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Abstract

In this paper, a self-adaptive step size iterative algorithm with the
inertial terms is introduced to solve the split common fixed point prob-
lem for quasi-pseudo contractive mappings in real Hilbert spaces. The
iterative scheme presented in this paper is shown to possess strong con-
vergence for the split common fixed point problem of quasi-pseudo con-
tractive mappings although the step sizes of the iterative scheme do not
involve in the priori information of operator norms. As applications, our
results are utilized to study the split equilibrium problem and the split
null point problem in Hilbert spaces. Furthermore, a numerical exam-
ple is presented to illustrate the effectiveness and the implementation
of this algorithm. Some previous methods are improved and developed
by our results for solving the split common fixed point problem.
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1 Introduction

In recent years, the split feasibility problem (for short, SFP ), introduced
by Censor and Elfving [1], has attracted a lots of authors due to it owns
important practical backgrounds and may be used to solve many mathematical
problems. It has been successfully used to solve imagine reconstruction and
signal processing, variational inequality problem and equilibrium problem etc.
( [2–9]). The SFP is formulated as follows:

finding x∗ ∈ C such that Ax∗ ∈ Q, (1.1)

where C and Q are two nonempty closed convex subset of Hilbert spaces H1

and H2, respectively, and A is a linear bounded operator from H1 to H2.
Based on the fact that x∗ is a solution of the SFP (1.1) if and only if x∗ =
PC(I − γA∗(I − PQ)A)x∗, Byrne [10] proposed the following so-called CQ
algorithm to solve the SFP (1.1):

xn+1 = PC(I − γA∗(I − PQ)A)xn, n ≥ 1, (1.2)

where A∗ is the adjoint of A, PC and PQ are the metric projection from H1 onto
C and from H2 onto Q, respectively. As a matter of fact, the CQ algorithm is
classical Picard iteration.

The SFP is called split common fixed point problem (for short, SCFPP )
when C and Q are two nonempty closed convex fixed point sets of two opera-
tors, respectively, which was introduced by Censor and Segal [11] in 2009. The
SCFPP is formulated as follows:

finding x∗ ∈ F (S) such that Ax∗ ∈ F (T ), (1.3)

where F (S) and F (T ) are denoted the sets containing all fixed points of S and
T , respectively, and A is a linear bounded operator from H1 to H2.

Motivated by Byrne [10], Censor and Segal [11] also proposed a similar
iteration method to solve SCFPP in finite dimensional spaces:

xn+1 = T (I − γAT(I − S)A)xn, n ∈ N, (1.4)

where S and T are two directed operators, γ ∈ (0, 2
λ
) and λ denote the maxi-

mum eigenvalue of matrix ATA.
Subsequently, many authors proposed some iteration methods to inves-

tigate the convergence of solutions of SCFPP on other operators, such as
quasi-nonexpansive mapping, asymptotically nonexpansive mapping, demicon-
tractive mapping and quasi-pseudo-contractive mapping etc. ( [12–15]). For
example, in 2015, Yao et al. [15] proposed the following iterative algorithm:

yn = xn + δA∗[(1− ξn)I + ξnS((1− ζn)I + ζnS)− I]Axn,
un = %nf(xn) + (I − %nB)yn,
xn+1 = (1− αn)un + αnT ((1− ςn)un + ςnTun), n ∈ N,

(1.5)
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where {αn}, {ξn}, {ζn}, {%n}, {ςn} are five real number sequences in (0,1)
and δ is a constant in (0, 1

‖A‖2 ). Obvious, the step-size δ depends on the
norm of A. However estimating the norm of the bounded linear operator A
is not always possible in practice. In order to overcome this difficulty, a new
recursive procedure was proposed by Wang [16] for solving the SCFPP of
directed operators in 2017, which is as follows:

xn+1 = xn − ρn((I − T )xn + A∗(I − S)Axn), n ∈ N, (1.6)

where

ρn =
‖xn − Txn‖2 + ‖(I − S)Axn‖2

‖(xn − Txn) + A∗(I − S)Axn‖2
,

{ρn} is a self-adaptive step size sequence. The advantage of the iteration
method lies in the fact that no prior information about the operator norms of
A is required. Further, the convergence of the iteration scheme is guaranteed.

On the other hand, the convergence speed of an iteration scheme may
influence the convergence of solutions of SCFPP . Thus the high convergence
speed of an iteration is always desired. Recently, researches ( [17–19]) proposed
inertial iteration method by introducing inertial terms in iteration processes.
For example, Suparatulatorn et al. [18] in 2019 proposed the following iterative
method to solve SCFPP on demicontractive mappings:

yn = (1− τn)(xn + θn(xn − xn−1)),
zn = yn − δnA∗(I − T )Ayn,
xn+1 = (1− αn)zn + αnSzn, n ∈ N,

(1.7)

where θn(xn−xn−1) is called inertial term, θn is called as an inertial parameter.
Combining (1.6) with inertial iterative method, we propose an accelerated

self-adaptive step size iterative algorithm for the SCFPP on quasi-pseudo
contractive operators in real Hilbert spaces. Without involving in the priori
information of operator norms, the strong convergence of the algorithm for the
SCFPP (1.3) is obtained.

2 Preliminaries

In this paper, let I denote the identity operator on H. Weak and strong
convergence of a sequence {xn} ⊂ H to p ∈ H are denoted by xn ⇀ p and
xn → p, respectively.

It is well known that if C be a nonempty closed convex subset of H, then
for each x ∈ H, there exists a unique nearest point in C, denoted by PCx,
which satisfies:

‖x− PCx‖ ≤ ‖x− y‖, ∀y ∈ C.
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The mapping PC is called the metric projection of H onto C. We also know
that PC is firmly nonexpansive and has the following properties ( [20]):

(i) ‖PCx− PCy‖2 ≤ 〈PCx− PCy, x− y〉 for all x, y ∈ C;
(ii) for any x ∈ H and z ∈ C, z = PCx if and only if

〈x− z, z − y〉 ≥ 0, for all y ∈ C;

(iii) for any x ∈ H and y ∈ C,

‖PCx− y‖2 + ‖x− PCy‖2 ≤ ‖x− y‖2.

Definition 2.1 Let C be a nonempty closed convex subset of a real
Hilbert space H and F (T ) be the fixed point set of a mapping T . An operator
T : C → C is called:

(i) quasi-nonexpansive, if F (T ) 6= ∅ and

‖Tx− p‖ ≤ ‖x− p‖, ∀x ∈ C, p ∈ F (T ).

It is equivalent to that

〈x− Tx, x− p〉 ≥ 1

2
‖x− Tx‖2, ∀x ∈ C and p ∈ F (T ); (2.1)

(ii) strictly pseudo-contractive if there exists a constant η ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + η‖x− Tx− (y − Ty)‖2, ∀x, y ∈ H;

(iii) demicontractive if F (T ) 6= ∅, there exists a constant η ∈ (−∞, 1) such
that

‖Tx− p‖2 ≤ ‖x− p‖2 + η‖Tx− x‖2, ∀x ∈ H, p ∈ F (T );

(iv) quasi-pseudo contractive, if F (T ) 6= ∅ and

‖Tx− p‖2 ≤ ‖x− p‖2 + ‖Tx− x‖2, ∀x ∈ C, p ∈ F (T ). (2.2)

Remark 2.2 It is easily observed that the class of quasi-pseudo contractive
mappings is more general, which includes many kinds of nonlinear mappings.

Lemma 2.3 ( [21]) Let H be a real Hilbert space. Then the following
results hold for all x, y ∈ H and α ∈ (0, 1):

(i) ‖x+ y‖2 = ‖x‖2 + ‖y‖2 + 2〈x, y〉 ≤ ‖x‖2 + 2〈y, x+ y〉;
(ii) ‖αx+ (1− α)y‖2 = α‖x‖2 + (1− α)‖y‖2 − α(1− α)‖x− y‖2.
Definition 2.4 Let C be a nonempty closed convex subset of a real

Hilbert space H and T : C → C be a mapping with F (T ) 6= ∅. Then T is
said to be demi-closed at zero, if for any sequence {xn} ⊂ C with xn ⇀ p and
‖xn − Txn‖ → 0, then p ∈ F (T ).



Accelerated viscosity algorithm 183

Lemma 2.5 ( [22]) Let {an} and {cn} be two nonnegative real numbers
sequences such that

an+1 ≤ (1− βn)an + βnbn, n ≥ 0,

and
an+1 ≤ an − cn + dn, n ≥ 0,

where {bn}, {dn} and {βn} are real sequences with 0 < βn < 1. If
(i)
∑∞

n=0 βn =∞ and limn→∞ dn = 0;
(ii) limk→∞ cnk = 0 implies lim supk→∞ bnk ≤ 0 where {nk} is any real

numbers subsequence of {n}.
Then the sequence {an} is convergent to 0 as n→∞.

Lemma 2.6 ( [23]) Let H be a real Hilbert space and T : H → H be a
L-Lipschitzian mapping with L ≥ 1, define K := (1−µ)I+µT ((1−ν)I+νT ).
If 0 < µ < ν < 1

1+
√

1+L2 , then the following conclusions hold:

(i) F (T ) = F (T ((1− ν)I + νT )) = F (K);
(ii) If T is demiclosed at zero, then K is also demiclosed at zero;
(iii) K is a L2-Lipschitzian mapping;
(iv) In addition, if T : H → H is quasi-pseudo contractive mapping, then

the mapping K is quasi-nonexpansive, that is,

‖Kx− p‖ ≤ ‖x− p‖, ∀x ∈ H, p ∈ F (T ) = F (K).

3 Main Results

Throughout this section, we make the following assumptions:
(A1) A : H1 → H2 is a bounded linear operator with adjoint operators

A∗ : H2 → H1 such that A 6= 0, where H1 and H2 are two real Hilbert spaces.
(A2) f : H1 → H1 is a contraction with coefficient η ∈ (0, 1).
(A3) Both T1 : H1 → H1 and T2 : H2 → H2 are quasi-pseudo contractive

mappings with Lipschitzian constant L ≥ 1.
(A4) 0 < µ < ν < 1

1+
√

1+L2 . Define operators K1 : H1 → H1 and K2 :
H2 → H2 by

K1 = (1− µ)I + µT1((1− ν)I + νT1),

K2 = (1− µ)I + µT2((1− ν)I + νT2).

(A5) T1, T2 are demiclosed at zero and F (T1), F (T2) are closed convex
subsets of H1 and H2, respectively.

(A6) Φ = {p∗ : p∗ ∈ F (T1), Ap∗ ∈ F (T2)} is nonempty.
Theorem 3.1 Assumed that (A1)-(A6) hold, the sequence {xn} generated

by Algorithm 3.1. Then the sequence {xn} converges strongly to a point
p∗ ∈ Φ, where p∗ = PΦf(p∗).
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Algorithm 3.1.

Initialization:
(Ci) Choose sequences {γn} ⊂ (0, 1), such that 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1,
and {αn} ⊂ (0, 1) with limn→∞ αn = 0 and Σ∞n=0αn =∞;

(Cii)let ε > 0, {τn} be a positive sequence such that limn→∞
τn
αn

= 0;

(Ciii)let x0, x1 ∈ H1 be two any initial points and set n = 1.
Step 1 Given the (n− 1)th and nth iterates, compute

zn = xn + %n(xn − xn−1), (3.1)

where %n satisfies 0 ≤ %n ≤ %̂n, and

%̂n =

{
min{ε, τn

‖xn−xn−1‖}, if xn 6= xn−1,

ε, otherwise.
(3.2)

Step 2 Compute

wn = zn − δn[(I −K1)zn + A∗(I −K2)Azn], (3.3)

where

δn =

{
min{γn

2
, ‖(I−K2)Azn‖2

2‖A∗(I−K2)Azn‖2γn}, if (I −K2)Azn 6= 0,
γn
2
, otherwise.

(3.4)

Step 3 Compute
xn+1 = αnf(xn) + (1− αn)wn. (3.5)

Set n := n+ 1 and return to Step 1.
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Proof. It follows from (A5) that Φ is closed convex and the projection
PΦ is well defined. Let p ∈ Φ. It follows from (2.1), (3.3) and Lemma 2.6 (iv)
that

‖wn − p‖2 = ‖zn − p‖2 + δ2
n‖(I −K1)zn + A∗(I −K2)Azn‖2

− 2δn〈(I −K1)zn + A∗(I −K2)Azn, zn − p〉
= ‖zn − p‖2 + δ2

n‖(I −K1)zn + A∗(I −K2)Azn‖2

− 2δn〈(I −K1)zn, zn − p〉 − 2δn〈(I −K2)Azn, Azn − Ap〉
≤ ‖zn − p‖2 + 2δ2

n‖(I −K1)zn‖2 + 2δ2
n‖A∗(I −K2)Azn‖2

− δn‖(I −K1)zn‖2 − δn‖(I −K2)Azn‖2

= ‖zn − p‖2 − δn(1− 2δn)‖(I −K1)zn‖2

− δn(‖(I −K2)Azn‖2 − 2δn‖A∗(I −K2)Azn‖2)

= ‖zn − p‖2 − δnξn, n ≥ 1,

(3.6)

where

ξn = (1− 2δn)‖(I −K1)zn‖2 + ‖(I −K2)Azn‖2 − 2δn‖A∗(I −K2)Azn‖2.

From the definition of δn, we get

(1− 2δn)‖(I −K1)zn‖2 ≥ 0,

and
‖(I −K2)Azn‖2 − 2δn‖A∗(I −K2)Azn‖2 ≥ 0.

Hence, we have ξn ≥ 0. Further, we deduce that

‖wn − p‖2 ≤ ‖zn − p‖2 − δnξn ≤ ‖zn − p‖2. (3.7)

In addition, by conditions (Ci) and (Cii), it follows from (3.2) that

lim
n→∞

%n‖xn − xn−1‖ = 0 and lim
n→∞

%n
αn
‖xn − xn−1‖ = 0. (3.8)

Next, by applying the triangle inequality and (3.1), we have

‖zn − p‖ = ‖xn + %n(xn − xn−1)− p‖
≤ ‖xn − p‖+ %n‖xn − xn−1‖

= ‖xn − p‖+ αn
%n
αn
‖xn − xn−1‖.

(3.9)

It follows from limn→∞
%n
αn
‖xn − xn−1‖ = 0 that there exists a constant M > 0

such that %n
αn
‖xn − xn−1‖ ≤M , for all n ≥ 1. In terms of (3.9), we get that

‖zn − p‖ ≤ ‖xn − p‖+ αnM. (3.10)



186 L.S. Zhang, Z.L. Ma and J.F. Xiong

Using (3.5), (3.7) and (3.10), we obtain

‖xn+1 − p‖ = ‖αnf(xn) + (1− αn)wn − p‖
≤ αn‖f(xn)− f(p)‖+ αn‖f(p)− p‖+ (1− αn)‖wn − p‖
≤ [1− αn(1− η)]‖xn − p‖+ αn‖f(p)− p‖+ αnM

= [1− αn(1− η)]‖xn − p‖+ αn(M + ‖f(p)− p‖)

≤ max{‖xn − p‖,
M + ‖f(p)− p‖

1− η
}.

By induction, we deduce that

‖xn − p‖ ≤ max{‖x1 − p‖,
M + ‖f(p)− p‖

1− η
}, ∀n ∈ N,

which implies that {xn} is bounded. Consequently, {zn} and {wn} are also
bounded.

It is obvious that the operator PΦf is a contraction. In virtue of the Banach
contraction principle, there is a unique point p∗ ∈ Φ, such that p∗ = PΦf(p∗).
It follows from characterization of PΦ that

〈f(p∗)− p∗, p− p∗〉 ≤ 0, ∀p ∈ Φ. (3.11)

Next, we will show that {xn} converges to p∗. According to (3.1) and
Lemma 2.3 (i), we obtain

‖zn − p∗‖2 = ‖xn + %n(xn − xn−1)− p∗‖2

≤ ‖xn − p∗‖2 + 2%n〈zn − p∗, xn − xn−1〉
≤ ‖xn − p∗‖2 + 2%n‖zn − p∗‖‖xn − xn−1‖.

(3.12)

It follows from Lemma 2.3, (3.5), (3.7) and (3.12) that

‖xn+1 − p∗‖2 = ‖αnf(xn) + (1− αn)wn − p∗‖2

= ‖αn(f(xn)− f(p∗)) + (1− αn)(wn − p∗) + αn(f(p∗)− p∗)‖2

≤ ‖αn(f(xn)− f(p∗)) + (1− αn)(wn − p∗)‖2 + 2αn〈f(p∗)− p∗, xn+1 − p∗〉
≤ αn‖f(xn)− f(p∗)‖2 + (1− αn)‖wn − p∗‖2 + 2αn〈f(p∗)− p∗, xn+1 − p∗〉
≤ αnη‖xn − p∗‖2 + (1− αn)(‖zn − p∗‖2 − δnξn) + 2αn〈f(p∗)− p∗, xn+1 − p∗〉
≤ αnη‖xn − p∗‖2 + (1− αn)(‖xn − p∗‖2 + 2%n‖zn − p∗‖‖xn − xn−1‖)
− (1− αn)δnξn + 2αn〈f(p∗)− p∗, xn+1 − p∗〉

= (1− αn(1− η))‖xn − p∗‖2 + 2(1− αn)%n‖zn − p∗‖‖xn − xn−1‖
+ 2αn〈f(p∗)− p∗, xn+1 − p∗〉 − (1− αn)δnξn.

(3.13)
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For each n ≥ 1, we set
an := ‖xn − p∗‖2,

βn := αn(1− η),

cn := (1− αn)δnξn,

bn :=
2(1− αn)%n‖zn − p∗‖‖xn − xn−1‖+ 2αn〈f(p∗)− p∗, xn+1 − p∗〉

αn(1− η)
,

dn := 2(1− αn)%n‖zn − p∗‖‖xn − xn−1‖+ 2αn〈f(p∗)− p∗, xn+1 − p∗〉.

Thus, (3.13) is reduced to the following inequalities:

an+1 ≤ (1− βn)an + βnbn,

and
an+1 ≤ an − cn + dn, n ≥ 0.

Since {xn} and {zn} are bounded, limn→∞ αn = 0, Σ∞n=0αn =∞ and limn→∞ %n‖xn−
xn−1‖ = 0, we have limn→∞ dn = 0 and Σ∞n=0βn =∞. According to Lemma 2.5,
we next show that limk→∞ cnk = 0 implies lim supk→∞ bnk ≤ 0. Let {cnk} be a
any subsequence of {cn}, such that limk→∞ cnk = 0, from cn := (1 − αn)δnξn,
we have limk→∞ δnkξnk = 0. If (I −K2)Aznk 6= 0, it follows from the definition
of ξn that

lim
k→∞
‖(I −K1)znk‖ = 0, (3.14)

and

lim
k→∞

δnk(‖(I −K2)Aznk‖2 − 2δnk‖A∗(I −K2)Aznk‖2) = 0. (3.15)

In addition, from (3.4) and (3.15), we have

lim
k→∞

γnk(1− γnk)
2

‖(I −K2)Aznk‖4

‖A∗(I −K2)Aznk‖2
= 0.

Since 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1, we obtain

lim
k→∞

‖(I −K2)Aznk‖4

‖A∗(I −K2)Aznk‖2
= 0,

which implies

lim
k→∞

‖(I −K2)Aznk‖2

‖A∗(I −K2)Aznk‖
= 0. (3.16)

Further, we have

‖(I −K2)Aznk‖2

‖A∗(I −K2)Aznk‖
≥ ‖(I −K2)Aznk‖2

‖A‖‖(I −K2)Aznk‖
=

1

‖A‖
‖(I −K2)Aznk‖. (3.17)
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It follows from (A1), (3.16) and (3.17) taht

lim
k→∞
‖(I −K2)Aznk‖ = 0. (3.18)

In addition, by virtue of the boundedness of {xn}, there exists a subsequence
{xnki} of {xnk}, such that xnki ⇀ x̂ and

lim
i→∞
〈f(p∗)− p∗, xnki − p

∗〉 = lim sup
k→∞

〈f(p∗)− p∗, xnk − p∗〉. (3.19)

Further, from (3.1) and (3.8), i.e., limn→∞ %n‖xn − xn−1‖ = 0, we get

‖zn − xn‖ = %n‖xn − xn−1‖ → 0, as n→∞. (3.20)

Thus, we get {znki}⇀ x̂. Since A is a bounded linear operator, we get Aznki ⇀
Ax̂. From (A5) and Lemma 2.6 (ii), we obtain that K1, K2 are demiclosed
at zero. Combine (3.14) with (3.18), we deduce x̂ ∈ F (K1) and Ax̂ ∈ F (K2).
According to Lemma 2.6 (i), we have x̂ ∈ F (T1) and Ax̂ ∈ F (T2), which
implies that x̂ ∈ Φ. On the other hand, if (I − K2)Azn = 0, we can also get
the same result as above. In addition, it follows from (3.11) and (3.19) that

lim sup
i→∞

〈f(p∗)− p∗, xni+1 − p∗〉 ≤ lim sup
i→∞

〈f(p∗)− p∗, xni+1 − xni〉

+ lim sup
i→∞

〈f(p∗)− p∗, xni − p∗〉

= lim
j→∞
〈f(p∗)− p∗, xnij − p

∗〉

= 〈f(p∗)− p∗, x̂− p∗〉
≤ 0.

(3.21)

According to (3.3), (3.14), (3.18) and limn→∞ %n‖xn − xn−1‖ = 0, we get

‖wnk − xnk‖ ≤ ‖znk − xnk‖+ δnk(‖(I −K1)znk‖+ ‖(I −K2)Aznk‖)
= %nk‖xnk − xnk−1‖+ δnk(‖(I −K1)znk‖+ ‖(I −K2)Aznk‖)→ 0.

(3.22)
According to (3.5) and (3.22), we deduce

‖xnk+1 − xnk‖ = αnk‖f(xnk)− xnk‖+ (1− αnk)‖wnk − xnk‖ → 0.

Therefore, we have

lim
n→∞

2(1− αn)%n‖zn − p∗‖‖xn − xn−1‖
αn(1− η)

≤ lim
n→∞

2 · %n‖xn − xn−1‖
αn

· ‖zn − p
∗‖

1− η
= 0.

(3.23)
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Combine (3.21) with (3.23), we have lim supk→∞ bnk ≤ 0. According to Lemma
2.5, we get limn→∞ an = 0, i.e., xn → p∗.

This completes the proof. 2

Remark 3.1 From Remark 2.2, we know that many kinds of nonlin-
ear mappings are some special cases of quasi-pseudo contractive mappings.
Therefore, when T1 and T2 are firmly nonexpansive mappings with F (T1) 6= ∅,
F (T2) 6= ∅, the theorem 3.1 still holds.

4 Applications

In this section, we will apply the main results to solve the split equilibrium
problem and the split null point problem.

4.1 Split equilibrium problem

Let C and Q be two nonempty closed and convex subsets of the real Hilbert
spaces H1 and H2, respectively. The well-known equilibrium problem is to find
an element x∗ ∈ C such that f(x∗, x) ≥ 0, for any x ∈ C, where f : C×C → R
is a bifunctions satisfying the following conditions:

(A1) f(x, x) = 0, for all x ∈ C;
(A2) f is monotone, i.e. f(x, y) + f(y, x) ≤ 0, for all x, y ∈ C;
(A3) lim supt↓0 f(tz + (1− t)x, y) ≤ f(x, y), for all x, y, z ∈ C;
(A4) for each x ∈ C, y → f(x, y) is convex and lower semi-continuous.

The solution set of equilibrium problem is denoted by EP (f).
Definition 4.1 Let H1 and H2 be two real Hilbert spaces, C ⊂ H1 and

Q ⊂ H2 be two nonempty closed and convex subsets. And letA : H1 → H2 be a
linear and bounded operator with A 6= 0, f : C×C → R and h : Q×Q→ R be
two bifunctions satisfying (A1)-(A4). The so-called split equilibrium problem
with respect to f and h is to find:

x∗ ∈ EP (f), and Ax∗ ∈ EP (h). (4.1)

It is well-known that the associated resolvent operator Sλ,f : H → D defined
by

Sλ,f := {z ∈ D1 : f(z, y) +
1

λ
〈y − z, z − x〉 ≥ 0; ∀y ∈ D1},

is a firmly nonexpansive mapping and EP (f) = F (Sλ,f ). Thus, following the
Remark 3.1, the following result can be directly obtained.

Theorem 4.1 For any initial points x0, x1 ∈ H1, the iterative sequence
{xn} of the split equilibrium problem (4.1) is generated by the following algo-
rithm: 

zn = xn + %n(xn − xn−1),
wn = zn − δn[(I − Sλ,f )zn + A∗(I − Sλ,h)Azn],
xn+1 = αnf(xn) + (1− αn)wn, ∀n ≥ 1,

(4.2)
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where if (I−Sλ,h)Azn 6= 0, the self-adaptive stepsize δn = min{γn, ‖(I−Sλ,h)Azn‖2
‖A∗(I−Sλ,h)Azn‖2γn}

with γn ∈ (0, 1) such that 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1; otherwise
δn = γn. In addition, 0 ≤ %n ≤ %̂n, if xn 6= xn−1, %̂n = min{ε, τn

‖xn−xn−1‖};
otherwise %̂n = ε. Furthermore, {αn} ⊂ (0, 1) such that limn→∞ αn = 0 and
Σ∞n=0αn =∞; let ε > 0, {τn} be a positive sequence such that limn→∞

τn
αn

= 0.
If Ω = {x∗ ∈ H1 : x∗ ∈ EP (f), Ax∗ ∈ EP (h)} 6= ∅, then the itera-

tive sequence {xn} generated by algorithm (4.2) converges strongly to p∗ =
PΩf(p∗) ∈ Ω.

4.2 Split null point problem

Let C and Q be two nonempty closed and convex subsets of the real Hilbert
spaces H1 and H2, respectively. And let A : H1 → H2 be a linear and bounded
operator with A 6= 0. Given two maximal monotone operators U1 : H1 ⇒ H1

and U2 : H2 ⇒ H2, it is well known that their related resolvent operators
JU1
δ := (I + δU1)−1 and JU2

δ := (I + δU2)−1 are firmly nonexpansive, and
0 ∈ U1(x) ⇔ x = JU1

δ (x), 0 ∈ U2(x) ⇔ x = JU2
δ (x). This shows that zeros of

U1 and U2 are fixed points of their resolvent operators, respectively. The split
null point problem is as follows:

find x∗ ∈ U−1
1 (0), such that Ax∗ ∈ U−1

2 (0). (4.3)

Since the resolvent operators are firmly nonexpansive, following the Remark
3.1, the following result can be directly obtained.

Theorem 4.2 For given δ > 0. Let U1, U2, JU1
δ and JU2

δ be the same as
above. For any initial points x0, x1 ∈ H1, the iterative sequence {xn} of the
split null point problem (4.3) is generated by the following algorithm:

zn = xn + %n(xn − xn−1),

wn = zn − δn[(I − JU1
δ )zn + A∗(I − JU2

δ )Azn],
xn+1 = αnf(xn) + (1− αn)wn, ∀n ≥ 1,

(4.4)

where if (I−JU2
δ )Azn 6= 0, the self-adaptive stepsize δn = min{γn,

‖(I−JU2
δ )Azn‖2

‖A∗(I−JU2
δ )Azn‖2

γn}
with γn ∈ (0, 1) such that 0 < lim infn→∞ γn ≤ lim supn→∞ γn < 1; otherwise
δn = γn. In addition, 0 ≤ %n ≤ %̂n, if xn 6= xn−1, %̂n = min{ε, τn

‖xn−xn−1‖};
otherwise %̂n = ε. Furthermore, {αn} ⊂ (0, 1) such that limn→∞ αn = 0 and
Σ∞n=0αn =∞; let ε > 0, {τn} be a positive sequence such that limn→∞

τn
αn

= 0.

If Γ = {x∗ ∈ H1 : x∗ ∈ U−1
1 (0), Ax∗ ∈ U−1

2 (0).} 6= ∅, then the itera-
tive sequence {xn} generated by algorithm (4.4) converges strongly to p∗ =
PΓf(p∗) ∈ Γ.

5 Numerical Example

In this section, we provide computational experiments comparing our algo-
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rithm 3.1 with the following iterative method of Boikanyo [24] for solving the
SCFPP . All the codes are written in the Matlab 2020a.

Theorem 5.1 ( [24]) Let H1 and H2 be Hilbert spaces, and A : H1 → H2

be a bounded linear operator with the adjoint operator A∗. Let T : H1 → H1

be a demicontractive mapping with coefficient k1 ∈ (−∞, 1) and S : H2 → H2

be a demicontractive mapping with coefficient k2 ∈ (−∞, 1). The sequence
{xn} of SCFPP is generated by the following iterative algorithm:{

wn = xn − αnA∗(I − S)Axn,
xn+1 = γnw + (1− γn)((1− ξ)wn + ξTwn), ∀n ≥ 1,

(5.1)

where αn = (1−k2)‖(I−S)Axn‖2
2‖A∗(I−S)Axn‖2 with Axn 6= SAxn, otherwise, αn = 0. And

ξ ∈ (0, 1− k1), γn ∈ (0, 1) with Σ∞n=1γn =∞ and limn→∞ γn = 0.
If T and S are demiclosed at zero, F (T ) 6= ∅ and F (S) 6= ∅, the sequence

{xn} converges strongly to a point x∗ ∈ Σ.
Example 5.1 We consider H1 = H2 = L2([0, 2π]) with the inner product

〈x, y〉 =
∫ 2π

0
x(t)y(t)dt with the norm which given by ‖x‖2 = (

∫ 2π

0
|x(t)|2dt) 1

2 ,
x, y ∈ L2([0, 2π]). Considering the following half-space:

C = Q = {x ∈ L2([0, 2π]) :

∫ 2π

0

x(t)dt ≤ 1}.

We write the expressions for PC and PQ

PC(u) =

{
1−

∫ 2π
0 u(t)dt

4π2 + u,
∫ 2π

0
u(t)dt > 1,

u,
∫ 2π

0
u(t)dt ≤ 1,

and

PQ(v) =

{
1−

∫ 2π
0 v(t)dt

4π2 + v,
∫ 2π

0
v(t)dt > 1,

v,
∫ 2π

0
v(t)dt ≤ 1.

The error of the iterative algorithms is denoted by

En =
1

2
‖K1xn − xn‖2

2 +
1

2
‖K2(Axn)− Axn‖2

2.

In our Algorithm 3.1, Let K1 = PC , K2 = PQ, τn = 1
n2 , ε = 1

2
, γn =

1
2
, αn = 1

n
, f(xn) = 3

10
xn and operator A : L2([0, 2π]) → L2([0, 2π]) with

(Ax)(t) = x(t), (A∗x)(t) = x(t) and ‖A‖ = 1.

In algorithm (5.1), let T = PC and S = PQ, γn = 1
n
, w = x0 and ξ = 1

2
.

Taking initial points x0, x1. Take iteration stop condition as En < 10−2. The
numerical results are shown in Table 1 (where ”Iter.” and ”Time(s)” denote
the number of iterations and the cpu time in seconds, respectively.) and Figure
1.



192 L.S. Zhang, Z.L. Ma and J.F. Xiong

Table 1: Numberical results for Example 5.1

Cases Initial values
Our Alg. 3.1

Iter.
Our Alg. 3.1

Time(s)
Alg. (5.1)

Iter.
Alg. (5.1)
Time(s)

1 x0 = t2, x1 = 3sin(t) 8 1.4023 233 20.7749

2 x0 = 3t2, x1 = et

5
9 1.5000 301 26.3906

(a) Case1 (b) Case2

Figure 1: Numberical results for Example 5.1
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