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Abstract

In this paper, an iterative algorithm is introduced to solve the mini-
mization problem and fixed point problem of total asymptotically non-
expansive mappings in CAT(0) spaces and strong convergence theorems
and 4-convergence theorems for the above problem are obtained. Fi-
nally, the main results are applied to solve the equilibrium problem in
CAT(0) spaces.
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1 Introduction

Let C be a nonempty subset of a CAT(0) space (X, d), T : C → C be
a nonlinear mapping. Denoted the fixed points set of T by F (T ) = {x ∈
C : x = Tx}. The fixed point theory was firstly investigated by Kirk in
CAT(0) spaces. In 2003, Kirk [1] demonstrated that a nonexpansive mapping
defined on a bounded, closed and convex subset of a CAT(0) space has a
fixed point. Consequently, some authors constructed many iterative schemes
to approximate fixed points of nonexpansive mappings in CAT(0) spaces. The
Mann iteration algorithm introduced by He et al. [2] in CAT(κ) spaces is
defined as follows:{

x1 ∈ X,
xn+1 = αnxn ⊕ (1− αn)Txn, ∀n ≥ 1,

(1.1)

where {αn} is a sequence in [0, 1], and they proved some 4-convergence the-
orems of nonexpansive mappings in CAT(κ) spaces for κ ≥ 0. Other iterative
algorithms are also proposed to solve this problem, such as Ishikawa iteration
method, S-iteration method, and hybrid-CR three steps iteration methods,
refer to see [3–5].

In 1970, Martinet [6] introduced proximal point algorithm (shortly, PPA)
to solved the optimization problems. Later on, the PPA attracted the atten-
tion of many scholars, such as, Rockafellar [7] used the PPA to solve convex
minimization problem in Hilbert spaces. Under suitable conditions, Nevan-
linna [8] investigated the minimization problem in Banach spaces by using the
PPA. More knowledge on PPA applied in Hilbert space or Banach space,
see [9–11]etc.

Recently, many convergence results by the PPA has been extended from
linear spaces to nonlinear spaces. In 2013, Bačák [12] introduced the PPA in
the CAT(0) spaces to solve minimization problem, which is defined as follows:{

x1 ∈ X,
xn+1 = arg min

y∈X
[f(y) + 1

2λn
d2(y, xn)], ∀n ≥ 1, (1.2)

where λn > 0,
∑∞

n=1 λn =∞.
In 2015, Cholamjiak et al. [13] proposed the following iteration method

to solve the minimization problem and fixed point problem of nonexpansive
mappings in CAT(0) spaces:

zn = arg min
y∈X

[f(y) + 1
2λn

d2(y, xn)],

yn = (1− βn)xn ⊕ βnT1zn,
xn+1 = (1− αn)T1xn ⊕ αnT2yn, n ≥ 1.

(1.3)

where 0 < a ≤ αn, βn ≤ b < 1 for some a, b, λn ≥ λ > 0, f is a proper convex
lower semi-continuous function. They obtained a 4-convergence theorem.
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In 2016, Chang, Yao, Wang and Qin [14] introduced the following itera-
tion method to solve the minimization problem and fixed point problem of
asymptotically nonexpansive mappings in CAT(0) spaces:

zn = arg min
y∈C

[f(y) + 1
2λn

d2(y, xn)],

yn = αnxn ⊕ βnT n1 xn ⊕ γnT n2 zn,
xn+1 = δnT

n
2 xn ⊕ ηnSn1 xn ⊕ ξnSn2 yn, n ≥ 1.

(1.4)

where 0 < a ≤ αn, βn, γn, δn, ηn, ξn < 1, a ∈ (0, 1) is a positive constant,
λn ≥ λ > 0, f is a proper convex lower semi-continuous function. They
obtained a 4-convergence result, and when one of the mappings T1, T2, S1 and
S2 has semi-compactness, they established a strong convergence theorem.

Motivated by the research going on in this direction and inspired by Cholamjiak’s
iteration method and Chang’s method, in this paper, we study the minimiza-
tion problem and fixed point problem of total asymptotically nonexpansive
mappings in CAT(0) spaces. Combining proximal point algorithm with Mann’s
iterative method, we propose a new algorithm and obtain some strong conver-
gence theorems and 4-convergence theorems. Finally, the main results are
applied to solve the equilibrium problem in CAT(0) spaces.

2 Preliminaries

Let (X, d) be a metric space and x, y ∈ X. A geodesic path joining x to y
is an isometry c : [0, d(x, y)]→ X such that c(0) = x and c(d(x, y)) = y. The
image of a geodesic path joining x to y is called a geodesic segment between
x and y. When it is unique, this geodesic segment is denoted by [x, y]. The
metric space (X, d) is said to be a geodesic space, if every two points of X are
joined by a geodesic. In this paper, we write (1− t)x⊕ ty for the unique point
z in [x, y] such that

d(z, x) = td(x, y), d(z, y) = (1− t)d(x, y).

A geodesic space (X, d) is called a CAT(0) space, if the geodesic segment
connecting two points is unique and the following inequality holds [15]:

d2((1− t)x⊕ ty, z) ≤ (1− t)d2(x, z) + td2(y, z)− t(1− t)d2(x, y)

for all x, y, z ∈ X.
A subset C of a CAT(0) space is said to be convex if [x, y] ⊆ C for all x, y ∈

C. For more fundamental knowledge about CAT(0) spaces, refer to read [15–
17].

It is well known that any complete and simply connected Riemannian man-
ifold having non-positive sectional curvature is a CAT(0) space and the Hilbert
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ball with the hyperbolic metric [18], Pre-Hilbert space [16], Euclidean build-
ing [17] and R-tree [19] are also examples of CAT(0) spaces.

Definition 2.1 Let T : X → X be a mapping. T is said to be
(i) nonexpansive, if d(Tx, Ty) ≤ d(x, y), for any x, y ∈ X.
(ii) asymptotically nonexpansive, if there exists a sequence {kn} ⊂ [1,∞)

with kn → 1 as n→∞ such that d(T nx, T ny) ≤ knd(x, y), for any n ≥ 1 and
any x, y ∈ X.

(iii) total asymptotically nonexpansive, if there exists nonnegative sequences
{µn} and {νn} with µn → 0, νn → 0 and a strictly increasing continuous func-
tion ζ : [0,∞)→ [0,∞) with ζ(0) = 0 such that

d(T nx, T ny) ≤ d(x, y) + νnζ(d(x, y)) + µn, ∀n ≥ 1, x, y ∈ X.

(iv) uniformly L-Lipschitzian, if there exists a constant L > 0 such that

d(T nx, T ny) ≤ Ld(x, y), ∀n ≥ 1, x, y ∈ X.

Let {xn} be a bounded sequence of a complete CAT(0) space X, then
A({xn}) = {x ∈ X : lim sup

n→∞
d(x, xn) ≤ lim sup

n→∞
d(z, xn),∀z ∈ X} is said to be

the asymptotic center of {xn}. It is known [20] that in a complete CAT(0)
space X, the asymptotic center of {xn} consists of exactly one point.

Definition 2.2 [21,22] A sequence {xn} in a CAT(0) space X is said to be
4-convergent to x ∈ X if x is the unique asymptotic center of any subsequence
{xnk
} ⊂ {xn}. Symbolically, we write it as 4− lim

n→∞
xn = x.

Lemma 2.3 [21] Let C be a closed and convex subset of CAT(0) space X
and {xn} be a bounded sequence in C. Then 4 − lim

n→∞
xn = x implies that

xn ⇀ x (i.e. lim sup
n→∞

d(xn, x) = inf
y∈C

lim sup
n→∞

d(xn, y)).

Lemma 2.4 [15] Let X be a CAT(0) space and x, y, z ∈ X. Then
(i) d((1− t)x⊕ ty, z) 6 (1− t)d(x, z) + td(y, z), t ∈ [0, 1],
(ii) d2((1−t)x⊕ty, z) 6 (1−t)d2(x, z)+td2(y, z)−t(1−t)d2(x, y), t ∈ [0, 1].
Lemma 2.5 [21] Let {xn} be a bounded sequence of complete CAT(0)

space X. Then
(i) {xn} has a 4-convergent subsequence,
(ii) the asymptotic center of {xn} ⊂ C ⊂ X is in C, where C is nonempty,

closed and convex.
Lemma 2.6 [15] Let {xn} be a bounded sequence of a complete CAT(0)

space and A({xn}) = {x}. Let {xnk
} be an arbitrary subsequence of {xn} and

A({xnk
}) = {y}. If lim

n→∞
d(xn, y) exists, then x = y.

Definition 2.7 A function f : C → (−∞,∞] is said to be convex if the
following inequality holds

f(λx⊕ (1− λ)y) ≤ λf(x) + (1− λ)f(y), for all x, y ∈ C, λ ∈ [0, 1].
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Definition 2.8 [23] Let f : X → (−∞,∞] be a proper convex lower semi-
continuous function, for all λ > 0, the Moreau-Yosida resolvent of f in CAT(0)
space X is defined by

Jfλ (x) := arg min
y∈X

[f(y) +
1

2λ
d2(y, x)], ∀x ∈ X.

It is known that the fixed points set Fix(Jfλ (x)) of the resolvent of f is con-

sistent with the set arg min
y∈X

f(y) of minimizers of f , and Jfλ is a nonexpansive

mapping [24].
Lemma 2.9 [24] Let (X, d) be a complete CAT(0) space and f : X →

(−∞,∞] be a proper convex lower semi-continuous function. Then

Jλx = Jµ(
λ− µ
λ

Jλx⊕
µ

λ
x), for all x ∈ X and λ > µ > 0.

Lemma 2.10 [25] Let (X, d) be a complete CAT(0) space and f : X →
(−∞,∞] be a proper convex lower semi-continuous function. Then

1

2λ
d2(Jλx, y)− 1

2λ
d2(x, y)+

1

2λ
d2(x, Jλx)+f(Jλx) ≤ f(y), for all x, y ∈ X,λ > 0.

Lemma 2.11 [26] Let C be a closed and convex subset of complete CAT (0)
space X and let T : C → X be a uniformly L-Lipschitzian and total asymp-
totically nonexpansive mapping. If {xn} is a bounded sequence in C such that
lim
n→∞

d(xn, Txn) = 0 and 4− lim
n→∞

xn = x, then Tx = x.

Lemma 2.12 [27] Let {an}, {bn} and {δn} be sequences of nonnegative
real numbers such that

an+1 ≤ (1 + δn)an + bn, n ≥ 1,

If
∑∞

n=1 δn <∞ and
∑∞

n=1 bn <∞, then lim
n→∞

an exists.

Lemma 2.13 [26] Let X be a CAT(0) space, x ∈ X be a given point and
{an} be a sequence in [b, c], and b, c ∈ (0, 1), 0 < b(1−c) ≤ 1

2
, let {xn} and {yn}

be any sequences in X such that lim sup
n→∞

d(xn, x) ≤ r, lim sup
n→∞

d(yn, x) ≤ r, and

lim
n→∞

d((1− an)xn ⊕ anyn, x) = r, for some r ≥ 0, then lim
n→∞

d(xn, yn) = 0.

3 Main Results

We suppose the following conditions are satisfied:
(1) (X, d) is a complete CAT(0) space.
(2) C ⊂ X is a nonempty closed convex subset, T : C → C is a uniformly

L-Lipschitzian total asymptotically nonexpansive mapping,
∑∞

n=1 νn < ∞,∑∞
n=1 µn <∞, and there exists a constant M > 0 such that ζ(r) ≤Mr, r ≥ 0.
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(3) f : X → (−∞,∞] is a proper convex lower semi-continuous function,
Jfλn : X → X is the Moreau-Yosida resolvent of f , λn ≥ λ > 0.

(4) {αn} is a sequence in [b, c], and b, c ∈ (0, 1), 0 < b(1− c) ≤ 1
2
.

Theorem 3.1 Let (X, d), C, T , f , Jfλn , λn, {αn} satisfy the above condi-
tions. Let x1 ∈ X be chosen arbitrarily and the sequence {xn} be defined as
follows: {

zn = Jfλn(xn) = arg min
y∈X

[f(y) + 1
2λn

d2(y, xn)],

xn+1 = (1− αn)xn ⊕ αnT nzn, n ≥ 1.
(3.1)

(I) If Γ = Fix(T ) ∩ arg min
y∈X

f(y) 6= ∅, then {xn} 4-converges to a point

x ∈ Γ.
(II) In addition, if Γ = Fix(T ) ∩ arg min

y∈X
f(y) 6= ∅ and T is semi-compact,

then {xn} converges strongly to a point x ∈ Γ.

Proof. Now we prove the conclusion (I). We divide the proof into five
steps.

Step 1. Firstly we show that {xn} is bound.
Taking p ∈ Γ, since Jfλn is a nonexpansive mapping, from (3.1), we have

d(zn, p) = d(Jfλn(xn), p) = d(Jfλn(xn), Jfλn(p)) ≤ d(xn, p), (3.2)

and from Lemma 2.4(i), we can obtain that

d(xn+1, p) = d((1− αn)xn ⊕ αnT nzn, p)
≤ (1− αn)d(xn, p) + αnd(T nzn, p)

≤ (1− αn)d(xn, p) + αn[d(zn, p) + νnζ(d(zn, p)) + µn]

≤ (1 + νnM)d(xn, p) + µn.

(3.3)

Since
∑∞

n=1 νn <∞,
∑∞

n=1 µn <∞, it follows from Lemma 2.12 that lim
n→∞

d(xn, p)

exists. This implies that {xn} is bounded. Obviously, {zn} is also bounded.

Step 2. We show that lim
n→∞

d(xn, zn) = 0.

By Lemma 2.10, we have

1

2λn
d2(zn, p)−

1

2λn
d2(xn, p) +

1

2λn
d2(xn, zn) ≤ f(p)− f(zn). (3.4)

Since f(p) ≤ f(zn), from (3.4), we can get

d2(xn, zn) ≤ d2(xn, p)− d2(zn, p). (3.5)

Since lim
n→∞

d(xn, p) exists, without loss of generality, we may assume lim
n→∞

d(xn, p) =

c ≥ 0. By (3.2), we have

lim sup
n→∞

d(zn, p) ≤ lim sup
n→∞

d(xn, p) = c, (3.6)
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and from (3.3), we can obtain that

d(xn, p) ≤
1

αn
[d(xn, p)− d(xn+1, p)] + d(zn, p) + νnMd(zn, p) + µn. (3.7)

Furthermore, it follows from lim
n→∞

d(xn, p) = c, µn → 0, and νn → 0 that

c = lim inf
n→∞

d(xn, p) ≤ lim inf
n→∞

d(zn, p). (3.8)

Combining (3.6) and (3.8), we have

lim
n→∞

d(zn, p) = c. (3.9)

Therefore it follows from (3.5) that

lim
n→∞

d(xn, zn) = 0. (3.10)

Step 3. We show that lim
n→∞

d(xn, T
nzn) = lim

n→∞
d(xn, xn+1) = lim

n→∞
d(zn, zn+1) =

0.
Since

d(T nzn, p) = d(T nzn, T
np) ≤ d(zn, p) + νnζ(d(zn, p)) + µn, (3.11)

then
lim sup
n→∞

d(T nzn, p) ≤ lim sup
n→∞

d(zn, p) = c. (3.12)

Due to (3.3) we have

c = lim
n→∞

d(xn+1, p) = lim
n→∞

d((1− αn)xn ⊕ αnT nzn, p)

≤ lim
n→∞

((1 + νnM)d(xn, p) + µn) = c.
(3.13)

This implies that

lim
n→∞

d((1− αn)xn ⊕ αnT nzn, p) = c. (3.14)

Since {αn} is a sequence in [b, c], and b, c ∈ (0, 1), 0 < b(1 − c) ≤ 1
2
, from

(3.6), (3.12), (3.14) and Lemma 2.13, we have

lim
n→∞

d(xn, T
nzn) = 0. (3.15)

In addition, we also have

lim
n→∞

d(xn+1, T
nzn) = lim

n→∞
d((1− αn)xn ⊕ αnT nzn, T nzn)

≤ lim
n→∞

(1− αn)d(xn, T
nzn) = 0.

(3.16)
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So from (3.15) and (3.16), we know that

lim
n→∞

d(xn, xn+1) = 0. (3.17)

Since

d(zn, zn+1) ≤ d(zn, xn) + d(xn, xn+1) + d(xn+1, zn+1),

from (3.10) and (3.17), we have

lim
n→∞

d(zn, zn+1) = 0. (3.18)

Step 4. We show that lim
n→∞

d(zn, T zn) = lim
n→∞

d(xn, Txn) = lim
n→∞

d(xn, J
f
λxn) =

0.
In the view of (3.10), and (3.15), we can obtain that

d(zn, T
nzn) ≤ d(zn, xn) + d(xn, T

nzn)→ 0 (as n→∞). (3.19)

Since T is uniformly L-Lipschitzian, combining (3.18) and (3.19), we may
get

d(zn, T zn) ≤ d(zn, zn+1) + d(zn+1, T
n+1zn+1) + d(T n+1zn+1, T

n+1zn)

+ d(T n+1zn, T zn)

≤ (1 + L)d(zn, zn+1) + d(zn+1, T
n+1zn+1) + Ld(T nzn, zn)

→ 0 (as n→∞).

(3.20)

In addition, we also have

d(xn, Txn) ≤ d(xn, zn) + d(zn, T zn) + d(Tzn, Txn)

≤ (1 + L)d(xn, zn) + d(zn, T zn)→ 0 (as n→∞).
(3.21)

Furthermore, it follows from (3.10) and Lemma 2.9 that

d(Jfλxn, xn) ≤ d(Jfλxn, J
f
λn

(xn)) + d(zn, xn)

≤ d(Jfλxn, J
f
λ (
λn − λ
λn

)Jfλn(xn)⊕ λ

λn
xn) + d(zn, xn)

≤ d(xn, (1−
λ

λn
)Jfλn(xn)⊕ λ

λn
xn) + d(zn, xn)

≤ (1− λ

λn
)d(xn, zn) + d(zn, xn)→ 0 (as n→∞).

(3.22)

Step 5. Finally we prove that {xn} 4-converges to a point x ∈ Γ.

Denote Ww(xn) =
⋃

{xni}⊂{xn}
A({xni

}). Let u ∈ Ww, then there exists a

subsequence {xni
} of {xn} such that A({xni

}) = {u}. By Lemma 2.5, there
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exists a subsequence {unj
} of {xni

} such that 4− lim
n→∞

unj
= x. Since Jfλ is a

nonexpansive mapping, it follows from (3.22), (3.21), (3.20), (3.10) and Lemma
2.11 that x ∈ F (Jfλ )

⋂
F (T ). This implies that x ∈ Γ. Since lim

n→∞
d(xn, p) exists

for any p ∈ Γ, then lim
n→∞

d(xn, x) also exists.

Next we prove that Ww(xn) consists of exactly one point. Let {xni
} be

a subsequence of {xn} such that A({xni
}) = {u} and A({xn}) = {x}. Since

u ∈ Ww(xn) ⊂ Γ, we know that u ⊂ Γ. So lim
n→∞

d(xn, u) exists. By Lemma

2.6, we know that u = x. This means Ww(xn) consists of exactly one point. It
follows from Definition 2.2 that {xn} 4-converges to a point x ∈ Γ.

Next we prove the conclusion (II).

Since T is semi-compact and lim
n→∞

d(zn, T zn) = 0, there exists a subsequence

of {znk
} of {zn} such that {znk

} → x∗. It follows from lim
n→∞

d(xn, zn) = 0 that

the subsequence {xnk
} of {xn} converges strongly to x∗. Since4− lim

n→∞
xn = x,

then x∗ = x. Due to lim
n→∞

d(xn, x) exists and lim
k→∞

d(xnk
, x) = 0, we know that

{xn} converges strongly to a point x ∈ Γ. The proof is completed.

It is well known that each asymptotically nonexpansive mapping is a total
asymptotically nonexpansive mapping, and each nonexpansive mapping is also
a total asymptotically nonexpansive mapping. Therefore, in Theorem 3.1,
when T is an asymptotically nonexpansive mapping, the following result holds.

Corollary 3.2 Let (X, d), C, f , Jfλn , λn, {αn} be the same as them of
Theorem 3.1, T : C → C be an asymptotically nonexpansive mapping with
the sequence {kn} ⊂ [1,∞) satisfying lim

n→∞
kn = 1. Let x1 ∈ X be chosen

arbitrarily and the sequence {xn} be defined as follows:

{
zn = Jfλn(xn) = arg min

y∈X
[f(y) + 1

2λn
d2(y, xn)],

xn+1 = (1− αn)xn ⊕ αnT nzn, n ≥ 1,
(3.1)

(I) If Γ = Fix(T ) ∩ arg min
y∈X

f(y) 6= ∅, then {xn} 4-converges to a point

x ∈ Γ.

(II) In addition, if Γ = Fix(T ) ∩ arg min
y∈X

f(y) 6= ∅ and T is semi-compact,

then {xn} converges strongly to a point x ∈ Γ.

In Theorem 3.1, when T is a nonexpansive mapping, the following result
holds.

Corollary 3.3 Let (X, d), C, f , Jfλn , λn, {αn} be the same as them of
Theorem 3.1, T : C → C be a nonexpansive mapping. Let x1 ∈ X be chosen
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arbitrarily and the sequence {xn} be defined as follows:{
zn = Jfλn(xn) = arg min

y∈X
[f(y) + 1

2λn
d2(y, xn)],

xn+1 = (1− αn)xn ⊕ αnTzn, n ≥ 1,
(3.1)

(I) If Γ = Fix(T ) ∩ arg min
y∈X

f(y) 6= ∅, then {xn} 4-converges to a point

x ∈ Γ.
(II) In addition, if Γ = Fix(T ) ∩ arg min

y∈X
f(y) 6= ∅ and T is semi-compact,

then {xn} converges strongly to a point x ∈ Γ.

4 Applications

In this section, we apply the main results to solve equilibrium problem in
CAT(0) spaces.

4.1 Equilibrium problem

Let (X, d) be a complete CAT(0) space and C be a nonempty closed convex
subset of it. Suppose that F : C × C → R be a bifunction, the equilibrium
problem (shortly, EP ) is to find a point x∗ ∈ C such that

F (x∗, y) ≥ 0, ∀y ∈ C.

Denote the solution set of EP by (shortly, EP (G). In order to solve EP ,
we need the following assumptions on F :

(i) F (x, x) = 0 for all x ∈ C;
(ii) F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(iii) For each x ∈ C, y 7→ F (x, y) is convex;
(iv) For each x ∈ X, r > 0, there exists a compact subset Dx ⊂ C contain-

ing a point z ∈ Dx ⊂ C such that

F (x, z)− 1

r
〈−→xz,−→xx〉 < 0, ∀x ∈ C \ Dx.

Lemma 4.1 ( [28]) Let C be a nonempty closed convex subset of a complete
CAT(0) space X and F : C × C → R be a bifunction satisfying (i)-(iv). For
any r > 0 and x ∈ X, define the following resolvent Tr : X → C of F :

Trx = {z ∈ C : F (z, y)− 1

r
〈−→yz,−→xz〉 ≥ 0, ∀y ∈ C},

then, the following conclusions holds
(i) Tr is a single-valued firmly nonexpansive mapping;
(ii) Fix(Tr) = EP (F );
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(iii) EP (F ) is closed and convex.
It follows Corollary 3.3 and Lemma 4.1 that the following result holds.

Theorem 4.2 Let C ⊂ X be a nonempty closed convex subset of complete
CAT(0) space (X, d), f : X → (−∞,∞] be a proper convex lower semi-
continuous function, F : C × C → R be a bifunction satisfying (i)-(iv), Tr be
the resolvent of F . Let x1 ∈ X be chosen arbitrarily and the sequence {xn}
be defined as follows:{

zn = Jfλn(xn) = arg min
y∈X

[f(y) + 1
2λn

d2(y, xn)],

xn+1 = (1− αn)xn ⊕ αnTrzn, n ≥ 1,
(4.1)

where λn ≥ λ > 0, {αn} be a sequence in [b, c], and b, c ∈ (0, 1), 0 < b(1− c) ≤
1
2
.

(I) If Γ = Fix(Tr) ∩ arg min
y∈X

f(y) 6= ∅, then {xn} 4-converges to a point

x ∈ Γ.
(II) In addition, if Γ = Fix(Tr)∩ arg min

y∈X
f(y) 6= ∅ and Tr is semi-compact,

then {xn} converges strongly to a point x ∈ Γ.

Acknowledgement. This work was supported by the Science Foundation
of Education Department of Yunnan Province (Grant number 2019J1146).

References

[1] Kirk, W.A., Geodesic geometry and fixed point theory, In Seminar of
Mathematical Analysis (Malaga/Seville, 2002/2003). Coleccion Abierta;
University of Seville, Secretary of Publications: Seville, Spain, 2003; Vol-
ume 64, 195-225.

[2] He, J.S., Fang, D.H., Lopez, G., Li, C., Mann’s algorithm for nonexpansive
mappings in CAT(k) spaces, Nonlinear Anal., 75 (2012), 445-452.
https://doi.org/10.1016/j.na.2011.07.070

[3] Jun, C., Ishikawa iteration process on CAT (k) spaces, arXiv, preprint
arXiv: 1303.6669, 2013.

[4] Sahin, A., Basarir, M., On the strong convergence of a modified S-iteration
process for asymptotically quasi-nonexpansive mappings in a CAT(0)
space, Fixed Point Theory and Applications, 2013 (1) (2013).
https://doi.org/10.1186/1687-1812-2013-12

[5] Calderon, K., Martinez, M.J., Rojas, E.M., Hybrid algorithm with per-
turbations for total asymptotically non-expansive mappings in CAT(0)



74 Fei-Fei Zhang and Zhaoli Ma

space, International Journal of Computer Mathematics, (2020), 405-419.
https://doi.org/10.1080/00207160.2019.1619706
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[17] Bačák, M., Convex Analysis and Optimization in Hadamard Spaces, Wal-
ter de Gruyter GmbH, Berlin, 2014.

[18] Goebel, K., Reich, S., Uniform Convexity, Hyperbolic Geometry, and Non-
expansive Mappings, Marcel Dekker, New York, 1984.

[19] Kirk, W.A., Fixed point theorems in CAT(0) spaces and R-trees, Fixed
Point Theory Appl., (2004), 309-316.

[20] Dhompongsa, S., Kirk, W.A., Sims, B., Fixed point of uniformly Lips-
chitzian mappings, Nonlinear Anal., 65 (2006), 762-772.
https://doi.org/10.1016/j.na.2005.09.044

[21] Kirk, W.A., Panyanak, B., A concept of convergence in geodesic spaces,
Nonlinear Anal., 68 (2008), 3689-3696.
https://doi.org/10.1016/j.na.2007.04.011

[22] Lim, T.C., Remarks on some fixed point theorems, Proc. Amer.
Math. Soc., 60 (1976), 179-182. https://doi.org/10.1090/s0002-9939-1976-
0423139-x

[23] Agarwal, R.P., O’Regan, D., Sahu, D.R., Iterative construction of fixed
points of nearly asymptotically nonexpansive mappings, Nonlinear Convex
Anal., 8 (2007), 61-79.

[24] Jost, J., Convex functionals and generalized harmonic maps into spaces
of nonpositive curvature, Comment. Math. Helv., 70 (1995), 659-673.
https://doi.org/10.1007/bf02566027

[25] Ambrosio, L., Gigli, N., Savare, G., Gradient Flows in Metric Spaces and
in the Space of Probability Measures, 2nd edn. Lectures in Mathematics
ETH Zurich, Birkhauser, Basel, 2008.

[26] Chang, S.S., Yao, J.C., Wang, L., Qin, L.J., Demiclosed principle and 4-
convergence theorems for total asymptotically nonexpansive mappings in
CAT(0) spaces, Applied Mathematics and Computation, 219 (5) (2012),
2611-2617. https://doi.org/10.1016/j.amc.2012.08.095

[27] Osilike, M.O., Aniagbasor, S.C., Weak and strong convergence theorems
for fixed points of asymptotically nonexpansive mappings, Mathematical
and Computer Modelling, 32 (2000), 1181-1191.
https://doi.org/10.1016/s0895-7177(00)00199-0



76 Fei-Fei Zhang and Zhaoli Ma

[28] Izuchukwu, C., Aremu, K.O., Oyewole, O.K., Mewomo, O.T., Khan, S.H.,
On Mixed Equilibrium Problems in Hadamard Spaces, Journal of Math-
ematics, (2019), article ID: 3210649.
https://doi.org/10.1155/2019/3210649

Received: February 3, 2021; Published: February 26, 2021


