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Abstract

Extreme points and inflection points are very important in describing
the graph of a function. In this paper, we give four methods to determine
the extreme points and inflection points.
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1 Introduction

For a function, if we want to know its morphological characteristics, we can
give its graph. When describing the graph of a function, in addition to con-
sidering the definition domain, parity, periodicity, bound, monotone interval
and concave convex interval, we also need to determine some critical points
such as the monotone the boundary points of the monotone interval and the
concave convex interval, that is, extreme points and inflection points.

Definition 1[1−2] Let f(x) be defined in a neighborhood U(x0) of point x0,
for any point x in deleted neighborhood Ů(x0), if

f(x) < f(x0) (f(x) > f(x0)),
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we call x0 a maximum point (minimum point).

Lemma 1 [1−2] If f(x) is differentiable and get extremum at point x0, then

f
′
(x0) = 0,

and x0 is called a stationary points.

By Definition 1 and Lemma 1, we get the possible extreme points containing
stationary points and non-differentiable points.

Definition 2 [1−2] If the concavity and convexity change when the curve
y = f(x) crosses (x0, f(x0)), then (x0, f(x0)) is called a inflection point of this
curve.

In this paper, we show four methods to determine the extreme points and
inflection points.

2 Methods of Determining Extreme Points

and Inflection Points

2.1 Using first derivative

Theorem 1 [1] Let f(x) be continuous at point x0 and differentiable in a
deleted neighborhood Ů(x0),

(1) If f
′
(x) > 0 for x ∈ (x0 − δ, x0) and f

′
(x) < 0 for x ∈ (x0, x0 + δ), then

x0 is a maximum point of f(x);

(2) If f
′
(x) < 0 for x ∈ (x0 − δ, x0) and f

′
(x) > 0 for x ∈ (x0, x0 + δ), then

x0 is a minimum point of f(x);

(3) If the symbol of f
′
(x) is invariant for x ∈ Ů(x0), then x0 is not a extreme

point.

Example 1 Show the extreme points of f(x) = 2− (x− 1)
2
3

Solution: f
′
(x) = 2

3
(x− 1)−

1
3 and

f
′
(x) < 0, x ∈ (1,+∞); f

′
(x) < 0, x ∈ (−∞, 1),

therefore x = 1 is a minimum point of f(x).
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2.2 Using second derivative

Theorem 2 [1] Let f(x) have second derivative at point x0 and f
′
(x0) 6= 0,

(1) If f
′′
(x0) < 0, then x0 is a maximum point of f(x);

(2) If f
′′
(x) > 0, then x0 is a minimum point of f(x);

(3) If the symbol of f
′′
(x−0) = 0 , we can’t judge whether x0 is the extreme

point.

Example 2 Show the extreme points of f(x) = (x2 − 1)3

Solution: f
′
(x) = 6x(x2 − 1)2 and f

′′
(x) = 6(x2 − 1)(5x2 − 1).

By f
′
(x) = 0, we obtain that

x1 = 0, x2 = 1, x3 = −1.

By f
′′
(0) = 6, we have x = 0 is a minimum point of f(x).

Because
f

′′
(1) = f

′′
(−1) = 0,

by Theorem 1, the symbol of f
′
(x) is invariant when it passes through −1 and

1, therefore −1 and 1 are not extreme points of f(x).
However, when the symbol of f

′
(x) is difficult to determine or the second

derivative equals zero, the calculation of Theorem 1 and 2 is complex, so we
give the third method of determining extreme points.

2.3 Using higher order derivative

Theorem 3 Let f(x) have n(n ≥ 3) order continuous derivative at point
x0 and f

′
(x0) = f

′′
(x0) =, · · · ,= f (n−1)(x0) = 0, f (n)(x0) 6= 0,

(1) If n is even and f (n)(x0) < 0, then x0 is a maximum point, but (x0, f(x0))
is not a inflection point;

(2) If n is even and f (n)(x0) > 0, then x0 is a minimum point, but (x0, f(x0))
is not a inflection point;

(3) If n is odd, then x0 is not a extreme point, but (x0, f(x0)) is a inflection
point.

Proof: By Taylor formula

f(x)− f(x0) =
f (n)(ξ)

n!
(x− x0)n,
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f
′′
(x) =

f (n)(η)

(n− 2)!
(x− x0)n−2,

where ξ, η is between x.
When |x − x0| is sufficiently small, then f (n)(ξ), f (n)(η) and f (n)(x0) have

the same symbol.
(1) If n is even and f (n)(x0) < 0, then f(x) − f(x0) < 0, therefore x0 is a

maximum point,
(2) If n is even and f (n)(x0) > 0, then f(x) − f(x0) > 0, therefore x0 is a

minimum point.
But the symbol of f

′′
(x) is invariant when it passes through x0, then

(x0, f(x0)) is not a inflection point.
(3) If n is odd, the symbol of f(x)− f(x0) and f

′′
(x) is change, thus x0 is

not a extreme point, but (x0, f(x0)) is a inflection point.

For example 2, we can obtain f
′′′

(−1) = f
′′′

(1) 6= 0, by Theorem 3, thus
−1 and 1 are not extreme points of f(x).

For polynomial functions, a simple method to determine the number of
extreme points and inflection points is given below.

2.4 Polynomial functions

Theorem 4 Let f(x) = (x − x1)m1(x − x2)m2 · · · (x − xn)mn , where xi ∈
Z, x1 < x2 < · · · < xn, mi ∈ Z+, p be the number of multiple roots, then

(1) f(x) has k + n− 1 extreme points, where k is the number of even times
for multiple roots,

(2) f(x) has p + n − 2 + q inflection points, where q(≥ 3) is the number of
odd times for multiple roots.

Proof: By known conditions, we obtain that

f
′
(x) = (x− xi1)mi1−1 · · · (x− xip)mip−1(x− ζ1) · · · (x− ζn−1)

n∑
i=1

mi,

then the symbol of f
′
(x) is changed when f

′
(x) passes through xij, therefore

xij is extreme points of f(x).
The proof of (2) is similarly to (1).

Example 3 Show the number of extreme points and inflection points for
f(x) = (x− 1)(x− 2)3(x− 3)6(x− 4)5.

Solution: By Theorem 4, we get n = 4, p = 3, k = 1 and q = 2, then f(x)
has four extreme points and seven inflection points.
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Note If
g(x) = (x− x1)m1(x− x2)m2 · · · (x− xn)mn + a,

then it has the same extreme points and sever inflection points, so we can find
them from f(x).

Example 4 Show the number of extreme points and inflection points for
g(x) = 2x3 − 4x2 − 12x− 7.

Solution: g(x) = 2x3 − 4x2 − 6x− 7 = 2x(x+ 1)(x− 3)− 7, let

f(x) = x(x+ 1)(x− 3).

By Theorem 4, we get n = 3, p = 0, k = 0 and q = 0, then f(x) has two
extreme points and one inflection points.
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