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Abstract 

 

Relation of signals appears in several aspects, from traveling waves to the 

dynamics of stocks and exchange rates. For travelling waves, the relation has been 

applied to predict the incoming waves provided that the signals at several points 

up-stream are already known. Can similar idea be applied in dynamics of stocks 

or exchange rates? On the other hand, signals of waves or the dynamics of stocks 

and exchange rates often consist of the so called ripples or noises. The signals are 

proposed to be represented in a form of temporal density functions (t-pdf’s). The 

‘moving’ average of the t-pdf is the trend of the signal, where the noise of ripples 

is filtered. The temporal variance represents the characteristic of the noise. In this 

paper, a relation of temporal probability density functions is considered. A 

method to obtain a linear relation of two signals is proposed. The application is in 

the need for the dynamics of stocks and exchange rates especially when the 

prediction of the dynamics on itself is almost impossible and the prediction of the 

relation among the detailed signals is difficult. 
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1 Introduction 
 

Relation of temporal probability density functions is based on the idea of signal 

relations discussed in [1]. Such relation has been applied in obtaining relation of 
the dynamics of United States dollar and Great Britain pound relatives to Indonesian 
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rupiah, [2]. The issue of seeking the relations of signals has been found in several 

applications, strong motivation has come from an application in pridicting wave 

evolution. Eventhough mathematical models have widely been applied for wave 

evolution, the relation of the wave signals measured at several points might be 

very different. Some parameters that related to the waves as a group might be 

responsible for the change of the signal profiles of the waves, [3]. This has 

motivated the extension of the idea of the signal relation to the relation of the 

temporal probability density functions of signals. 

 

Characteristics of signal as a real function of time can be observed in the 

dynamics of stocks, exchange rates, indices and commodity prices. However, 

predicting such dynamics especially for high frequency data is still very difficult, 

[4]. On the other hand, predicting such dynamics are of interest of economists, 

investors and some researchers. Therefore, the relation of the dynamics of stocks, 

exchange rates or commodity prices is one of the research concerns in economics, 

[5, 6, 7, 8, 9] are among others, including developing method to study event 

history of financial data [10], model for forcasting financial data [11] and 

applying theoretical mathematics such as set theory [12]. 

 

Acikalin, et al. [5] studied the relationships between stock markets and 

macroeconomic variables, focusing on the Istanbul Stock Exchange. The 

dynamical relationship among Italian, Spanish, and United Kingdom prices over 

the period of 1874–1998 was studied by Gadea et al. [6]. Eryiğit [7] studied the 

dynamical relationship between oil price shocks to several macroeconomic 

variables in Turkey. Adam et al. [8] studied relation of world crude oil price with 

Indonesia’s trade balance by applying LVAR method. Pao et al. [9] studied the 

effect of bond premium and capital regulatory on loan and deposit rates, as an 

option-pricing model. The relation provide a tool in predicting the dynamics of 

stocks, exchange rates or commodity prices. For investors, this can be considered 

to build their portfolio style and strategy related to such dynamics, such as the 

dynamics of stock return [13]. 

 

On the other hand, study on predicting the dynamics of stocks, exchange rates or 

commodity prices on itself is still conducted via the trend of the dynamics [14], 

and the temporal probability density function (t-pdf) [15]. The former has applied 

higher order polynomial function. The latter has been initiated by the presence of 

the fundamental solution of the heat equation or Barenblatt’s solution of porous 

medium equation [16, 17]. 

 

2 Temporal Probability Function of a Signal 
 

A normal temporal probability density function which then will be mention just a  

temporal probability density function (t-pdf) is a function as in the definition 

below. 
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Definition 1 

 

Let Rx , RTt  ],0[ , μ and σ be real valued function over ],0[ T . A real 

valued function p over ],0[ TR  is called a (normal) temporal probability 

density function (t-pdf) if p has the form 
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The function μ(t) is the temporal mean, and σ(t) is the temporal variance of the 

t-pdf. Due to the importance of the functions μ(t) and σ(t) in t-pdf p, for the rest of 

this paper p in (1) will also be written as  )(),( ttp   or sometime  ,p . 

 

As a probability density function, (1) has to satisfy the properties of probability 

density function which are presented in proposition 1. The proof is not discussed 

here. However, by little modification this can be obtained in many standard text 

books. 

 

Proposition 1 

 

For any Rt , and p is defined in (1), the following are satisfied 

(i)     0, txp , 

(ii)    1 , 




dxtxp . 

 

Observed that the integral (ii) is independent of t variable. 

 

Equation (1) may be considered as a representation of the dynamics of stocks, or 

exchange rate. The function μ(t) represents the trend of the dynamics, and σ(t) is 

the variance of the dynamics. In practice, especially for a discrete dynamics μ(t)  

is also often called a moving average. For the case of constant μ(t), and σ(t) is a 

linear function, (1) is the fundamental function of the heat equation. 

 

 

A t-pdf of a signal may be applied to understand general properties of the signal. 

In the wave evolution, it may be interpreted as a wave envelope of a wave group. 

Seeking a t-pdf of a discrete signal can be started by representing the signal in 

candle form. Fig. 1 shows the daily data of the dynamics of United States dollar 

relative to Indonesian rupiah in 2011 represented in scatter chart type and candle 

form, a type of stock charts. 
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Figure 1. The daily data of the dynamics of USD relative to IDR in 2011 

represented in scatter chart type and candle form 
 

The daily data of the dynamics of United States dollar relative to Indonesian 

rupiah in the period of 2011 are available upon request, and were online in 

www.investasionline.co.id. The data were grouped monthly to be presented in 

candle form. The average and standard deviation for each group were computed. 

The results are presented in Table 1. The large standard deviations are related to 

the length of the candles in Fig. 1. For the need of the application for t-pdf, the 

moving average μ(t), and the moving standard deviation σ(t) were approximated 

by applying polynomial interpolation of the monthly averages and standard 

deviations in Table 1. 

 

Table 1. Monthly average dan standard deviation of daily data of the dynamics of 

USD relative to IDR in 2011. 

 

Month Average 
Standard 

Deviation 

Jan 9037 33 

Feb 8913 66 

Mar 8761 38 

Apr 8651 30 

May 8556 14 

Jun 8564 39 

Jul 8533 19 

Aug 8532 32 

Sep 8766 162 

Oct 8874 114 

Nov 9015 78 

Dec 9090 36 

 

 

3 Relation of Temporal Probability Density Function 
 

The discussion on the relation of temporal probability density function is started 

by introducing a linear relation of signal as discussed in [1]. 
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Definition 2 

 

Let ,,, Tba  be real numbers, and 0T . Continuous real functions f  and g  

are defined in a closed interval  T,0 . Function g  is defined to be in a linear 

form of f  shifted by   in the interval  21 ,TT  if 

 

btfatg  )()(  ,        (2) 

 

for any  21 ,TTt  and  2121 ,-,, TTTT  are in  T,0 . The parameters a, b 

and   are called the slope, the intercept and the time lag of the linear relation 

(1). 

 

Definition 3 
 

Let Rx , 
RTt  ],0[

, for 2,1j  μj and σj be temporal mean and temporal 

variance of t-pdf  jjp  , , respectively. Temporal probability function 

 22 ,p  is related linearly to  11 ,p  if 2 can be expressed in a linear 

form of 1 , and 2  in 1 . 

 

More precise, suppose for 2,1j , ijj TT -,  are in  T,0 , and 

(i)  11112 )()( btat    
(ii)  22122 )()( btat    
for  21,TTt . 

 

Hence, if  22 ,p  is related linearly to  11 ,p , the equation 

 

   2212111122 )(,)()(),( btabtapttp      (3) 

 

is hold. 

 

4 Approximating Linear Relation of Temporal Probability 

Density Function 
 

Approximating a t-pdf  )(),( 22 ttp   by another t-pdf  )(),( 11 ttp   is 

expressing  )(),( 22 ttp   in the form  

 

    )()(,)()(),( 2212111122 tbtabtapttp     (4) 

 

The objective of approximating linear relation of a temporal probability density 

function is to find 1a , 2a , 1b , 2b , 1 ,  and 2  such that the norm of the  
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error )(t  minimum. For the case 0)( t ,  )(),( 11 ttp   is related linearly 

to  )(),( 22 ttp   as discussed in Definition 3. In general, this is not the case. 

 

Computing 1a , 2a , 1b , 2b , 1 ,  and 2  such that the norm of the error 

)(t  minimum, may be done separately by minimizing the norm  )(1 t  and 

)(2 t  of the equations below 

)()()( 111112 tbtat    

)()()( 222122 tbtat   . 

 

One may show the existence of 1a , 2a , 1b , 2b , 1 ,  and 2 . Moreover, for 

the case 01  ,  and 02  , one may also show the uniqueness of 1a , 2a , 

1b , and 2b . The proofs follow a relation of signals discussed in [1]. This is 

summarized in the propositions below. 

 

Proposition 2 
 

Let 0T , and 1 , 2 , 1 , and 2  be continuous real functions defined in 

 T,0 . There exist 1a , 2a , 1b , 2b , 1 ,  and 2  that minimize )(1 t  and 

)(2 t  such that 

)()()( 111112 tbtat    
)()()( 222122 tbtat    

for any  21 ,TTt  and jj TTTT  2121 ,-,,  are in  T,0  for 2,1j . 

 

Proposition 3 
 

Let 0T , and 1 , 2 , 1 , and 2  be continuous real functions defined in 

 T,0 . There exist 1a , 2a , 1b , and 2b   which are unique that minimize )(1 t  

and )(2 t  such that 

)()()( 11112 tbtat    
)()()( 22122 tbtat    

for any  Tt ,0 . 

 

Applying Proposition 2, one may write 

 

   )()(),()()(),( 222121111122 tbtatbtapttp    (5) 

 

for any    TTTt ,0, 21  . 
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5 Discussion 
 

Norm of the error in (4) or (5) can be determined as the supremum of the absolute 

value  

 

 21:)( sup)( TtTtt jj    

 

or as the area of square  

 

 
2

1

2
)()(

T

T
jj dttt  . 

 

Or, it can be defined based on less well-known norm. 

 

Suppose the dynamics of two commodity prices are represented by t-pdf

 )(),( 11 ttp  , and  )(),( 22 ttp  . As the minimum norm of the error 

achieved, and the relation of the two expressed in (4) or (5) obtained, the 

dynamics of the second commodity can be predicted based on the dynamics of the 

first one. The change of the trend of the second will follow the first by time lag 

1 . For positive value of 1a , the increase (or decrease) of the trend of first 

commodity price will be followed by the increase (or decrease) of the trend of the 

second one. On the other hand for negative value of 1a , the increase (or decrease) 

of the trend of first commodity price will be followed by the decrease (increase) 

of the trend of the second one. 

 

For the case of the dynamics of United States dollar relative to Indonesian rupiah, 

Rahim et al [18] reported that large standard deviation over a period of time was 

related to economic turmoil. Similar phenomenon may occur to the dynamics of 

commodity prices. Crisis may cause commodity prices unstable that results in the 

large of standard deviation of the price in a period of time. The relation of t-pdf’s 

(4) or (5) provides a tool in predicting instability of commodity prices based on 

the other commodity. Equation (4) or (5) answers a question such as “Does 

instability of the price of second commodity follow the price of the first one?” or 

“Does the instability of United States dollar follow the instability of Japanese 

yen?” 

 

6 Conclusion 
 

A temporal probability density function (t-pdf) may represent the dynamics of 

stocks, or exchange rates, where the dynamics are considered as signals. A t-pdf 

consists of two most importance of the signals, i.e. the trend of the dynamics and 

the noise of the signals. The trend represents the dynamics of the long term where 

as the noise of the signal is often related to the instability of the economy. 
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The relation of two t-pdf’s are defined by the relation of the trends and the 

variances (computed as the standard deviation). The relation of two t-pdf’s 

provide a tool for predicting the trend of a t-pdf based on the trend of the other 

where it can be applied for predicting the dynamics of stocks, or exchange rates 

based on the dynamics of the other. The relation also provides a tool for 

predicting the temporal standard deviation of a pdf from the temporal standard 

deviation of the other pdf. An application is for predicting the instability of the 

dynamics of stocks, or exchange rates based on the dynamics of the other. 
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