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Abstract

In this paper, stochastic functional differential equations with im-
pulses are considered. By employing Gronwall-Bellman inequality, the
stochastic analytic technique and the properties of operator semigroup,
the sufficient conditions ensuring the exponential stability in mean square
for mild solution of such system are obtained. Our results can generalize
and improve the existing works.

Mathematics Subject Classification: 34K45, 60H15, 93E15

Keywords: Mean square exponential stability, Stochastic, Impulse

1 Introduction

Stochastic partial differential equations have attracted the attention of many
authors and many valuable results on the stability of the solution have been
established, see [4,5,6,9,11,13] and references therein. For example, Taniguchi
[13] has considered the exponential stability for stochastic partial differential
equations by the energy inequality; Caraballo and Liu [9] have investigated the
exponential stability for mild solution to stochastic partial differential equa-
tions with delays by utilizing the Gronwall inequality; Liu and Shi [6] have
considered the exponential stability for stochastic partial functional differen-
tial equations by means of the Razuminkhin-type theorem; Taniguchi [11] has
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proved the almost sure exponential stability of mild solution for stochastic par-
tial functional differential equation by using the analytic technique; Luo [4-5]
has discussed asymptotic stability of stochastic partial differential equations
with infinite delays and exponential stability for mild solutions of stochastic
partial differential equation with delays by fixed point theorem, respectively.

On the other hand, impulsive effects likewise exist in a wide variety of evo-
lutionary processes, for example, medicine and biology, economics, mechanics,
electronics and telecommunications, etc., in which many sudden and abrupt
changes occur instantaneously, in the form of impulses. Many interesting re-
sults on impulsive effects have been obtained, see [1,3] and references therein.
When we consider the exponential stability for mild solutions of stochastic par-
tial functional differential equations with impulses, the main difficulty mainly
comes from impulsive effects on the system since the corresponding theory for
such problem has not yet been fully developed. Many excellent tools to de-
rive the exponential stability for mild solution of stochastic partial functional
differential equations may be difficult and even ineffective for the exponential
stability of such system with impulses. Therefore, there is few results on the
stability for stochastic partial functional differential equations with impulses,
see [7-8] and references therein.

Motivated by the above discussion, in this paper, by using Gronwall-Bellman
inequality, the stochastic analytic techniques and the properties of operator
semigroup, we obtain some new sufficient conditions to ensure the exponential
stability in mean square for mild solution of stochastic partial functional dif-
ferential equations with impulses. Our results can generalize and improve the
existing works.

The rest of this paper is organized as follows. In section 2, we present some
basic notations and definitions. In section 3, sufficient conditions are derived
to ensure the exponential stability in mean square for mild solution.

2 Preliminary Notes

Let H,K be two real separable Hilbert spaces and L(K,H) be the space of
bounded linear operators mapping K into H . For convenience, we shall use
the same notations ‖ · ‖to denote the norms in H,K and L(K,H) without
any confusion. Let (Ω,F, {F}t≥0,P) be a complete probability space with a
filtration {F}t≥0 satisfying the usual conditions (i.e., it is right continuous and
F0 contains all P-null sets). Let {ω(t) : t ≥ 0} denote a K-valued {F}t≥0-
Wiener process defined on (Ω,F, {F}t≥0,P) with covariance operator Q, i.e.,

E < ω(t), x >K< ω(s), y >K= (t ∧ s) < Qx, y >K , x, y ∈ K,

where Q is a positive self-adjoint, trace class operator on K, < ·, · >K denotes
the inner product ofK, E denotes the mathematical expectation. In particular,
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we call such ω(t) : t ≥ 0, a K-valued Q-Wiener process with respect to {F}t≥0.
In order to define stochastic integrals with respect to the Q-Wiener process

ω(t), we introduce the subspace K0 = Q1/2(K) of K which, endowed with the
inner product < u, v >K0=< Q−1/2u,Q−1/2v >K is a Hilbert space. We assume
that there exists a complete orthonormal system {ei}i≥1 in K, a bounded
sequence of nonnegative real numbers λi such that Qei = λiei, i = 1, 2 · · · ,
and a sequence {βi(t)}i≥1 of independent Brownian motions such that

< ω(t), e >=

∞∑
i=1

√
λi < ei, e > βi(t), e ∈ K,

and Bt = Bω
t , where Bω

t is the sigma algebra generated by {ω(s) : 0 ≤ s ≤ t}.
Let L0

2 = L2(K0, H) denote the space of all Hilbert-Schmidt operators from
K0 into H . It turns out to be a separable Hilbert space, equipped with the
norm

‖ψ‖2
L2

0
= tr((ψQ1/2)(ψQ1/2)∗) for anyψ ∈ L0

2.

Clearly, for any bounded operators ψ ∈ L(K,H), this norm reduces to ‖ψ‖2
L0

2
=

tr(ψQψ∗).
Let R and Z be the sets of real and integer numbers, respectively; R

+ =
[0,+∞) and C(X, Y ) denotes the space of continuous mapping from the topo-

logical space X to the topological space Y . Especially, C
�
= C([−τ, 0],R)

denotes the family of all continuous R-valued functions φ defined on [−τ, 0]
with the norm ‖φ‖τ = sup−τ≤θ≤0 ‖φ(θ)‖, where τ is a positive constant.

PC(J,Rn) = {ϕ : J → R
n is continuous for all but at most a finite

number of points t ∈ J and at these points t ∈ J , ϕ(t+) and ϕ(t+) exists,
ϕ(t+) = ϕ(t)}, where J ⊂ R is a bounded interval, ϕ(t+) and ϕ(t+) denote the
right-hand and left-hand limits of the function ϕ(t), respectively. Especially,

let PC
�
= PC([−τ, 0], H).

Let PCb
F0

([−τ, 0], H)(PCb
Ft

([−τ, 0], H)) denotes the family of all bounded
F0(Ft)-measurable, PC([−τ, 0], H)-valued random variables φ, satisfying ‖φ‖2

L2
=

sup−τ≤θ≤0 E‖φ(θ)‖2
H .

In this paper, we consider the following stochastic partial functional differ-
ential equation with impulses:
⎧⎨
⎩

dx(t) = [Ax(t) + f(t, x(t− τ))]dt+ σ(t, x(t− τ))dω(t), t ≥ 0, t �= tk
�x(tk) = x(t+k ) − x(t−k ) = Ik(x(tk)), t = tk, k ∈ Z

x0(s) = φ(s) ∈ PCb
F0

([−τ, 0], H), s ∈ [−τ, 0], a.s.
(1)

where A : D(A) ⊂ H → H is the infinitesimal generator of an analytic semi-
group of linear operator S(t)t≥0 on a Hilbert space H ; f : R

+ × H → H and
σ : R

+ ×H → L0
2 are jointly continuous functions; the fixed moment of time

tk satisfies 0 < t1 < t2 < · · · < tk < · · · , and limk→+∞ = +∞; x(t+k ) and x(t−k )
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represent the right and left limits of x(t) at t = tk, k = 1, 2, · · · , respectively;
�x(tk) = x(t+k ) − x(t−k ) represents the jump in the state x at time tk with Ik
determining the size of the jump.

We also assume 0 ∈ ρ(−A), the resolvent set of −A. Then we know that
there exist constant M ≥ 0, γ > 0 such that

‖S(t)‖ ≤ Me−γt, t ≥ 0. (2)

Definition 2.1 A stochastic process x(t), t ∈ R
+, is called a mild solution

of the system (1), if
(i) x(t) is an Ft(t ≥ 0) adapted process.
(ii) x(t) ∈ H has a càdlàg path on t ∈ R

+ almost surely.
(iii) for arbitrary t ∈ R

+, we have

x(t) = S(t)φ(0) +

∫ t

0

S(t− s)f(s, x(s− τ))ds+

∫ t

0

S(t− s)σ(s, x(s− τ))dω(s)

+
∑

0<tk<t

S(t− tk)Ik(x(tk)) (3)

where x0(·) ∈ PCb
F0

([−τ, 0], H), a.s..

Definition 2.2 The mild solution of system (1) is said to be exponentially
stable in mean square if there exists a pair of positive constants λ > 0 and M ≥
1 such that for any solution x(t) with the initial condition φ ∈ PCb

F0
([−τ, 0], H)

E‖x(t)‖2 ≤M‖φ‖2
L2
e−λt, t ≥ 0.

3 Main Results

For system (1), we impose the following assumptions:
(A1) There exist constants Lf > 0, Lσ > 0 such that for any x, y ∈ H and

t ≥ 0,
‖f(t, x) − f(t, y)‖ ≤ Lf‖x− y‖, f(t, 0) = 0,

‖σ(t, x) − σ(t, y)‖L0
2
≤ Lσ‖x− y‖, σ(t, 0) = 0.

(A2) There exist some positive number qk(k = 1, 2, · · · ) such that

‖Ik(x) − Ik(y)‖ ≤ qk‖x− y‖, Ik(0) = 0, k = 1, 2, · · · ,

for any x, y ∈ H and
∞∑

k=1

qk <∞.

Under the assumptions:(A1)-(A2), the existence and uniqueness of mild
solution to the system (1) is easily shown by using Picard iterative method.
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Theorem 3.1 Suppose the assumptions (A1)-(A2) hold, and we further
assume that the following conditions
(A4) infk=1,2,···(tk − tk−1) = θ > 0,

(A5) (3M2L2
fγ

−1 + 3M2L2
σ)eγτ + 1

θ
ln(1 + 6M2(

∞∑
k=1

qk)
2) < γ,

hold. Then the mild solution of system (1) is exponentially stable in mean
square.

Proof.From (3), for any t ≥ 0, we can get

E‖x(t)‖
= E‖S(t)φ(0) +

∫ t

0

S(t− s)f(s, x(s− τ))ds+

∫ t

0

S(t− s)σ(s, x(s− τ))dω(s)

+
∑

0<tk<t

S(t− tk)Ik(x(tk))‖2

≤ 6E‖S(t)φ(0)‖2 + 6E‖
∑

0<tk<t

S(t− tk)Ik(x(tk))‖2 + 3E‖
∫ t

0

S(t− s)f(s, x(s− τ))ds‖2

+ 3E‖
∫ t

0

S(t− s)σ(s, x(s− τ))dω(s)‖2

=

4∑
i=1

Ji. (4)

It follows from (2) that

J1 = 6E‖S(t)φ(0)‖2 ≤ 6‖S(t)‖2E‖φ(0)‖2 ≤ 6M2e−γt‖φ‖2
L2

(5)

Combining (A2) with Hölder inequality, we can get

J2 = 6E‖
∑

0<tk<t

S(t− tk)Ik(x(tk))‖2

≤ 6M2E(
∑

0<tk<t

e−γ(t−tk)qk‖x(tk)‖)2

≤ 6M2(

∞∑
k=1

qk)(
∑

0<tk<t

e−2γ(t−tk)qkE‖x(tk)‖2)

≤ 6M2(
∞∑

k=1

qk)
2(

∑
0<tk<t

e−γ(t−tk)E‖x(tk)‖2) (6)
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From (A1) and Hölder inequality, we obtain

J3 = 3E‖
∫ t

0

S(t− s)f(s, x(s− τ))ds‖2

≤ 3M2L2
fE(

∫ t

0

e−γ(t−s)‖x(s− τ)‖ds)2

≤ 3M2L2
f (

∫ t

0

e−γ(t−s)ds)(

∫ t

0

e−γ(t−s)E‖x(s− τ)‖2ds)

≤ 3M2L2
fγ

−1[γ−1e−γt(eγτ − 1)‖φ‖2
L2

+ eγτ

∫ t−τ

0

e−γ(t−s)E‖x(s)‖2ds](7)

Using (A1) and Burkholder-type inequality, we obtain

J4 = 3E‖
∫ t

0

S(t− s)σ(s, x(s− τ))dω(s)‖2

≤ 3E

∫ t

0

‖S(t− s)‖2‖σ(s, x(s− τ))‖2
L0

2
ds

≤ 3M2L2
σ

∫ t

0

e−2γ(t−s)E‖x(s− τ)‖2ds

≤ 3M2L2
σ[γ−1e−γt(eγτ − 1)‖φ‖2

L2
+ eγτ

∫ t−τ

0

e−γ(t−s)E‖x(s)‖2ds] (8)

Substituting (4)-(9) into (3), we have

E‖x(t)‖2eγt

≤ 6M2‖φ‖2
L2

+ 6M2(

∞∑
k=1

qk)
2(

∑
0<tk<t

E‖x(tk)‖2eγtk) + 3M2L2
fγ

−2(eγτ − 1)‖φ‖2
L2

+ 3M2L2
fγ

−1eγτ

∫ t

0

E‖x(s)‖2eγsds+ 3M2L2
σγ

−1(eγτ − 1)‖φ‖2
L2

+ 3M2L2
σe

γτ

∫ t

0

E‖x(s)‖2eγsds

= C‖φ‖2
L2

+ p

∫ t

0

E‖x(s)‖2eγsds+ β
∑

0<tk<t

E‖x(tk)‖2eγtk , (9)

where C = 6M2 + 3M2(L2
fγ

−2 + L2
σγ

−1)(eγτ − 1), p = 3M2(L2
fγ

−1 + L2
σ)eγτ ,

β = 6M2(
∞∑

k=1

qk)
2.

According to Gronwall-Bellmen’s Lemma ([1]), we have

E‖x(t)‖2 ≤ C‖φ‖2
L2

∏
0<tk<t

(1 + β)e−(γ−p)t. (10)
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On the other hand, by (A4), one has

∏
0<tk<t

(1 + β) ≤ (1 + β)
t
θ = e

t
θ

ln(1+β).

Thereby, (10) can be rewritten as

E‖x(t)‖2 ≤ C‖φ‖2
L2
e−(γ−p− ln(1+β)

θ
)t.

From the assumption (A5), it implies that the mild solution of system (1) is
exponentially stable in mean square.

This completes the proof.

Theorem 3.2 Suppose that all the conditions of Theorem 3.1 hold. Then
the mild solution of system (1) is exponential stable almost surely.

Proof.The proof is quite similar to the proof of Theorem 5.1 in [4], we
omit it here.

If Ik(·) ≡ 0, then system (1) becomes stochastic partial functional differen-
tial equations:

{
dx(t) = [Ax(t) + f(t, x(t− τ))]dt + σ(t, x(t− τ))dω(t), t ≥ 0,
x0(s) = φ(s) ∈ Cb

F0
([−τ, 0], H), s ∈ [−τ, 0], a.s.

(11)

Corollary 3.3 Assume (A1) holds and the following condition

(3M2L2
fγ

−1 + 3M2L2
σ)eγτ < γ,

holds. Then the mild solution of system (11) is exponentially stable in mean
square.

Remark 3.4 In [9], Caraballo and Liu have studied the exponential stability
in p(p ≥ 2)-moment of mild solution to (11) by utlizing Gronwall inequality, the
monotone decreasing behaviors of the delays are imposed. Particularly, when
τ(t) ≡ τ, δ(t) ≡ τ , the condition ensuring the exponential stability in mean
square is (3M2L2

fγ
−1 +3M2L2

σ)eγτ < γ. From Corollary 3.5, it is obvious that
our results improve the results in [9].
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