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Abstract

In this work we are interested in the generalization of the result

which is in the article [19]. To realize this, we neglect the condition

φ(t + s) ≤ φ(t) + φ(s) ∀s, t ∈ R+ and we obtain a common fixed point

of two multi-valued maps.
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1 Introduction

Let (X, d) be a metric space, we denote by 2X the collection of subsets of X
and by CB(X) the set of nonempty closed bounded subsets of X provided
with the Hausdorff metric dH defined by

dH(A,B) = max

(
sup
x∈A

d(x,B), sup
y∈B

d(y, A)

)
,

where A,B ∈ CB(X) and d(x,A) = inf
y∈A

d(x, y). We define also δ(A,B) by

δ(A,B) = sup{d(a, b), a ∈ A b ∈ B},

it follows immediately from the definition of δ that

δ(A,B) = 0 ⇐⇒ A = B = {.} and δ({.}, B) = dH({.}, B).



2 Brahim Marzouki and Abdelhak El Haddouchi

Theorem 1.1 ( [19] ) Let (X, d) be a complete metric space, φ : R+ −→
R+ continuous and strictly increasing map such that φ(0) = 0. We suppose
also that φ(t+s) ≤ φ(t)+φ(s) ∀s, t ∈ R+. Let T : X −→ 2X \∅ a multi-valued
map with compact values satisfying the following condition

(H1) φ(dH(Tx, Ty)) ≤ q(α, β)φ(d(x, y))

where x, y ∈ X, α ≤ d(x, y) ≤ β with 0 < α ≤ β < +∞ and q(α, β) < 1. Then
T has a fixed point.

2 Main results

Theorem 2.1 Let (X, d) be a complete metric space, φ : R+ −→ R+ con-
tinuous strictly increasing and F,G : X −→ 2X \∅ two multi-valued maps with
compact values satisfying the following condition

(H2) φ(dH(Fx,Gy)) ≤ q(α, β)φ(d(x, y))

for every x, y ∈ X such that α ≤ d(x, y) ≤ β with 0 < α ≤ β < +∞ and
q(α, β) < 1. Then F and G have a common fixed point.

Remark 2.2 The condition (H2) is in particular satisfied if

φ(dH(Fx,Gy)) ≤ φ(d(x, y))−r(φ(d(x, y))), where r : R+
∗ −→ R+

∗ continuous.

It sufficies to take q(α, β) = sup
t∈[α,β]

(
1− r(φ(t))

φ(t)

)
Proof. Put q0(α, β) = sup

α≤t≤β

φ−1(q(α,β)φ(t))
t

, then it is clear that q0(α, β) =

max
α≤t≤β

φ−1(q(α,β)φ(t))
t

< max
α≤t≤β

φ−1(φ(t))
t

= 1.

So (H2) becomes

(H3) dH(Fx,Gy) ≤ q0(α, β)d(x, y).

Let x0, x1 ∈ X, then ∃ x2 ∈ Fx0 and x3 ∈ Gx1 / d(x2, x3) = dH(Fx0, Gx1),
therefore

d(x2, x3) = dH(Fx0, Gx1) ≤ q0(α, β)d(x0, x1).

Likewise

∃x5 ∈ Gx3, x4 ∈ Fx2 : d(x4, x5) = dH(Fx,Gx3) ≤ q0(α, β)d(x2, x3) < d(x2, x3).

By induction, there exists a sequence (xn)n such that

x2n+1 ∈ Gx2n−1, x2n ∈ Fx2n−2
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and

d(x2n, x2n+1) = dH(Fx2n−2, Gx2n−1)

≤ q0(α, β)d(x2n−2, x2n−1)

< d(x2n−1, x2n−2).

Hence the sequence τn = d(x2n, x2n+1) is decreasing.
Let τ = lim

n→+∞
τn . We have to show that τ = 0. Suppose that τ > 0, then for

ε = 1, there exists n0 such that n ≥ n0 =⇒ τn ≤ τ + 1, on the other hand
τ ≤ τn, so form some rank, the consecutive terms of the sequence xn are in
the crow with radius τ and τ + 1, so from the condition (H3), we have

τn+m ≤ [q0(τ, τ + 1)]m (τ + 1) ∀m = 1, 2, ...,

letting m→ +∞ we obtain τ ≤ 0, this is a contradiction.

Hence lim
n→+∞

d(xn+1, xn) = 0. Now we have to show that (xn)n≥n0 i s a Cauchy

sequence. Let ε > 0, then for large n we have

d(xn+1, xn) ≤ ε

2

[
1− q(ε

2
, ε)
]
, where q(

ε

2
, ε) will be specified later.

We show that

d(xn+1, xn) ≤ ε =⇒ d(xn+2, xn) ≤ ε

and by the same way we show also that d(xn+3, xn) ≤ ε. And so on, we show
that d(xn+m, xn) ≤ ε ∀m = 1, 2, 3, ....
Assume that d(xn+1, xn) ≤ ε. Then
i) If d(xn+1, xn) ≤ ε

2
, then

d(xn+2, xn) ≤ d(xn+2, xn+1) + d(xn+1, xn) ≤ 2d(xn+1, xn) ≤ 2
ε

2
= ε,

so d(xn+2, xn) ≤ ε.
ii) If ε

2
≤ d(xn+1, xn) ≤ ε, then from the condition (H3), we deduce that

d(xn+2, xn) ≤ d(xn+2, xn+1) + d(xn+1, xn)

= dH(Fxn+1, Gxn) + d(xn+1, xn)

≤ q(
ε

2
, ε)ε+

ε

2

[
1− q(ε

2
, ε)
]
≤ ε.

Hence ∃x ∈ X such that lim
n→+∞

xn = x. But

d(x, Fx) ≤ d(x, x2n+1) + d(x2n+1, Fx)

≤ d(x, x2n+1) + dH(Gx2n−1, Fx)

≤ d(x, x2n+1) + d(x2n, x) −→ 0.

Since Fx is compact, it follows that x ∈ Fx. Likewise x ∈ Gx.
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Proposition 2.3 Under the assumptions of theorem 2.1, the common fixed
point set A = {x ∈ X|x ∈ Fx ∩Gx} of F and G is closed.

Proof. Let (xn) ⊂ A such that xn −→ x, then ∀ε > 0, ∃N ∈ N, ∀n ≥ N,
d(xn, x) ≤ ε. If ∃m ∈ N such that xm = x then x ∈ A. Otherwise, ∃αn > 0
such that αn ≤ d(xn, x) ≤ ε < +∞, so from the condition (H3) we have

dH(Fx,Gxn) ≤ q0(αn, ε)d(x, xn),

so

d(x, Fx) ≤ d(x, xn) + d(xn, Fx)

≤ d(x, xn) + dH(Gxn, Fx)

≤ d(x, xn) + q0(αn, ε)d(xn, x)

< 2d(x, xn),

and as lim
n→+∞

d(x, xn) = 0, we have x ∈ Fx. Likewise x ∈ Gx, so x ∈ A.

Corollary 2.4 Let (X, d) be a complete metric space, φ : R+ −→ R+ con-
tinues strictly increasing and F,G : X −→ 2X \ ∅ two multi-valued maps with
compact values satisfying the following condition

(H4) φ(δ(Fx,Gy)) ≤ q(α, β)φ(d(x, y))

for every x, y inX such that α ≤ d(x, y) ≤ β with 0 < α ≤ β < +∞ and
q(α, β) < 1. Then F and G have a unique common fixed point.
Furthermore, if φ(t+ s) ≤ φ(t) + φ(s) ∀s, t ∈ R+ and q(α, β) < 1

2
, then F and

G have an absolutely common fixed point, that is Fx = Gx = {x}

Proof.
Existence We have (H4) =⇒ (H2) because dH(Fx,Gy) ≤ δ(Fx,Gy), then

φ(dH(Fx,Gy)) ≤ φ(δ(Fx,Gy)) ≤ q(α, β)φ(d(x, y)).

Unicity Suppose that there are two fixed points x1 and x2 of F and G such
that x1 6= x2, then 0 < d(x1, x2) < +∞, so

φ(d(x1, x2)) ≤ φ(δ(Fx1, Gx2)) ≤ q(α, β)φ(d(x1, x2)) < φ(d(x1, x2))

which ia a contradiction.
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Now let x ∈ X be a unique common fixed point of F and G and let y ∈ Fx,
we have to show that y = x, that is d(x, y) = 0. Assume that d(x, y) > 0, then
φ(d(x, y)) > 0, on the other hand we have :

φ(d(x, y)) ≤ φ(δ(x, Fx))

≤ φ[δ(x,Gy) + δ(Gy, Fx)]

≤ φ[δ(Fx,Gy) + δ(Gy, Fx)]

≤ 2φ(δ(Fx,Gy))

≤ 2q(α, β)φ(d(x, y))

< φ(d(x, y))

which is a contradiction, so Fx = {x}. Repeating the same argument, we
deduce that Gx = {x} so Fx = Gx = {x}.
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