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Abstract

This paper studies equation i(t) +q(t) f(t) =0, t € (0,1) with four-
point boundary conditions 4(0) = 0, u(1) = aju(&) + asu(n), where 0 <
&,m < 1,a1+ag < 1. The existence result of positive solution is obtained
by applying the fixed point theorem in cones. The approaches developed
here extend the ideas and techniques derived in recent literatures.
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1 Introduction

It is well known, boundary value problems have been becoming an impor-
tant aspect in differential equations, one can read [1-8], etc. Many papers are
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concerned about them, especially to the existence of solution (include mul-
tiple solution, positive solution, periodic solution, and extreme solution). A
wide variety of approaches have been derived to this goal, such as nonlin-
ear alternative of Leray-Schauder [1,9], Mawhin’s continuation theorem [1,2],
Krasnoselskii fixed point theorem [1], upper and lower solution [1,10], mono-
tone iterative method [3], etc. Among them, multiple-point boundary value
problems have attracted much attention for their widely background in theory
and practical application. The study of multi-point boundary value problems
for linear second order ordinary differential equations was initiated by II’in and
Moiseev. Subsequently the more conclusions of nonlinear multi-point bound-
ary value problems appeared. Ma [12] studied positive solutions of a nonlinear
three-point boundary-value problem

u(t) +a(t)f(t) =0,t € (0,1)
with the boundary conditions
u(0) = 0,u(1) = au(n),

where O<n<1,and0<a<%.
Motivated by [12], in this paper, we consider the following problems

u(t) +q(t)f(t) =0 (1)

with the boundary conditions

w(0) = 0, u(1) = aru(§) + azu(n), (2)

where 0<&,n <1,
For convenience, we denote that

A =maz{l,n}, a=a+as.
From now on, we assume the following:
(A1> f S C([Oa 00)7 [07 OO))7
(A2> VRS C([Oa 00)7 [07 OO))J
there exists zy € [\, 1] such that g(xy) > 0.
Set
f(u) f(u)

= lim ——~= = lim ~—=.
Jo w0t Joe u—o0 g

The paper is organized as follows: In section 2, we show some lemmas
which are necessary to the proof of our main result. In section 3, by applying
the fixed point theorem in cones, we obtain the main results for BVPs (1), (2).
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2 Preliminary Notes

In this section, we establish some lemmas which are necessary to develop the
main results in this paper.

Lemma 2.1 Let ay + ay # 1, then for y € C[0,1], the problem

ity(t)=0, te(01) (3)

w0) =0, u(l) = au() + azu(n) (4)

has a unique solution

= —/ t—s)y d8+a1—|—ag—1/ —s)y(s)ds

S E— - d—i/ - d
+CL1+CL2—1/O g 8 (>S a1+a2—1 Sy(S)S()
5

Lemma 2.2 ' Assume that a;,i = 1,2,3...,m — 2 have the same signal,
if the function x satisfies:

m—2
= Z a;x
i=1

m—2
then exists 1 € [&1,&m—s] such that z(1) = az(n), where o= Y a;.
i=1

Lemma 2.3 Let a;+ay < 1. If fory € C[0,1] and y > 0, then the problem
(3) and (4) has the unique solution u satisfies u > 0, t € C10, 1].

Proof. From the fact that i = —y(t) < 0 we know that the graph of wu(t)
is concave down on (0,1) and by the unique solution we known the unique
solution is positive when ¢ = 0.

If u(1) > 0 then the concavity of v and the boundary condition %(0) = 0

t
imply that u(t) = — /0 y(t)ds < 0 then u(t) is monotonous decrease function,

so it has u > 0,t € [0,1].
If u(1) < 0,then it has u(f8) < 0 and u(1) = au(s) > u(f), 8 € (0,1). This

contradicts the monotonous decrease function of w.

Lemma 2.4 Let a; +ay > 1, if y € C[0,1] and y(t) > 0,t € (0,1). then
(3) and (4) has no positive solution.
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Proof. Assume that (3) and (4) has a positive solution u.

If w(1) > 0 then u(5) > 0 and u(1) = au(B) > u(B) this contradicts the
monotonous decrease function of u.

Ifu(1) =0, and u(7) > 0 for some 7 € (0,1). Thenu(f) = u(l) =0, 7 # S.

If 7 € (0,5), then u(r) > u(S) = u(1) this contradicts the definition of the
concavity.

If 7 € (8,1), then u(7) > w(f) this contradicts the monotonous decrease
function of wu.

If u(1) < 0,u(0) < 0 it has no solution;

u(l) < 0,u(0) > 0, let u(f) = 0,8 € (0,% |,u(t) = au(p) contradicts;
B e (t,1),u(l) = au(p), it exists t; € (0,% | such that u(t;) > 0. There is
u(1)
ut) —u(8) _ ") 777 u(t) —u()) _ u(t) — ()

= < <
B—t t1—p th— 0 1 —1

This contradicts the concavity of u, so u(t;) > 0 is not true.

Lemma 2.5 Let ay + as < 1.1If for y € C|[0,1] and y > 0,then the problem
(3) and (4) has the unique solution u satisfies i[%fl]u(t) > v||u|| where v =
telB,

mz’n{al(l__ag), a} and a = ay + as.
Proof. When 0 < a < 1 by the monotonous
u(B) = u(1)
Let
u(t) = |lu|
If
t<p <1,
then
min, u(t) = u(l),
and
11
) < uw) + " =50 1) w9 =t =
1—
i alt) > S,

It
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then

by the monotonous

in u(t) > au(t) = .
min u(t) > au(®) = alu|

3 Main Results

Theorem 3.1 Assume (A1) and (Ay) hold. Then the problem (1) and (2)
has at least one positive solution in the case

() fo=0 and fo =00 (superlinear)

or

(1i)fo =00 and foo=0 (sublinear)

where 0 < a; +ay < 1.

Proof. (i) Superlinear case.

Suppose that fy =0 and [ = co. We wish to show the existence of a
positive solution of (1) and (2).

Now (1) and (2) has a solution y = y(¢) if and only if y solves the operator
equation

v = - (1~ $)als)F(y(s))ds + a1+C;12—1 / (€ — 9)a(s) [ (y(s))ds+
i [ = s — g [ 1= (s (s

= Ay(t).
(6)

Denote

= > i >
K ={ylyeCl0,1],y 20, min y(t) 2 7llyl},

A = max{&,n}. It is obvious that K is a cone in C[0,1]. Moreover AK C K.
It is also easy to check that A : K — K is completely continuous.
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Since fy = 0, we may choose H; > 0 such that f(y) < ey, for 0 <y < H;
1
when € > 0 satisfies ;/ (1 —s)q(s)ds < 1. Thus, if y € K and
1—a;—asxJo
|yl = Hy, it has
gty = — [t =) fus)ds + " [*(€ ~ s)as) F(y(s)ds
0 a; +as—1Jo
2 [N 5)a(s) f(y(s)ds
ar+as—1Jo 1 1 Y

_@r;;_lékl—ﬁmwﬂMQws

< o [0 e us)ds
< [ st
< o [ sa)dslyl
< 1_;1_@/01(1 — s)q(s)dsHy,
(")
and we let
= {y € Cl0,1] | llyll < H}. (®)

Then (7) shows that ||Ay|| <y, for y € K 0.

Since f., = 0o, there exists Hy > 0 such that f (u) > pu, for u > H, where
p > 0 such that

[ sa(s)ds > 1 (9)

—

Let H, — max{QHl,I—f} and QO = {y € C[0,1] | |y]| < Ha}, the y € K
and ||y|| = Hs implies Ar?tigly(t) > [yl = Ho.
A 3
Ay = = [ = 9a) s + g (€~ $)a() (y()ds
Qo n
+a1+a2_1/0 (n—s)q(s)f(y(s))ds

_m+j§_1411—@«@fw@»@
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v

= [F = s + 2 [0 9a) fue)s
p— | "0 = 9)q(s) f(y(s)ds

_+1_1 [ 1= $)als) £ (s)ds

— e [ ) ws)ds

e [ 0= () rws)ds

([ = ) s — [ (1= al) (y(s))ds)
= ([ NN — [ sal) ()

~ [ ats) 7 )ds + [ sals) y(s)ds)
1

> ([ sl fods — [ a(s)Fus))ds)
= alﬂlzg—l /;(3 — 1)q(s)f(y(s))ds
> L [ Dall)s

(10)
Hence, for y € K 0S)s,

pY !
| Ayl > 1—@1—a2/>\ (1 —=s)q(s)ds|lyll > [yl

Therefore, by the Fixed Point Theorem, it follows that A has a fixed point in
KN(Q\ Q) such that H; < |Ju|| < Hy. This completes the superlinear part
of the theorem.

(ii) Sublinear case.

Suppose next that fo = 0o and f, = 0 choose H3 > 0 such that f(y) > My
for 0 < y < H3 where

M~

1—&1—@2

[ 5= Dats)yls)s > 1 (11)

By using the method to get (10), we can get that
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A a ¢
Ay = = [T ) w)ds + g [~ 9)als)f (w(s)ds
b [T = 9)a(9) fw(s))ds

_+1_1 / (1= $)q(s) (u(s))ds

> [ Ve ue)ds
> [ Dals
> o [ = Dalelus)asy]

= Hj.
(12)
Thus, we may let Q3 = {y € C[0,1] | ||y|| < Hs} such that

Ayl > [lyll, y € K (0.

Now, since fo, = 0, exists Hy > 0 such that f(y) < oy for y > Hy where ¢ > 0
N 1
satisfies 17/ (1 —9)q(s)y(s)ds < 1.
0

—ar — Q2
We consider two cases:
Case(i). Support f is bounded, say f(y) < N for all y € [0,00) choose

N 1

Hy = max{2Hj, 17/ (1—s)q(s)ds} such that, for y € K with ||y|| =
— a; — a2 JO

H,. We have

Ay(t) = = [t = )alo)wlsNds + 2 [ (€= s)als)(y(s))ds
tore [T = 94 fw(s))ds

_+1_1 | (1 8)q(s) Fly(s))ds

< o [ 6 Ve us)ds
< e [ Das)ds
< o [ nasll

< Hy,

(13)
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therefore [|Ay|l < |ly]|.
Case(ii). If f is unbounded, we know from (A;) that there is Hy: Hy >

1

max{2Hs, —H,} such that f(y) < f(Hys) for 0 < y < Hy(we are able to do
Y

this since f is unbounded). Then for y € K and ||y|| = Hy,we have

Ayt) = = [ = )N+ [~ shal)rts)ds
b [T = )0 fw(s))ds
e [ 9w
< e [ Ve us)ds

1 1
S — —1 Hy)d
< | s = Das)f(H)ds
1 1
G — —1 Hid
B CL1+(12—1/0<S )Q(S)@ 105
< H,.

(14)
Therefore, in either case we may put y = {y € C[0,1] | ||y|| < Ha} and for
y € KN0Qy, we may have ||Ay|| < |ly||. By the Fixed Point Theorem, it
follows that the bounded valuable problem (1) and (2) has a positive solution.
Therefore, we complete the proof of the theorem.
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