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Abstract

In the present paper, we consider a particular kind of differential
equation with two discrete time delays. When one of the delays is
considered as a bifurcation parameter, the stability of the trivial steady
state and the occurrence of Hopf bifurcation are investigated. The main
tool to obtain our results is the Hopf bifurcation Theorem. Our results
extend and complement some earlier publications.
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1 Introduction

The use of delay differential equations to model several complicated phenomena
is an attempt to improve our understanding and to control these phenomena,
it is becoming clear that the ordinary differential equations cannot explain
the rich variety of dynamics observed in natural systems. The delay differ-
ential equations are becoming more common, appearing in many branches of
economic, biological and physical modeling [8, 10, 16]. Delay differential equa-
tions have also appeared in the study of ecological models [1, 13] . Some of
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these models can be presented by the following differential equation with two
delays [15](see also [18] for more references):

ẋ(t) = f(x(t− τ1), x(t− τ2)), (1.1)

where τ1, τ2 are positive constants, f(0, 0) = 0, and f : R2 → R is continuously
differentiable, where R is the set of real numbers. Let −A1, and −A2 be the
first derivatives of f(u1, u2) with respect to u1 and u2, evaluated at u1 = u2 = 0,
respectively. Then the linearized equation of (1.1) at the trivial solution is

ẋ(t) = −A1x(t− τ1)− A2x(t− τ2). (1.2)

The study of the equation (1.1) has a long history, we cite for example Brad-
dock et al. [5], Gopalsamy [9], Bélair et al. [2], Beuter et al. [3, 4], Hale [11],
Claeyssen [6], Nussbaum [17], and Stech [20]. A big effort has been devoted to
the local stability and to the existence of Hopf bifurcation and periodic solu-
tions for equation (1.1) by analyzing the characteristic equation associated to
the linearized equation (1.2). Particularly, in ([18], 1999) Li et al. established
some sufficient conditions for the existence of a Hopf bifurcation for equation
(1.1), when A1 > 0, and A2 > 0. In ([14], 2007) Piotrowska presented some
remarks on the case studied in [18] and proposed the case when A1 ·A2 < 0 and
in ([12], 2012) Hbid et al. apply the theory of h-asymptotic stability related
to the Poincaré procedure to analyze the existence of small periodic solutions
when A1 > 0, and A2 > 0. Note that in [18, 14, 12], the authors studied only
the case where ω0r

0
2 ∈ (0, π

2
]. However, this case does not impose any additional

condition for obtaining the Hopf bifurcation. In this work, without losing any
generality, we establish new results for the existence of a Hopf bifurcation for
equation (1.1) in the two cases: (i) A1 > 0, A2 > 0, (ii) A1 · A2 < 0.

2 local stability and Hopf bifurcation analysis

The characteristic equation associated to system (1.2) is

Z = −A1exp(−Zτ1)− A2 exp(−Zτ2).

2.1 The case: A1 > 0, and A2 > 0

Let λ = Z
A1

; A = A2

A1
, r1 = A1τ1 and r2 = A1τ2. We obtain the normalized

characteristic equation

λ = − exp(−λr1)− A exp(−λr2). (2.1)

Firstly, we begin our analysis with the case A > 1 and r2 is a bifurcation
parameter.
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From literature [9] it is known that if A > 1, then for r2 = 0 and any r1 ≥ 0
all roots of equation (2.1) have strictly negative real parts. If this conclusion
fails (by using Rouché’s theorem [7]), then there must be some r02 such that
equation (2.1) has purely imaginary roots ±iω (ω > 0) satisfying:{

cosωr1 = −A cosωr2,
ω − sinωr1 = A sinωr2.

(2.2)

Adding up the squares of both equations, we have

ω2 − 2ω sinωr1 + 1 = A2,

that is,
g1(ω) = sinωr1, (2.3)

where

g1(ω) =
ω2 + 1− A2

2ω
. (2.4)

For A > 1, the function g1 defined by (2.4) has the following properties:

1. g1 is strictly monotonically increasing with

lim
ω→0

g1(ω) = −∞ and lim
ω→+∞

g1(ω) = +∞;

2. g1(A+ 1) = 1, g1(A− 1) = −1 and g1(
√
A2 − 1) = 0.

Clearly, for every r1 > 0 the function g1(ω) intersects sin(ωr1) only in the
rectangle bounded by y = ±1 and ω = A ± 1; that means, if equation (2.1)
has purely imaginary roots ±iω, then ω ∈ [A − 1, A + 1]. Let ω1, ω2, ..., ωm
(m ≥ 1) the solutions of equation (2.3). It follows from A > 1 that, for all
j ∈ {1, 2, ...,m}, we have

rj2 =
1

ωj
arccos(

− cos(ωjr1)

A
),

where ωjr
j
2 is the solution of the equation cos(ωjr1) = −A cos(ωjr2) in (0, π].

Let
r02 = min{rj2, j = 1, 2, ...,m},

and ω0 = ωj such that

r02 =
1

ω0

arccos(
− cos(ω0r1)

A
). (2.5)

We set

Ω1 = (0,
π

2
), Ω2 = [

π

2
,
3π

2
], and Ω3 = (

3π

2
, 2π].

Collecting together all this information about characteristic roots of equation
(2.1) we are able to formulate the following results.
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Theorem 2.1 Suppose A > 1. Then there exists a r02 such that

1. If r2 ∈ [0, r02), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r1 ≥ 0;

2. If ω0r1 ∈ Ω2 and r2 = r02, then equation (1.1) exhibits the Hopf bifurca-
tion;

3. If ω0r1 ∈ Ω1 ∪ Ω3, r2 = r02, and tan(ω0r
0
2) < −ω0r1, then equation (1.1)

exhibits the Hopf bifurcation.

where

r02 =
1

ω0

arccos(
− cos(ω0r1)

A
), (2.6)

and ω0 is defined in (2.5).

proof 2.2 1. By the definition of r02, if r1 ≥ 0 and r2 ∈ [0, r02), then equa-
tion (2.1) has no purely imaginary roots. Rouché’s Theorem implies that
for r1 ≥ 0 and r2 ∈ [0, r02) all roots of equation (2.1) have negative real
parts.

2. When r2 = r02, ±iω0 is a pair of purely imaginary roots of equation (2.1).
Next, we show that ±iω0 are simple roots of equation (2.1).
Set

h(λ) = λ+ exp(−λr1) + A exp(−λr02).

We have
dh(λ)

dλ
= 1− r1 exp(−λr1)− Ar02 exp(−λr02),

and

dh(iω0)

dλ
= 1− r1(cos(ω0r1)− i sin(ω0r1))−Ar02(cos(ω0r

0
2)− i sin(ω0r

0
2)).

It follows from (2.2) that{
d
dλ
<(h(iω0)) = 1− (r1 − r02) cos(ω0r1),

d
dλ
=(h(iω0)) = ω0r

0
2 + (r1 − r02) sin(ω0r1).

Thus, if ω0r1 ∈ Ω2, then it follows from (2.6) that ω0r
0
2 ∈ (0, π

2
], and

hence r02 < r1. Thus d
dλ
<(h(iω0)) > 0.

Finally, we verify the transversally condition. Let λ(r2) = α(r2) + iω(r2)
be the root of equation (2.1) satisfying α(r02) = 0 and ω(r02) = ω0.
Differentiating with respect to r2 on both sides of equation (2.1) gives

dλ(r2)

dr2
=

Aλ exp(−λr02)
1− r1 exp(−λr1)− Ar02 exp(−λr02)

.
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It follows from (2.2) that

α′(r2)|r2=r02 =
ω0A(sin(ω0r

0
2) + ω0r1 cos(ω0r

0
2))

(1− (r1 − r02) cos(ω0r1))2 + (ω0r02 + (r1 − r02) sin(ω0r1))2
.

If ω0r1 ∈ Ω2, then it follows from (2.6) that ω0r
0
2 ∈ (0, π

2
], and hence

α′(r2)|r2=r02 > 0.
Then, the transversally condition is verified, which complete the proof of
(2) of Theorem 2.1.

3. If ω0r1 ∈ Ω1∪Ω3, then it follows from (2.6) that ω0r
0
2 ∈ (π

2
, π), and hence{

d
dλ
<(h(iω0)) = 0,

d
dλ
=(h(iω0)) = 0,

is equivalent to {
cos(ω0r

0
2) = −1

A(r1−r02)
,

sin(ω0r
0
2) = r1ω0

A(r1−r02)
,

which implies that
tan(ω0r

0
2) = −r1ω0.

Thus, if tan(ω0r
0
2) < −ω0r1, then d

dλ
h(iω0)) 6= 0. Furthermore, we have

α′(r2)|r2=r02 > 0, which complete the proof of (3) of Theorem 2.1.

Remark 2.3 if A ∈ (0, 1) and r2 is a bifurcation parameter, then we have two
cases:

• If −A ≤ cos(ω0r1) ≤ A, then the Theorem 2.1 remains valid;

• otherwise the trivial equilibrium of equation (1.1) is locally asymptotically
stable for any r2 ≥ 0.

Secondly, if A ∈ (0, 1) and r1 is a bifurcation parameter, then we obtain the
following results.

Theorem 2.4 Suppose A ∈ (0, 1). Then there exists a r01 such that

1. If r1 ∈ [0, r01), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r2 ≥ 0;

2. If ω0r2 ∈ Ω2 and r1 = r01, then equation (1.1) exhibits the Hopf bifurca-
tion;

3. If ω0r2 ∈ Ω1 ∪ Ω3, r1 = r01, and tan(ω0r
0
1) < −ω0r2, then equation (1.1)

exhibits the Hopf bifurcation;
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where

r01 =
1

ω0

arccos(−A cos(ω0r2)),

and ω0 is defined as in (2.5).

proof 2.5 Since, as observed by Braddock and Van den Driessche [5], both
delay terms are equally important, we scale the variable so that A2 will be
equal to 1. Let λ = Z

A2
; B = A1

A2
, r1 = A2τ1 and r2 = A2τ2. We obtain the

normalized characteristic equation

λ = −B exp(−λr1)− exp(−λr2),

with B = 1
A
> 1. Thus the proof is similar to the proof of Theorem 2.1

Remark 2.6 if A > 1 and r1 is a bifurcation parameter, then we have two
cases:

• If −1
A
≤ cos(ω0r2) ≤ 1

A
, then the Theorem 2.4 remains valid;

• otherwise the trivial equilibrium of equation (1.1) is locally asymptotically
stable for any r1 ≥ 0.

2.2 The case: A1 < 0, and A2 < 0

Let λ = Z
A1

; A = A2

A1
, r1 = A1τ1 and r2 = A1τ2. We obtain the normalized

characteristic equation

λ = − exp(−λr1)− A exp(−λr2). (2.7)

Firstly, we begin our analysis with the case A > 1 and r2 is a bifurcation
parameter.
From literature [9] it is known that if A > 1, then for r2 = 0 and any r1 < 0
all roots of equation (2.7) have strictly negative real parts. If this conclusion
fails (by using Rouché’s theorem [7]), then there must be some r02 such that
equation (2.7) has purely imaginary roots ±iω (ω < 0) satisfying:{

cosωr1 = −A cosωr2,
ω − sinωr1 = A sinωr2.

(2.8)

Adding up the squares of both equations, we have

ω2 − 2ω sinωr1 + 1 = A2,

that is,
g1(ω) = sinωr1, (2.9)

where

g1(ω) =
ω2 + 1− A2

2ω
. (2.10)

For A > 1, the function g1 defined by (2.10) has the following properties:
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1. g1 is strictly monotonically increasing with

lim
ω→0

g1(ω) = +∞ and lim
ω→−∞

g1(ω) = −∞;

2. g1(−A− 1) = −1, g1(−A+ 1) = 1 and g1(−
√
A2 − 1) = 0.

Clearly, for every r1 > 0 the function g1(ω) intersects sin(ωr1) only in the
rectangle bounded by y = ±1 and ω = −A± 1; that means, if equation (2.7)
has purely imaginary roots ±iω, then ω ∈ [−A− 1,−A+ 1]. Let ω1, ω2, ..., ωm
(m ≥ 1) the solutions of equation (2.9). It follows from A > 1 that, for all
j ∈ {1, 2, ...,m}, we have

rj2 =
1

ωj
arccos(

− cos(ωjr1)

A
),

where ωjr
j
2 is the solution of the equation cos(ωjr1) = −A cos(ωjr2) in (0, π].

Let
r02 = min{rj2, j = 1, 2, ...,m},

and ω0 = ωj such that

r02 =
1

ω0

arccos(
− cos(ω0r1)

A
). (2.11)

We set

Ω1 = (0,
π

2
), Ω2 = [

π

2
,
3π

2
], and Ω3 = (

3π

2
, 2π].

Collecting together all this information about characteristic roots of equation
(2.7) we are able to formulate the following results.

Theorem 2.7 Suppose A > 1. Then there exists a r02 such that

1. If r2 ∈ (r02, 0], then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r1 ≤ 0;

2. If ω0r1 ∈ Ω2 and r2 = r02, then equation (1.1) exhibits the Hopf bifurca-
tion;

3. If ω0r1 ∈ Ω1 ∪ Ω3, r2 = r02, and tan(ω0r
0
2) < −ω0r1, then equation (1.1)

exhibits the Hopf bifurcation.

where

r02 =
1

ω0

arccos(
− cos(ω0r1)

A
), (2.12)

and ω0 is defined in (2.11).
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proof 2.8 1. By the definition of r02, if r1 ≤ 0 and r2 ∈ (r02, 0], then equa-
tion (2.7) has no purely imaginary roots. Rouché’s Theorem implies that
for r1 ≤ 0 and r2 ∈ (r02, 0] all roots of equation (2.7) have negative real
parts.

2. When r2 = r02, ±iω0 is a pair of purely imaginary roots of equation (2.1).
Next, we show that ±iω0 are simple roots of equation (2.7).
Set

h(λ) = λ+ exp(−λr1) + A exp(−λr02).

We have
dh(λ)

dλ
= 1− r1 exp(−λr1)− Ar02 exp(−λr02),

and

dh(iω0)

dλ
= 1− r1(cos(ω0r1)− i sin(ω0r1))−Ar02(cos(ω0r

0
2)− i sin(ω0r

0
2)).

It follows from (2.8) that{
d
dλ
<(h(iω0)) = 1− (r1 − r02) cos(ω0r1),

d
dλ
=(h(iω0)) = ω0r

0
2 + (r1 − r02) sin(ω0r1).

Thus, if ω0r1 ∈ Ω2, then it follows from (2.12) that ω0r
0
2 ∈ (0, π

2
], and

hence r02 < r1. Thus d
dλ
<(h(iω0)) > 0.

Finally, we verify the transversally condition. Let λ(r2) = α(r2) + iω(r2)
be the root of equation (2.7) satisfying α(r02) = 0 and ω(r02) = ω0.
Differentiating with respect to r2 on both sides of equation (2.7) gives

dλ(r2)

dr2
=

Aλ exp(−λr02)
1− r1 exp(−λr1)− Ar02 exp(−λr02)

.

It follows from (2.8) that

α′(r2)|r2=r02 =
ω0A(sin(ω0r

0
2) + ω0r1 cos(ω0r

0
2))

(1− (r1 − r02) cos(ω0r1))2 + (ω0r02 + (r1 − r02) sin(ω0r1))2
.

If ω0r1 ∈ Ω2, then it follows from (2.12) that ω0r
0
2 ∈ (0, π

2
], and hence

α′(r2)|r2=r02 > 0.
Then, the transversally condition is verified, which complete the proof of
(2) of Theorem 2.1.

3. If ω0r1 ∈ Ω1∪Ω3, then it follows from (2.6) that ω0r
0
2 ∈ (π

2
, π), and hence{

d
dλ
<(h(iω0)) = 0,

d
dλ
=(h(iω0)) = 0,
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is equivalent to {
cos(ω0r

0
2) = −1

A(r1−r02)
,

sin(ω0r
0
2) = r1ω0

A(r1−r02)
,

which implies that
tan(ω0r

0
2) = −r1ω0.

Thus, if tan(ω0r
0
2) < −ω0r1, then d

dλ
h(iω0)) 6= 0. Furthermore, we have

α′(r2)|r2=r02 > 0, which complete the proof of (3) of Theorem 2.1.

Remark 2.9 if A ∈ (0, 1) and r2 is a bifurcation parameter, then we have two
cases:

• If −A ≤ cos(ω0r1) ≤ A, then the Theorem 2.7 remains valid;

• otherwise the trivial equilibrium of equation (1.1) is locally asymptotically
stable for any r2 ≥ 0.

Secondly, if A ∈ (0, 1) and r1 is a bifurcation parameter, then we obtain the
following results.

Theorem 2.10 Suppose A ∈ (0, 1). Then there exists a r01 such that

1. If r1 ∈ [0, r01), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r2 ≥ 0;

2. If ω0r2 ∈ Ω2 and r1 = r01, then equation (1.1) exhibits the Hopf bifurca-
tion;

3. If ω0r2 ∈ Ω1 ∪ Ω3, r1 = r01, and tan(ω0r
0
1) < −ω0r2, then equation (1.1)

exhibits the Hopf bifurcation;

where

r01 =
1

ω0

arccos(−A cos(ω0r2)),

and ω0 is defined as in (2.11).

proof 2.11 Since, as observed by Braddock and Van den Driessche [5], both
delay terms are equally important, we scale the variable so that A2 will be equal
to 1. Let λ = Z

A2
; B = A1

A2
, r1 = A2τ1 and r2 = A2τ2. We obtain the normalized

characteristic equation

λ = −B exp(−λr1)− exp(−λr2),

with B = 1
A
> 1. Thus the proof is similar to the proof of Theorem 2.7



74 M. El Azzouzi and A. Kaddar

Remark 2.12 if A > 1 and r1 is a bifurcation parameter, then we have two
cases:

• If −1
A
≤ cos(ω0r2) ≤ 1

A
, then the Theorem 2.10 remains valid;

• otherwise the trivial equilibrium of equation (1.1) is locally asymptotically
stable for any r1 ≥ 0.

2.3 The case: A1 < 0, and A2 > 0

Let λ = Z
−A1

; A = A2

−A1
, r1 = −A1τ1 and r2 = −A1τ2. We obtain the normalized

characteristic equation

λ = exp(−λr1)− A exp(−λr2). (2.13)

Firstly, we begin our analysis with the case A > 1 and r2 is a bifurcation
parameter.
If A > 1, then for r2 = 0 and any r1 ≥ 0 all roots of equation (2.13) have
strictly negative real parts. If this conclusion fails (by using Rouché’s theorem
[7]), then there must be some r02 such that equation (2.13) has purely imaginary
roots ±iω (ω > 0) satisfying:{

cosωr1 = A cosωr2,
ω + sinωr1 = A sinωr2.

(2.14)

Adding up the squares of both equations, we have

ω2 + 2ω sinωr1 + 1 = A2,

that is,

g2(ω) = sinωr1, (2.15)

where

g2(ω) =
−ω2 + A2 − 1

2ω
. (2.16)

For A > 1, the function g2 defined by (2.16) has the following properties:

1. g2 is strictly monotonically decreasing with

lim
ω→0

g2(ω) = +∞ and lim
ω→+∞

g2(ω) = −∞;

2. g2(A+ 1) = −1, g2(A− 1) = 1 and g2(
√
A2 − 1) = 0.
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It is easy to see that if A1 < 0, and A2 > 0 and A > 1, then for every r1 > 0
the function g2(ω) intersects sin(ωr1) at least once in the rectangle bounded
by y = ±1 and ω = A±1; that means, if equation (2.13) has purely imaginary
roots ±iω, when ω ∈ [A − 1, A + 1]. Let ω1, ω2, ..., ωm (m ≥ 1) the solutions
of equation (2.15). It follows from A > 1 that, For all j ∈ {1, 2, ...,m}, the
equation cos(ωjr1) = A cos(ωjr2) has a solution. For all j ∈ {1, 2, ...,m} we

define rj2 = 1
ωj

arccos(
cos(ωjr1)

A
), r02 = min{rj2, j = 1, 2, ...,m} and we denote

ω0 = ωj such that

r02 =
1

ω0

arccos(
cos(ω0r1)

A
). (2.17)

We set

Ω
′

1 = (0,
π

2
], Ω

′

2 = (
π

2
,
3π

2
), and Ω

′

3 = [
3π

2
, 2π].

Collecting together all this information about characteristic roots of equation
(2.13) we are able to formulate the following results.

Theorem 2.13 Suppose A > 1. Then there exists a r02 such that

1. If r2 ∈ [0, r02), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r1 ≥ 0;

2. If ω0r1 ∈ Ω
′
1 ∪ Ω

′
3 and r2 = r02, then equation (1.1) exhibits the Hopf

bifurcation;

3. If ω0r1 ∈ Ω
′
2, r2 = r02, and tan(ω0r

0
2) < −ω0r1, then equation (1.1)

exhibits the Hopf bifurcation;

where

r02 =
1

ω0

arccos(
cos(ω0r1)

A
),

and ω0 is defined in (2.17).

proof 2.14 1. Similar at the proof of (1) in Theorem 2.7.

2. When r2 = r02, ±iω0 is a pair of purely imaginary roots of equation (2.18).
Next, we show that ±iω0 are simple roots of equation (2.13).
Set

h(λ) = λ− exp(−λr1) + A exp(−λr02).
We have

dh(λ)

dλ
= 1 + r1 exp(−λr1)− Ar02 exp(−λr02),

and

dh(iω0)

dλ
= 1 + r1(cos(ω0r1)− i sin(ω0r1))−Ar02(cos(ω0r

0
2)− i sin(ω0r

0
2)).
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It follows from (2.14) that{
d
dλ
<(h(iω0)) = 1 + (r1 − r02) cos(ω0r1),

d
dλ
=(h(iω0)) = ω0r

0
2 − (r1 − r02) sin(ω0r1).

If ω0r1 ∈ Ω
′
1, then we have{

d
dλ
<(h(iω0)) > 0, if (r1 − r02) ≥ 0,

d
dλ
=(h(iω0)) > 0, if (r1 − r02) < 0.

If ω0r1 ∈ Ω
′
3, then we have (r1 − r02) > 0, and hence d

dλ
<(h(iω0)) > 0.

Finally, we verify the transversally condition. Let λ(r2) = µ(r2) + iω(r2)
be the root of equation (2.18) satisfying µ(r02) = 0 and ω(r02) = ω0.
Differentiating with respect to r2 on both sides of equation (2.13) gives

dλ(r2)

dr2
=

Aλ exp(−λr02)
1 + r1 exp(−λr1)− Ar02 exp(−λr02)

.

It follows from (2.14) that

µ′(r2)|r2=r02 =
ω0A(sin(ω0r

0
2) + ω0r1 cos(ω0r

0
2))

(1 + (r1 − r02) cos(ω0r1))2 + (ω0r02 − (r1 − r02) sin(ω0r1))2
.

If ω0r1 ∈ Ω
′
1 ∪ Ω

′
3, then ω0r

0
2 ∈ (0, π

2
), and hence µ′(r2)|r2=r02 > 0. Then,

the transversally condition is verified, which complete the proof of (2) of
Theorem 2.13.

3. Equation (2.14) implies that for ω0r1 ∈ Ω
′
2, ω0r

0
2 ∈ (π

2
, π). Hence, to

finish the proof we follow the proof of point (3) in Theorem 2.1.

Finally, if A ∈ (0, 1) and r1 is a bifurcation parameter, then we obtain the
following result.

Theorem 2.15 Suppose A ∈ (0, 1). Then there exists a r01 such that

1. If r1 ∈ [0, r01), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r2 ≥ 0;

2. If ω0r2 ∈ Ω
′
2 ∪ Ω

′
3 and r1 = r01, then equation (1.1) exhibits the Hopf

bifurcation;

3. If ω0r2 ∈ Ω
′
2, r1 = r01, and tan(ω0r

0
1) < −ω0r2, then equation (1.1)

exhibits the Hopf bifurcation;

where

r01 =
1

ω0

arccos(A cos(ω0r2)),

and ω0 is defined as in (2.17).

proof 2.16 The proof is similar to the proof of Theorem 2.4
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2.4 The case: A1 > 0, and A2 < 0

Since both delay terms are equally important, we scale the variable so that A2

will be equal to 1. Let λ = Z
−A2

; A = A1

−A2
, r1 = −A2τ1 and r2 = −A2τ2. We

obtain the normalized characteristic equation

λ = −A exp(−λr1) + exp(−λr2). (2.18)

If A > 1 and r1 is a bifurcation parameter, then we obtain the following result.

Theorem 2.17 Suppose A > 1. Then there exists a r01 such that

1. If r1 ∈ [0, r01), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r2 ≥ 0;

2. If ω0r2 ∈ Ω
′
1 ∪ Ω

′
3 and r1 = r01, then equation (1.1) exhibits the Hopf

bifurcation;

3. If ω0r2 ∈ Ω
′
2, r1 = r01, and tan(ω0r

0
1) < −ω0r2, then equation (1.1)

exhibits the Hopf bifurcation;

where

r01 =
1

ω0

arccos(
cos(ω0r2)

A
).

and ω0 is defined as in (2.17).

proof 2.18 The proof is similar to the proof of Theorem 2.13

If A ∈ (0, 1) and r2 is a bifurcation parameter, then we obtain the following
result.

Theorem 2.19 Suppose A ∈ (0, 1). Then there exists a r02 such that

1. If r2 ∈ [0, r02), then the trivial equilibrium of equation (1.1) is locally
asymptotically stable for any r1 ≥ 0;

2. If ω0r1 ∈ Ω
′
2 ∪ Ω

′
3 and r2 = r02, then equation (1.1) exhibits the Hopf

bifurcation;

3. If ω0r1 ∈ Ω
′
2, r2 = r02, and tan(ω0r

0
2) < −ω0r1, then equation (1.1)

exhibits the Hopf bifurcation;

where

r02 =
1

ω0

arccos(A cos(ω0r1)).

and ω0 is defined as in (2.17).

proof 2.20 The proof is similar to the proof of Theorem 2.4
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3 Discussion

In this paper, we have considered a class of differential equation with two
discrete time delays (1.1). without losing any generality, we investigated the
local stability of the zero equilibrium and the local Hopf bifurcation of equa-
tion (1.1) in the two cases:
(i) A1 > 0, A2 > 0, and
(ii) A1 · A2 < 0.
We showed that, by choosing one delay (for example τ1) as a bifurcation param-
eter and under certain conditions on the second delay τ2, the zero equilibrium
is asymptotically stable when τ1 ∈ [0, τ 01 ). As the delay τ1, increases, the zero
equilibrium loses its stability and a Hopf bifurcations occur at the zero equi-
librium, i.e., a family of periodic orbits bifurcates from the zero equilibrium.
The local stability and the local Hopf bifurcation of equation (1.1) have been
investigated extensively and many interesting results have been obtained (e.g.
[18, 14]). Our paper extend and complement these publications.
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