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Abstract

In this note a heuristically, unified approach for deriving parabolic
and hyperbolic differential equations is presented, intended to be given
to study groups in highschool and undergraduate courses. We describe
basic steps in modelling movements of foos, where one can imagine foos
to be cars or hot-water-bottles.
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1 Introduction

In this note we continue our work on numerical education, Suttmeier [3, 4].
Our aim is to sharpen the sense for simplification and pulling out the essentials
from irrelevant details. The material at hand is intended to be a demonstrator,
how approaches towards mathematical modelling can look like. Similiar to
programming (Wirth [6]), teaching modelling can be well done by presenting
appropriately chosen examples. In this sense, we are collecting material for
our study groups, and the pesent work provides a further item in our pool of
examples teaching the power of simplicity. A student’s I’ll never can do such
things, while looking at very complex mathematical models, can be changed to
I can do things like this by starting on a heuritical, simple level and proceeding
by stepwise enhancement of complexity.

Here, we focus on a heuristically, unified approach for deriving parabolic
and hyperbolic differential equations, intended to be given to study groups
in highschool and undergraduate courses. After visiting valuable lectures and
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seminars of D.Kröner around 1990, the mathematical fundament stems from
[1]. In what follows, we describe basic steps in modelling movements of foos,
where one could imagine foos to be cars or hot-water-bottles.

2 Foo movement

Following Kröner [1] we consider foo flow on a floor. Denote the density
(foos per meter) by u(x, t) and the flow (foos per minute) by q(x, t), where
x ∈ [0;L] denotes the one-dimensional space coordinate on the floor and t the
time. Furthermore foo production (foos per minute per meter ) is described by
p(x, t). Now we fix an interval [a, b] on the floor and two times with t̄− t� 1.

The additionally produced number of foos on [a, b] and the difference be-
tween number of foos entering and leaving the interval at a and b respectively
during t̄− t are given by∫ t̄

t

∫ b

a

p(x, s)dxds and

∫ t̄

t

q(a, s)ds−
∫ t̄

t

q(b, s)ds .

Both quantities are responsible for a difference between the number of foos in
[a, b] at different times, i.e. there holds∫ b

a

u(x, t̄)dx−
∫ b

a

u(x, t)dx =

∫ t̄

t

q(a, s)− q(b, s)ds +

∫ t̄

t

∫ b

a

p(x, s)dxds .

Eventually, after division by b−a and t̄−t and considering the limits b−a→ 0
and t̄→ t one obtains

∂tu(x, t) + ∂xq(x, t) = p(x, t) . (1)

2.1 Movement of cars

If you imagine foos to be cars, there is no production and a typical relation
between flow and density can be stated in the form

q(x, t) = f(u(x, t))− ε∂xu(x, t) ,

where, following Schadschneider [2], the last term with ε≥ 0 reflects the be-
haviour of car drivers to accelerate or decrease velocity depending on de- or
increase of car density. Eventually based on (1) we get the prototypical differ-
ential equation

∂tu(x, t)− ε∂2
xu(x, t) + ∂xf(u(x, t) = 0 ,

being hyperbolic for vanishing ε.



Modelling foo-flow 59

2.2 Movement of hot-water bottles

If you imagine foos to be hot-water bottles, it is reasonable to assume a lin-
ear relation u(x, t) = µT (x, t) between the density and the local temperature
T (x, t). Furthermore, hot-water bottles move to where it is getting colder in
order to help. Mathematically spoken one gets

q(x, t) = −κ∂xT (x, t) = −κ/µ∂xu(x, t) .

Choosing constants to be one for simplicity, we get based on (1) the prototyp-
ical parabolic differential equation

∂tu(x, t)− ∂2
xu(x, t) = p(x, t) .

3 Unified form

Collecting the above, different types of foo flow are covered by the differential
equation

∂tu(x, t)− ε∂2
xu(x, t) + ∂xf(u(x, t) = p(x, t) .

In order to complete our description we propose to prescribe the initial values
u(x, 0)= ϕ(x)along [0;L] and the periodic boundary condition u(0, t)=u(L, t)
for t≥0, modelling foo movement on a ring road (see Treiber & Kesting [5]).
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