ≤ M2,
‖B‖ ≤M3.

(ii) there exists KW > 0, for any bounded set D ⊂ X, ∂((W−D)(t)) ≤
KW∂(D(t)).

(H5) [Compactness Parameter Estimator, CPE] There exist bounded func-
tions li ∈ C[I, R+], for any equicontinuous set D ⊂ Br, the following
inequality is satisfied

∂(f(s,D(s), (HD)(s), (SD)(s)))

≤ l1(t)∂(D(s)) + l2(t)∂((HD)(s)) + l3(t)∂((SD)(s)),

where li = max{li(t) | t ∈ I}, provided one of the following two condi-
tions hold:

(i)(bl3h
∗+bM1M3KW (l1+bl2k

∗+l3bh
∗))(eb(2M1l1+2bM1l2k∗)−1) < l1+bl2k

∗;

(ii)2bM1l1 + b2M1l2k
∗ +M1l3h

∗b+M2
1M3KW b(l1 + bl2k

∗ + bl3h
∗) < 1.

where k∗ = max{k(t, s) | (t, s) ∈ K}, h∗ = max{h(t, s) | (t, s) ∈ I × I}.

Theorem 2.1 If assumptions (H1)−(H5) are satisfied, then system (4)-(6)
is controllable on I.

Proof. Using the hypotheses (H4), for an arbitrary function x(·), define the
control

ux(t) = W−
[
x1 − T (b)x0 −

∫ b

0
T (b− s)f(s, x(s), (Hx)(s), (Sx)(s))

−
m∑
k=1

T (b− tk)Ik(x(t−k ))

]
(t),

we shall prove that, when using this control, the operator defined by

(Qx)(t) = T (t)x0 +
∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s) + (Bux)(s)]ds

+
∑

0<tk<t

T (t− tk)Ik(x(t−k ))
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has a fixed point, this fixed point is then a mild solution of system (4)-(6),
which implies that system (4)-(6) is controllable. we will prove the results in
five steps:
Step 1. Continuity of Q on I.

Let xn, x∗ ∈ PC[I,X] such that ‖xn − x∗‖PC → 0(n → ∞), then r =
supn ‖xn‖PC <∞ and ‖x∗‖PC < r. For any t ∈ I, we have
‖(Qxn)(t)− (Qx)(t)‖

≤M1

∫ t

0
‖f(s, xn(s), (Hxn)(s), (Sxn)(s))− f(s, x(s), (Hx)(s), (Sx)(s))‖ds

+M1

∫ t

0
‖(Buxn)(s)− (Bux)(s)‖ds+M1

m∑
k=1

‖Ik(xn(t−k ))− Ik(x(t−k ))‖.

Since f and Ik are continuous, we get

f(s, xn(s), (Hxn)(s), (Sxn)(s))

→ f(s, x(s), (Hx)(s), (Sx)(s)), Ik(xn(t−k ))→ Ik(x(t−k )), n→∞.

By conditions (H2), (H4) and ux(t), we know that

‖f(s, xn(s), (Hxn)(s), (Sxn)(s))− f(s, x(s), (Hx)(s), (Sx)(s))‖

≤ 2µ1(s) +µ2(s)(‖xn‖+ ‖x‖) +µ3(s)(‖Hxn‖+ ‖Hx‖) +µ4(s)(‖Sxn‖+ ‖Sx‖)

≤ 2µ1(s) + 2µ2(s)r + 2bk∗rµ3(s) + 2bh∗rµ4(s) ∈ L[I, R+]

and
‖(Buxn)(s)− (Bux)(s)‖

≤M1M2M3

∫ b

0
‖f(s, xn(s), (Hxn)(s), (Sxn)(s))−f(s, x(s), (Hx)(s), (Sx)(s))ds‖

+M1M2M3

m∑
k=1

‖Ik(xn(t−k ))− Ik(x(t−k ))‖.

By the Lebesgue dominated convergence theorem, it is easy to get

lim
n→∞

‖(Qxn)(t)− (Qx)(t)‖PC = 0. (9)

Step 2. Q maps bounded sets into bounded sets.

‖(Qx)(t)‖ ≤ ‖T (t)x0‖+
∫ t

0
‖T (t−s)[f(s, x(s), (Hx)(s), (Sx)(s))+(Bux)(s)]‖ds

+
∑

0<tk<t

‖T (t− tk)Ik(x(t−k ))‖
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From condition (H2), we obtain

‖f(s, x(s), (Hx)(s), (Sx)(s))‖ ≤ µ1(s) + µ2(s)‖x‖+ µ3(s)‖Hx‖+ µ4(s)‖Sx‖

≤ µ1(s) + µ2(s)‖x‖PC + µ3(s)k
∗b‖x‖PC + µ4(s)h

∗b‖x‖PC
≤ µ1(s) + (µ2(s) + µ3(s)k

∗b+ µ4(s)h
∗b)‖x‖PC

≤ φ1(s) + φ2(s)‖x‖PC ,
where φ1(s) = µ1(s), φ2(s) = µ2(s) + µ3(s)k

∗b + µ4(s)h
∗b. Similarly, by

(H3),
‖(Bux)(s)‖

≤ ‖BW−‖
(
‖x1‖+M1‖x0‖+M1

∫ b

0
‖f(s, x(s), (Hx)(s), (Sx)(s))‖ds+M1

m∑
k=1

‖Ik(x(t−k ))‖
)

≤M2M3

(
‖x1‖+M1‖x0‖+M1

∫ b
0 µ1(s)ds+M1

∫ b
0 µ2(s)‖x(s)‖ds

+k∗bM1

∫ b

0
µ3(s)‖x(s)‖ds+ h∗bM1

∫ b

0
µ4(s)‖x(s)‖ds+mM1v0‖x(s)‖

)

≤ N1 +N2‖x‖PC ,
where

N1 = M2M3

(
‖x1‖+M1‖x0‖+M1

∫ b

0
µ1(s)ds

)
,

N2 = M2M3

(
M1

∫ b

0
µ2(s)ds+ k∗bM1

∫ b

0
µ3(s)ds+ h∗bM1

∫ b

0
µ4(s)ds+mM1v0

)
.

Therefore, for any x ∈ Br = {x ∈ PC[I,X] | ‖x‖PC ≤ r},
‖(Qx)(t)‖

≤M1‖x0‖+M1

∫ b

0
φ1(s)ds+M1N1b+

(
M1

∫ t

0
(φ2(s) +N2)ds+mM1

)
‖x‖PC ≤ γ.

Hypotheses (H2) and m,M1 ≥ 1 imply that γ > r, that is, Br ⊂ Bγ, Q maps
bounded sets into bounded sets.
Step 3. Q(Br) is equicontinuous with Br on I .

For any 0 ≤ t < t + h ≤ b, Assume that ‖(Qx)(t + h) − (Qx)(t)‖ ≤
P1 + P2 + P3, where

P1 = ‖T (t+ h)x0 − T (t)x0‖, (10)

P2 =

∥∥∥∥∥
∫ t+h

0
T (t+ h− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

−
∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

∥∥∥∥ ,
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P3 =

∥∥∥∥∥∥
∑

0<tk<t

T (t+ h− tk)Ik(x(t−k ))−
∑

0<tk<t

T (t− tk)Ik(x(t−k ))

∥∥∥∥∥∥ .
After some elementary computation, we have

P2 ≤
∥∥∥∥∥
∫ t+h

t
T (t+ h− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

∥∥∥∥∥
+
∥∥∥∥∫ t

0
T (t+ h− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

−
∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

∥∥∥∥
≤
∥∥∥∥∥
∫ t+h

t
T (t+ h− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

∥∥∥∥∥
+
∥∥∥∥∫ t

0
[T (t+ h− s)− T (t− s)][f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds

∥∥∥∥ .
From the assumption (H1), we conclude that lim

h→0
Pi = 0, i = 1, 2, 3. Con-

sequently, Q(Br) is equicontinuous with Br on I.
Step 4. Q maps Br into a percompact set in X.

Note that T and S is equicontinuous, then

∂((HBr)(s)) ≤
∫ s

0
∂(k(s, τ)Br(τ))dτ ≤ k∗

∫ s

0
∂(Br(τ))dτ,

∂((SBr)(s)) ≤
∫ b

0
∂(h(s, τ)Br(τ))dτ ≤ h∗

∫ b

0
∂(Br(τ))dτ.

By Definition 1.1, we have ∂(Br(t)) ≤ ∂(Bγ(t)) = ∂((QBr)(t)). Then
∂(Br(t)) ≤ ∂((QBr)(t))

≤ ∂
(∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds | x ∈ Br

)

+∂

 ∑
0<tk<t

T (t− tk)Ik(x(t−k )) | x ∈ Br


≤ 2M1l1

∫ t

0
∂(Br(s))ds+ 2M1l2k

∗t
∫ t

0
∂(Br(s))ds+ 2M1l3h

∗t
∫ b

0
∂(Br(s))ds

+M1M3

∫ t

0
∂(ux(s) | x ∈ Br)ds.

Since

∂(ux(s) | x ∈ Br) ≤ 2M1KW (l1 + l2bk
∗ + l3bh

∗)
∫ b

0
∂(Br(s))ds, (11)
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set m(t) = ∂(Br(t)), then m(t) ∈ C[I, R+], and

m(t) ≤ 2M1l1

∫ t

0
∂(Br(s))ds+2M1l2k

∗t
∫ t

0
∂(Br(s))ds+2M1l3h

∗t
∫ b

0
∂(Br(s))ds

+2M2
1M3KW (l1 + l2bk

∗ + l3bh
∗)t
∫ b

0
∂(Br(s))ds,

that is,

m(t) ≤ 2M1l1

∫ t

0
∂(Br(s))ds+ 2M1l2k

∗t
∫ t

0
∂(Br(s))ds

+[2M1l3h
∗ + 2M2

1M3KW (l1 + l2bk
∗ + l3bh

∗)]t
∫ b

0
∂(Br(s))ds,

Due to condition (H5) and Lemma 1.4, m(t) ≡ 0. Thus (QBr)(t) is relatively
compact in X.
Step 5. E = {x ∈ PC[I,X] : x = λQx, 0 < λ < 1} is bounded.

Let x ∈ E, then

x(t) = λT (t)x0 + λ
∑

0<tk<t

T (t− tk)Ik(x(t−k ))

+λ
∫ t

0
T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]ds.

Obviously,

‖x‖PC ≤ λ‖T (t)x0‖+ λ
∑

0<tk<t

‖T (t− tk)Ik(x(t−k ))‖

+λ
∫ t

0
‖T (t− s)[f(s, x(s), (Hx)(s), (Sx)(s)) + (Bux)(s)]‖ds

≤ λM1‖x0‖+ λM1

∫ t

0
(φ1(s) + φ2(s)‖x‖PC)ds

+λM1

∫ t

0
(N1 +N2‖x‖PC)ds+ λmM1ν0‖x‖PC ,

Thus there exists λ sufficiently small such that

ρ = 1− λM1

∫ b

0
φ2(s)ds− λbM1N2 − λmM1ν0 > 0. (12)

From the above inequality, we get

‖x‖PC ≤
λM1

ρ
‖x0‖+

λM1

ρ

∫ b

0
φ1(s)ds+

λbM1N1

ρ
= C0, (13)

where C0 is a constant. Thus E is bounded. Since Q is continuous and
compact, thanks to Schaefer fixed point theorem, Q has a fixed point, that is,
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system (4)-(6) has a mild solution. But above all, system (4)-(6) is controllable
on I.

Remark 1: Since it is quite difficult to determine whether an operator
semigroup is compact, we do not assume that (T (t))t≥0 is compact.

Remark 2: Instead of the requirement of compactness of nonlinearity
f , we establish a compactness parameter estimator for the nonlinearity (see
hypothesis (H5)). It is clearly that a compact nonlinearity f satisfies the
hypothesis (H5) with l1(t) = l2(t) = l3(t) ≡ 0.

3 Main Results

As an application, we consider the following distributed parameter control
system of the type

∂

∂t
x(t, y) =

∂

∂y
x(t, y) +

1

3 + et
x(t, y) + ωµ(t, y), t ∈ I = [0, b], t 6= tk, (14)

∆x |t=tk= Ĩk(x(t−k ), y), k = 1, 2, . . . ,m (15)

x(t, 0) = x(t, 1) = 0, x(0, y) = 0, 0 < y < 1. (16)

where ω > 0, µ : I × (0, 1) → (0, 1) is continuous control function, Let X =
C([0, b]) be a Banach space with a suitable norm, and A : D(A) ⊂ X → X be
defined by Aw = w′, w ∈ D(A), and D(A) = {w ∈ X | w′ ∈ X,w(0) = w(1) =
0}. From the definition of D(A), it is easy to get that A is a bounded operator,
then A is an infinitesimal generator of an equicontinuous continuous semigroup
{T (t), t ≥ 0} in X and is given by T (t)w(s) = w(t + s), and {T (t), t ≥ 0} is
not compact. there exists a M1 ≥ 1 such that supt∈I ‖T (t)‖ ≤M1.

Define x(t)(y) = x(t, y), x′(t)(y) = ∂x(t,y)
∂t

, Ax(t)(y) = ∂x(t,y)
∂y

, f(t, x(t))(y) =
e−t

3+et
x(t, y), and (Bu)(t)(y) = ωµ(t, y), Ik(x(t−k ))(y) = Ĩk(x(t−k ), y) Then sys-

tem (14)-(16) can be written as following

x′(t) = Ax(t) + f(t, x(t)) + (Bu)(t), t ∈ I = [0, b], t 6= tk, (17)

∆x |t=tk= Ik(x(t−k )), k = 1, 2, . . . ,m (18)

x(0) = 0, (19)

Define the linear operator W as following

(Wu)(y) =
∫ b

0
T (b− s)ωµ(s, y)ds, (20)

Assume that W has a bounded inverse operator and ‖W−1‖Lb(X,L2(I,U)/ kerM) ≤
M2, and ∂(W−D(t)) ≤ KW∂(D(t)). For any equicontinuous set D ⊂ Br,

f(t,D(t)) ≤ λ1∂(D(t)) and ‖Ik(x)‖ ≤ λ2‖x‖, ‖f(t, x)‖ ≤ λ3‖x‖.
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There obviously exists λ1 > 0 sufficiently small such that condition (H5)(ii) is
satisfied. Then all the conditions of Theorem 2.1 are satisfied. Hence, systems
(14)-(16) is controllable.
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