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Abstract

In this paper, we introduce the concept of essential distance which
generalizes the concept of τ -function. A generalization of Caristi’s fixed
point theorem and its equivalent theorems for essential distances are
established. Our presented results improve and generalize some known
results in the literature.
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1. Introduction and preliminaries

In 1976, Caristi [1] proved the following celebrated fixed point theorem by
using transfinite induction.

Theorem (Caristi [1]). Let (X, d) be a complete metric space and f : X →
R be a lower semicontinuous and bounded below function. Suppose that T is a
Caristi type mapping on X dominated by f ; that is, T satisfies

d(x, Tx) ≤ f(x)− f(Tx) for each x ∈ X.
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Then T has a fixed point in X.

It is known that Caristi’s fixed point theorem is equivalent to the Ekeland’s
variational principle, to the Takahashi’s nonconvex minimization theorem, to
the Daneš’ drop theorem, to the petal theorem, and to the Oettli-Théra’s the-
orem; see [3-5, 11–21] and references therein. Caristi’s fixed point theorem has
been generalized and extended in several ways by many authors, one can refer
to [3-8, 11-21] and references therein for more details on these generalizations.
Very recently, Du gave two new and simple proofs of Caristi’s fixed point the-
orem without using Zorn’s lemma, transfinite induction and any well-known
principle; see [9, 10].

Let (X, d) be a metric space. An extended real valued function f : X →
(−∞,∞] is said to be

(i) lower semicontinuous from above (in short lsca) at x0 ∈ X [18] if for
any sequence {xn} in X with xn → x0 and f(x1) ≥ f(x2) ≥ · · · ≥
f(xn) ≥ · · · imply that f(x0) ≤ limn→∞ f(xn) ;

(ii) upper semicontinuous from below (in short uscb) at x0 ∈ X [18] if
for any sequence {xn} in X with xn → x0 and f(x1) ≤ f(x2) ≤ · · · ≤
f(xn) ≤ · · · imply that f(x0) ≥ limn→∞ f(xn) .

The function f is said to be lsca (resp. uscb) on X if f is lsca (resp. uscb) at
every point of X.

It is obvious that the lower (resp. upper) semicontinuity implies the lower
(resp. upper) semicontinuity from above (resp. below), but the reverse is not
true.

The function f is said to be proper if f 6≡ ∞. Recall that a function
p : X ×X → [0,∞) is called a w-distance [5, 7, 14, 17, 20, 21], if the following
are satisfied:

(w1) p(x, z) ≤ p(x, y) + p(y, z) for any x, y, z ∈ X;

(w2) for any x ∈ X, p(x, ·) : X → [0,∞) is l.s.c.;

(w3) for any ε > 0, there exists δ > 0 such that p(z, x) ≤ δ and p(z, y) ≤ δ
imply d(x, y) ≤ ε.

A function p : X ×X → [0,∞) is said to be a τ -function [2, 4, 18, 19, 21],
first introduced and studied by Lin and Du, if the following conditions hold:

(τ1) p(x, z) ≤ p(x, y) + p(y, z) for all x, y, z ∈ X;

(τ2) if x ∈ X and {yn} in X with limn→∞ yn = y such that p(x, yn) ≤ M for
some M = M(x) > 0, then p(x, y) ≤M ;
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(τ3) for any sequence {xn} in X with limn→∞ sup{p(xn, xm) : m > n} = 0, if
there exists a sequence {yn} in X such that limn→∞ p(xn, yn) = 0, then
limn→∞ d(xn, yn) = 0;

(τ4) for x, y, z ∈ X, p(x, y) = 0 and p(x, z) = 0 imply y = z.

Note that not either of the implications p(x, y) = 0 ⇐⇒ x = y necessarily
holds and p is nonsymmetric in general. It is well known that the metric d is
a w-distance and any w-distance is a τ -function, but the converse is not true;
see [2, 18, 21] for more detail.

Lemma 1.1. If condition (τ4) is weakened to the following condition (τ4)′ :

(τ4)′ for any x ∈ X with p(x, x) = 0, if p(x, y) = 0 and p(x, z) = 0, then
y = z,

then (τ3) implies (τ4)′.

Proof. Assume that (τ3) holds. Let x ∈ X with p(x, x) = 0 be given. Define
a sequence {xn} in X by xn = x for all n ∈ N. Then lim

n→∞
sup{p(xn, xm) : m >

n} = 0. If p(x, y) = 0 and p(x, z) = 0, then define two sequences {yn} and
{zn} in X by yn = y and zn = z for all n ∈ N, respectively. So we have

lim
n→∞

p(xn, yn) = 0

and
lim
n→∞

p(xn, zn) = 0.

By (τ3), we get
0 = lim

n→∞
d(xn, yn) = d(x, y)

and
0 = lim

n→∞
d(xn, zn) = d(x, z),

which deduces y = x = z. Hence we prove that (τ3) implies (τ4)′. �

In this paper, we introduce the concept of essential distance as follows.

Definition 1.2. Let (X, d) be a metric space. A function p : X×X → [0,∞)
is called an essential distance if conditions (τ1), (τ2) and (τ3) hold.

The concept of generalized pseudodistance was introduced and studied by
W lodarczyk and Plebaniak [21] as follows.

Definition 1.3 (see [21]). Let (X, d) be a metric space. A function p :
X ×X → [0,∞) is called a generalized pseudodistance on X if conditions (τ1)
and (τ3) hold.

Remark 1.4.
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(a) By Lemma 1.1, we know that if p is an essential distance, then condition
(τ4)′ holds.

(b) It is obvious that any τ -function is an essential distance and every es-
sential distance is a generalized pseudodistance.

The following known result is very crucial in this paper.

Lemma 1.5 [4, Lemma 2.1]. Let (X, d) be a metric space and p : X×X →
[0,∞) be a function. Assume that p satisfies the condition (τ3). If a sequence
{xn} in X with limn→∞ sup{p(xn, xm) : m > n} = 0, then {xn} is a Cauchy
sequence in X.

In this paper, we first introduce the concept of essential distance which
generalizes the concept of τ -function and then establish a generalization of
Caristi’s fixed point theorem and its equivalent theorems for essential distances.
Our results improve and generalize some of the existence results on the topic
in the literature.

2. New generalized Caristi’s fixed point theorem and its
equivalence for essential distances

In this section, we first establish a generalization of Caristi’s fixed point
theorem for essential distances which is one of the main results of this paper.

Theorem 2.1. Let (X, d) be a metric space, f : X → (−∞,∞] a proper
bounded below function, ϕ : (−∞,∞] → (0,∞) a nondecreasing function and
p a generalized pseudodistance on X × X. Suppose that T : X → X is a
selfmapping satisfying

p(x, Tx) ≤ ϕ(f(x))(f(x)− f(Tx)) for each x ∈ X. (2.1)

Let u ∈ X with f(u) < ∞. Then there exists a Cauchy sequence {xn}n∈N in
X starting with x1 = u and satisfying

p(xn, xn+1) ≤ ϕ(f(xn))(f(xn)− f(xn+1) for all n ∈ N.

Moreover, if X is complete, f is lsca and p is an essential distance on
X × X, then the sequence {xn}n∈N converges to a fixed point v of T , where
f(v) <∞ and p(v, v) = 0.

Proof. Define a set-valued mapping S : X → 2X (the power set of X) by

S(x) = {y ∈ X : p(x, y) ≤ ϕ(f(x))(f(x)− f(y))} for x ∈ X.
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By (2.1), we know Tx ∈ S(x) and hence S(x) 6= ∅ for all x ∈ X. We claim
that for each y ∈ S(x), we have f(y) ≤ f(x) and S(y) ⊆ S(x). Let y ∈ S(x)
be given. Then p(x, y) ≤ ϕ(f(x))(f(x) − f(y)) which implies f(y) ≤ f(x).
Let us show S(y) ⊆ S(x). Let z ∈ S(y). Thus p(y, z) ≤ ϕ(f(y))(f(y)− f(z))
which implies

f(z) ≤ f(y) ≤ f(x).

Since ϕ is nondecreasing, we get

ϕ(f(z)) ≤ ϕ(f(y)) ≤ ϕ(f(x)). (2.2)

So, by (2.2) and (τ1), we obtain

p(x, z) ≤ p(x, y) + p(y, z) ≤ ϕ(f(x))(f(x)− f(z)).

Therefore z ∈ S(x) and hence S(y) ⊆ S(x). We shall construct a sequence
{xn} in X by induction, starting with x1 = u. Suppose that xn ∈ X is known.
Then choose xn+1 ∈ S(xn) such that

f(xn+1) ≤ inf
z∈S(xn)

f(z) +
1

n
for n ∈ N. (2.3)

For any n ∈ N, since xn+1 ∈ S(xn), we have

p(xn, xn+1) ≤ ϕ(f(xn))(f(xn)− f(xn+1) (2.4)

and
f(xn+1) ≤ f(xn). (2.5)

Since f is bounded below,

γ := lim
n→∞

f(xn) = inf
n∈N

f(xn) exists. (2.6)

For m > n with m,n ∈ N, since ϕ is nondecreasing, by (2.4), (2.5) and (2.6),
we obtain

p(xn, xm) ≤
m−1∑
j=n

p(xj, xj+1) ≤ ϕ(f(x1))(f(xn)− γ).

Let αn = ϕ(f(x1))(f(xn)− γ), n ∈ N. Then we obtain

sup{p(xn, xm) : m > n} ≤ αn for each n ∈ N.

Since lim
n→∞

f(xn) = γ, we have lim
n→∞

αn = 0 and hence lim
n→∞

sup{p(xn, xm) :

m > n} = 0. Since p is a generalized pseudodistance, by Lemma 1.5, {xn} is
a Cauchy sequence in X.
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Moreover, we assume that X is complete, f is lsca and p is an essential
distance on X ×X. By the completeness of X, there exists v ∈ X such that
xn → v as n→∞. Since f is lsca, it follows from (2.6) that

f(v) ≤ lim
n→∞

f(xn) = γ ≤ f(xj) for all j ∈ N. (2.7)

Next, we prove that
⋂∞

n=1 S(xn) = {v}. Let n ∈ N be fixed. For m > n with
m,n ∈ N, by (2.2) and (2.4), we obtain

p(xn, xm) ≤
m−1∑
j=n

p(xj, xj+1) ≤ ϕ(f(xn))(f(xn)− f(v)). (2.8)

Since xm → v as m→∞, (τ2) and (2.8) deduce

p(xn, v) ≤ ϕ(f(xn))(f(xn)− f(v)) for all n ∈ N,

which shows v ∈
⋂∞

n=1 S(xn). Hence
⋂∞

n=1 S(xn) 6= ∅ and

S(v) ⊆
∞⋂
n=1

S(xn).

For any w ∈
⋂∞

n=1 S(xn), taking into account (2.1), (2.3) and (2.5), we have

p(xn, w) ≤ ϕ(f(xn))(f(xn)− f(w))

≤ ϕ(f(x1))

(
f(xn)− inf

z∈S(xn)
f(z)

)
≤ ϕ(f(x1))

(
f(xn)− f(xn+1) +

1

n

)
for all n ∈ N. Let βn = ϕ(f(x1))

(
f(xn)− f(xn+1) + 1

n

)
, n ∈ N. So limn→∞ βn =

0 and hence lim
n→∞

p(xn, w) = 0. By (τ3), we obtain xn → w as n → ∞.

By the uniqueness of limit of a sequence, we have w = v. Hence we prove⋂∞
n=1 S(xn) = {v}. Since S(v) 6= ∅ and

S(v) ⊆
∞⋂
n=1

S(xn) = {v}

we get S(v) = {v}. Since Tv ∈ S(v), it must be Tv = v. Therefore T has a
fixed point v in X. Clearly, f(v) <∞. Since

p(v, v) ≤ ϕ(f(v))(f(v)− f(v)) = 0,

we obtain p(v, v) = 0. The proof is completed. �
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Using the same argument as in the proof of [19,Theorem 6.5] (or [5, Theo-
rem D1]), one can establish the following equivalence for essential distances.

Theorem 2.2. Let (X, d) be a complete metric space, f : X → (−∞,∞]
a proper lsca and bounded below function, ϕ : (−∞,∞] → (0,∞) a nonde-
creasing function and p an essential distance on X ×X. Then the following
statements are equivalent:

(i) (Generalized Caristi’s fixed point theorem) Suppose that T : X → X
is a selfmapping satisfying

p(x, Tx) ≤ ϕ(f(x))(f(x)− f(Tx)) for each x ∈ X.

Then there exists v ∈ X such that Tv = v, f(v) <∞ and p(v, v) = 0;

(ii) (Generalized Ekeland’s variational principle) There exists v ∈ X such
that p(v, x) > ϕ(f(v))(f(v)− f(x)) for all x ∈ X with x 6= v;

(iii) (Generalized Caristi’s common fixed point theorem for a family of multi-
valued mappings) Let I be an index set. For each i ∈ I, let Ti : X → 2X

be a multivalued mapping with nonempty values such that for each x ∈ X,
there exists y = y(x, i) ∈ Ti(x) with

p(x, y) ≤ ϕ(f(x))(f(x)− f(y)). (2.9)

Then there exists v ∈ X such that v ∈
⋂

i∈I Ti(v) (that is, v is a common
fixed point for {Ti}i∈I), f(v) <∞ and p(v, v) = 0;

(iv) (Generalized Takahashi’s nonconvex minimization theorem) Suppose that
for any x ∈ X with f(x) > infz∈X f(z) there exists y ∈ X with y 6= x
such that (2.9) holds. Then there exists v ∈ X such that f(v) =
infz∈X f(z);

(v) (Generalized Caristi’s common fixed point theorem for a family of single-
valued mappings) Let I be an index set. For each i ∈ I, suppose that
Ti : X → X is a selfmapping satisfying

p(x, Tix) ≤ ϕ(f(x))(f(x)− f(Tix)) for each x ∈ X.

Then there exists v ∈ X such that Tiv = v for all i ∈ I, f(v) <∞ and
p(v, v) = 0;

(vi) (Nonconvex maximum element theorem for a family of multivalued map-
pings) For each i ∈ I, let Ti : X → 2X be a multivalued mapping.
Suppose that for each (x, i) ∈ X × I with Ti(x) 6= ∅, there exists y =
y(x, i) ∈ X with y 6= x such that (2.9) holds. Then there exists v ∈ X
such that Ti(v) = ∅ for all i ∈ I.
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Remark 2.3. Theorems 2.1 and 2.2 improve and generalize some well-known
results in the literature; see, e.g., [1, 5, 11, 12, 14-21] and references therein.
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