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Abstract 

 

There are three basic kinds of numbers sets: a) finite sets – as are the enumerable 

finite countal subsets of the countal natural numbers N; b) chronal, which are 

countable infinite countal sets – as are the countable infinite set of the countal 

natural numbers N and its countable infinite proper subsets, as well as the 

countable infinite set of the rational numbers Q and its countable infinite proper 

subsets; c) spatial, which are uncountable infinite numbers sets – as are the one-

dimensional uncountable infinite set of the real numbers R and its uncountable 

infinite proper subsets, as well as the next two-dimensional, three-dimensional 

and in general with a finite number of dimensions uncountable infinite numbers 

sets and their respective uncountable infinite proper subsets. (To avoid the 

irrelevant term “cardinal cardinality” here, the term countal is used instead of the 

term “cardinal” to mean the quality of the kind of natural numbers – the respective 

other kind of natural numbers are the ordinal numbers. See the use below of the 

notions countal cardinality and ordinal cardinality.) Because of the essential 

difference between the properties of the three kinds of numbers sets, the quantity 

of the elements belonging to them, called their cardinality, is compared in three 

qualitatively different ways. Bertrand Bolzano showed that the unambiguous and 

reversible correspondence between the elements of two finite sets is enough for 

ensuring of equality between their cardinalities. At the spatial sets however such a 

correspondence is not enough. For the relation between the cardinalities at the 

spatial sets is determined by means of the relation between the sizes of the 

covered of them extents in space with their dimension. In this paper it is shown 

how the relation between the cardinalities at the chronal sets is determined by 

using the countable infinite countal cardinality 0א of the set of the countal natural 

numbers N as unit of measurement. 
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1  Introduction 
 

Long before Galileo Galilei, it was known that on the one hand not all integers are 

exact squares, and on the other hand, the exact squares of all integers are integers. 

However, Galilei is the man who explained this peculiarity with an unlikeness of 

the properties of the finite sets and the properties of the infinite sets. At that stage, 

he found that for the finite sets, it was meaningful to distinguish smaller, equal or 

bigger, whereas for the infinite sets, we can only say that they are infinite [1]. 

The next deep insight into the difference between the properties of the finite sets 

and the properties of the spatial sets is in the posthumously published book of 

Bernard Bolzano [2]. It is clearly shown in (§20, §21, §22, and §24) of this book 

that the unambiguous and reversible correspondence between the elements of two 

finite sets is enough to ensure equality between the enumerable finite countal 

quantities of their elements. At the spatial sets, however, the availability of such a 

correspondence is not enough for determining equality between the uncountable 

infinite numerical quantities of their elements. For the relation between the 

uncountable infinite numerical quantities of the elements of the spatial sets is 

measured by means of the relation between the sizes of the covered of them 

extents in space with their dimension. In the case scrutinized by Bolzano such 

sizes are the lengths that they cover on the number line. An illustrative example 

for this is presented with the equation 5y = 12x and its corresponding Fig. 1 in 

§20, where it is seen, that the infinite set of the real numbers in the interval from 0 

to 5 is in unambiguous and reversible correspondence with the infinite set of the 

real numbers in the interval from 0 to 12. However, the first set undoubtedly 

represents a proper subset of the second set because the length covered by it is 

only part of the length covered by the second set. At the end of §28, Bolzano 

summarizes his discovery in such a way: “… the correct calculation of the infinite 

aims at not … calculating the infinite set in itself …, but determining of a relation 

between one infinite and another…” Moreover, in §48 it was shown, with 

examples, the incomparability of the set of points on the number line with the set 

of points on an infinite surface, and of the set of points on an infinite surface with 

the set of points in the infinite three-dimensional space. With this in mind, the 

quantity of their elements is measured with qualitatively different units of 

measurement respectively for length, for area, and for volume. 

 

 

 
 

Fig. 1. A graph corresponding to the equation 5y = 12x. 
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At the end of the 19th century, Georg Cantor used a combination of the elements 

of two sets for determining the presence or the absence of an unambiguous and 

reversible correspondence between them as a criterion for the relation “smaller 

than”, “equal to” or “bigger than” between the cardinalities of these sets. In this 

way he delimited the chronal countable infinite countal set of the natural numbers 

N as incomparably small in relation to the spatial uncountable infinite number set 

of the real numbers R. Unfortunately up to now it is not realized that in this way 

the chronal sets became a border between the finite sets and the spatial sets. The 

next step with consequences which are unrealized is consisted of marking of the 

quantity of elements of the set N with one sign, as is the letter 0א (aleph-null). 

With this marking the countable infinite countal quantity of elements 0א is 

transmuted into a border unambiguously determined quantity of elements, which 

by definition is incomparably big toward the enumerable finite countal quantity of 

elements n of a finite set and incomparably small in relation to the uncountable 

infinite numerical quantity of elements of the spatial set R. (Cause for the not 

realizing is the difference in the kind determinateness of the relations between 

comparable finite quantities, incomparable finite and infinite quantities, and 

incomparable infinite quantities.) Along with this it is not understood that the so 

determined border quantity of elements 0א represents the natural unit of 

measurement for cardinality of the chronal sets. Presumably Cantor did not know 

about Bolzano’s quoted work, and obviously he did not realize that as the border 

quantity of elements 0א was incomparably small in relation to the uncountable 

infinite numerical quantity of elements of the uncountable infinite number set R, 

similarly of this, it was incomparably big toward the enumerable finite countal 

quantity of elements n of any finite set. The simultaneous arising of so many basic 

and qualitatively different in kind transformations did not enable Cantor to realize 

sufficiently good as the essential difference between the properties of the three 

kinds of sets, so and 0א as natural unit of measurement for the cardinality of the 

chronal sets. With this in mind, he hurriedly accepted the sufficiency of the 

unambiguous and reversible correspondence between the elements of the finite 

sets for equality of their cardinalities, as also being valid for the chronal sets and 

as well as for the spatial sets. Because of that, he did not succeed to see the 

grandiosity of the world of the chronal sets discovered by him, as well as the still 

more complicated world of the spatial sets. That is why the presentation of these 

two worlds engenders many delusions. One of them is the delusion that the set of 

the points in the interval from 0 to 1 has the same quantity of elements as every 

space with a finite number of dimensions. 

The discovered by Bernard Bolzano insufficiency of the unambiguous and 

reversible correspondence between the elements of the spatial sets for equality of 

their cardinalities are displayed by specific way and at the chronal sets. 

 

2  The chronal sets 
 

We comprehend actuality in a guise of finite images, which are objectively 

determined in the perceptual sphere, subjectively determined in the conceptual  
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sphere, and ideally determined in the sphere of thought. To these three kinds of 

images are corresponding objects, topics and ideas respectively, which we 

generally call things. A set may be defined as a mentally created unity that 

contains well determined and distinct one from other things, called elements of 

the set. Since every kind of infinity represents a concrete determinateness which is 

idealized as unlimited, and the set N is a combination of all of the kinds of the 

simplest idealized quantitative regularities, therefore the basic qualities of the 

standard defined sets are revealed most easily when their elements are countal 

natural numbers. Utmost general characteristic of such number set X is the 

quantity of elements belonging to it, called cardinality of the set and marked with 

|X|. The set X is countable when at its juxtaposition with the set N each element 

from the quantity of elements of the set X can be paired with exactly one element 

from a determined by a regularity quantity of elements of the set N. The countable 

set is finite and enumerable when at pairing of its quantity of elements through the 

countal unit 1 with a determined by a regularity quantity of elements of the set N, 

the paired quantity of elements is exhausted up to a finite countal number n of the 

quantity of elements of the set N. We will call the cardinality of such an 

enumerable finite countal set an enumerable finite countal cardinality n. 

The juxtaposition between two finite sets by a harmonious combination of their 

elements represents bijection when, between these elements, there is an arbitrarily 

realizable unambiguous and reversible correspondence, marked as one-to-one (1–

1) correspondence. At such a correspondence, each element of the one set is 

paired with exactly one element of the other set, and each element of the other set 

is paired with exactly one element of the first set. Thus through the availability of 

bijection between two finite sets is established equality between their enumerable 

finite countal cardinality n. 

At the juxtaposition between two chronal sets, the harmonious combination of 

their elements can be realized through two essentially different ways: a) by a not 

conformed with regularity unambiguous and reversible (non-conformal mutually 

countable) correspondence between the elements of their infinite quantities – see 

Fig. 6; and b) by a conformed with regularity unambiguous and reversible 

(conformal mutually countable) correspondence between the elements of their 

infinite quantities – see Fig. 2, Fig. 3, and Fig. 4. On the one hand, the infinite set 

N of the countal natural numbers is in non-conformal mutually countable 

correspondence with every one of its infinite proper subsets, whatever they also 

are among each other, because of their regularity and infinity. Because of that, the 

non-conformal mutually countable correspondence between their elements cannot 

be a criterion for the quantity of their elements. On the other hand, their quantities 

of elements most often are essentially different for the sake of the differences 

among the kinds of regularities, which determine the different kinds of chronal 

sets. For example, doubtless the infinite quantity of the even numbers represents 

exactly half from the entire infinite quantity of the elements of the set N, whereas 

the other half of its infinite quantity of elements is exactly represented by the 

infinite quantity of its odd numbers. Note that at the so done estimating for the 

relation between the cardinalities of these chronal sets, one uses not the countal  
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unit 1 for enumerable finite countal cardinality n, which unit of measurement is 

inapplicable in the case, but 0א as a unit of measurement for chronal cardinality. 

That is why, at the juxtaposition between two chronal sets, their cardinalities must 

be determined not by the (same for all of them) non-conformal mutually countable 

correspondence between their elements, but by a conformal mutually countable 

correspondence. In the general case, the greater of them does not take part in the 

correspondence with all of its elements. 

When the cardinalities of two chronal sets are essentially different, as, for 

example, the cardinality 0א of the set N and the cardinality as of the set of the even 

numbers, then the harmonious combination between the quantities of their 

elements in the case can be done conformably in three different ways, as 

described below: 

a) Injection first at as < 0א – see Fig. 2. When the determined by the regularity 

evenness smaller infinite quantity of elements of the set of the even numbers are 

put in conformal mutually countable one-to-one (1–1) correspondence with the 

determined by the same regularity infinite quantity of elements of the proper 

subset of the even numbers of the set N, at which in the case, the odd numbers 

from the set with bigger quantity of elements remain without correspondence to 

the elements of the set with the smaller quantity of elements. 

 

 
 

Fig. 2. Illustration of the conformal mutually countable injection first. 

 

b) Injection second at as < 0א – see Fig. 3. When the determined by the regularity 

evenness smaller infinite quantity of elements of the set of the even numbers are 

put in conformal mutually countable one-to-one (1–1) correspondence with the 

determined by the analogical regularity infinite quantity of elements of the proper 

subset of the odd numbers of the set N, at which in the case, the even numbers 

from the set with bigger quantity of elements remain without correspondence to 

the elements of the set with the smaller quantity of elements. 

 

 
 

Fig. 3. Illustration of the conformal mutually countable injection second. 
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c) Surjection at 0א > as – see Fig. 4. When more than one elements of the set with 

the bigger quantity of elements are put in a conformal, in this case, in a two-to-

one (2–1) (responding to the kind of regularities mutually countable) 

correspondence with every one of the elements of the set with the smaller quantity 

of elements, at which in the case, there are no remaining without correspondence 

elements of the set with the bigger quantity of them. 

 

 
 

Fig. 4. Illustration of conformal mutually countable surjection. 

 

And when the cardinalities of the two chronal sets are the same, as in the case of 

the cardinality as1 of the set of the even numbers and the cardinality as2 of the set 

of the odd numbers, then the harmonious combination between their elements can 

be done only in one way, analogically to call it: 

d) Bijection at as1 = as2 – see Fig. 5. When the non-conformal and the conformal 

mutually countable one-to-one (1–1) correspondence coincide, with which the 

equivalence of the cardinalities of two chronal sets is established, similar to the 

equivalence of the cardinalities of two finite sets at bijection. 

 

 
 

Fig. 5. Illustration of a bijection at chronal sets. 

 

For a more exact determination of the relation between the cardinality 0א of the set 

N and the cardinality of any of its infinite proper subsets, as well as the relation 

between the cardinalities of any two of its infinite proper subsets, we should use 

the foreseen by Bolzano relation between the respective sums of all of the terms, 

which are in the scope of a determined distance r from the top of the sequence of 

the natural numbers. For example, the relation between the cardinality 0א of the set 

N and the cardinality of the set of squares of countal natural numbers is 

determined correctly and more and more exactly by the relations of the 

successively being determined respective sums: 1 to 1; 1 + 2 + 3 + 4 = 10 to 5 = 1 

+ 4; 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 = 45 to 14 = 1 + 4 + 9; and so on. In the case 

this sums are determined for the distances of which are located several consecu- 
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tive initial terms of the sequence of the squares of the countal natural numbers. 

Thus, on the one hand, we obtain the sum presented only by the terms of the 

sequence of the squares of the countal natural numbers for a determined distance 

from the top of the sequence of the countal natural numbers. Whereas, on the 

other hand, to the same sum is added the sum presented by the countal natural 

numbers, which are not exact squares of such numbers. The infinite set of the 

numbers, which are not exact squares, increases in progressing arithmetic 

progression, which after the first step (22 = 4), consists of the numbers 2 and 3, 

and with every next step of the sequence of the squares of the countal natural 

numbers, the number of the added such numbers is increased by two, while the 

numbers in themselves become bigger and bigger. 

 

Bolzano’s quoted work shows that the cardinalities of the spatial sets are 

determined by the relation between the sizes of lengths, areas, and volumes, 

which they cover on their corresponding extent: line, surface, and the three-

dimensional space. At that each of them is comparable according to cardinality 

only with a set of its dimension. Therefore, the Archimedean property of 

comparability between two quantities is possible only at availability of unit of 

measurement, which is uniform with both of the quantities. Besides, we must 

distinguish the unambiguous and reversible correspondence between the different 

spatial sets, such as: the set of points in the interval from 0 to 1 and the set of 

points on the whole number line or the set of points in some other finite interval of 

it; the set of points on the whole number line and the set of points on an infinite 

surface; the set of points on an infinite surface and the set of points in the infinite 

three-dimensional space; and as well as at the remaining cases for every space 

with more finite dimensions. 

 

From the considered examples with chronal sets, it follows that their initial 

comparing by cardinality is based on the kind of regularity, which determines 

them in relation of the chosen for unit of measurement cardinality 0א. The chronal 

cardinality 0א is incomparable with an enumerable finite countal cardinality n of a 

finite set, similar to the incomparable with a finite sum 1 + 1 + 1 + … < ω 

hyperreal numbers in contemporary non-standard analysis. Generally, because the 

essential difference between the properties of the finite sets, of the chronal sets 

and of the spatial sets, their cardinalities are measured respectively by 

incomparable with each other units of measurement, namely: with the countal unit 

1, with the countable infinite countal cardinality 0א, and, with the uncountable 

infinite numerical cardinality of the uncountable infinite number set of a 

pleriminary chosen for unit of measurement part of spacial extent, which has 

equal number of dimentions with the number of dimentions of the spatial extent 

covered by the measured kind of set. 
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Fig. 6. Illustration of non-conformal mutually countable correspondence. 

 

 
 

Fig. 7. Illustration of mistakenly understood bijection. 

 

On Fig. 6 is shown the non-conformal mutually countable correspondence 

between the elements of the whole set of the countal natural numbers with the 

elements of its proper subset of the even numbers. On Fig. 7, the same 

correspondence is illustrated as a unilateral pairing of the elements of the whole 

set N with the elements of the proper subset Е. On Fig. 7, the presented non-

conformal mutually countable correspondence between the sets N and Е is now 

given as an example for bijection, that is, as a criterion for equivalence between 

infinite quantities of their elements. However, the definition for proper subset 

states that all the elements of the proper subset X should belong to the whole set Y 

and the proper subset X should be different from the whole set Y, i.e. 

)())(()( YXYxXxxYX  . From this, it follows, that the 

proper subset X must have smaller quantity of elements than the quantity of 

elements of the whole set Y. In this instance, the subset Е of the even numbers 

should have a smaller quantity of elements than the whole quantity of elements of 

the set N. In this way, one reaches to the obvious contradiction  that the 

sets N and Е now have an equal quantity of elements now that one of them has 

smaller quantity of elements than the other. That is why it is incorrectly to accept 

for bijection the depicted in Fig. 7 non-conformal mutually countable 

correspondence between the sets N and Е. Besides, above already is shown a 

definition for bijection at the chronal sets which is similar to the definition for 

bijection at the finite sets. Because of the indicated existing absurdity, it is incor- 

( )x x
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rectly considered that each one of the countable infinite proper subsets of the set 

N has the same cardinality as N. From here also follows the incorrect definition: 

one countable countal set is infinite if it has a proper subset with the same 

cardinality, instead of the correct definition: if it is in non-conformal mutually 

countable correspondence with a proper subset. 

Paradoxically in this case is how it is possible for so much time to be neglected 

the conformal mutually countable correspondence when determining the 

cardinality of the chronal sets, even after unambiguously determined cardinality 0א 

of the set of the countal natural numbers N. For the set N consists of an infinite 

quantity of countable infinite countal proper subsets, which because of the 

determining them different kinds of regularities may contain as many as we want 

of more and more smaller parts of the countable infinite countal cardinality 0א of 

the set N. An example for such countable infinite proper subsets of the set N, that 

contain gradually decreasing parts of its countable infinite countal cardinality 0א, 

is the next infinite succession: 

a1) 1, 2, 3, …, n, …                                                                 0א 

a2) 2, 4, 6, …, 2n, …                                                               0/2א 

a3) 3, 6, 9, …, 3n, …                                                               0/3א 

----------------------------------------------------------------------------------------- 

ak) k, k2, k3, …, kn, …                                                           0א/k 

----------------------------------------------------------------------------------------- 

where k is a countal natural number bigger than unit. 

With using of 0א as a unit of measurement for the countable infinite countal 

cardinality of the chronal sets now we can without a problem determine as the 

faster decreasing countable infinite countal cardinality of the sets, being presented 

by sequences with equal powers of the countal natural numbers, at the infinite 

succession of their increasing powers: 

а) 12, 22, 32, …, n2, … 

b) 13, 23, 33, …, n3, … 

c) 14, 24, 34, …, n4, … 

----------------------------------------------------------------------------------------- 

so and the more faster decreasing countable infinite countal cardinality of the sets, 

being presented by sequences with increasing powers of the prime numbers, at the 

infinite succession of these numbers: 

d) 21, 22, 23, …, 2n, … 

e) 31, 32, 33, …, 3n, … 

f) 51, 52, 53, …, 5n, … 

---------------------------------------------------------------------------------------- 

which are used in Hilbert’s so-called “paradox” of the Grand Hotel. 

Somehow or another, the essential difference between the non-conformal 

mutually countable correspondence and the conformal mutually countable 

correspondence at the determining of the relation between the cardinality 0א of the 

set N and the respective cardinalities of its infinite proper subsets remained 

unnoticed for more than three centuries. The unambiguously determined 

cardinality 0א added to Galileo’s paradox and the Cantor’s paradox for “the set of  
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all enumerable finite countal sets”, due to neglecting the difference between the 

properties of the finite sets and the properties of the chronal set of the countal 

natural numbers N. The difference between these properties is visually 

demonstrated with the aforementioned Hilbert’s “paradox.” 

The Hilbert’s “paradox” of the Grand Hotel is based on the unity of the infinitely 

many kinds of countable infinite proper subsets of the set N of the countal natural 

numbers (without the zero). Despite the fact that all of its infinitely many rooms 

are already occupied, after appropriate displacement of the tenants in them the 

Grand Hotel can always accommodates not only another guest but also infinitely 

many new guests at once, as well as all guests that arrive simultaneously by 

infinitely many coaches with infinitely many guests each. To accommodate 

another new guest, one simultaneously moves the guest currently in room 1 to 

room 2, the guest currently in room 2 to room 3, and so on, moving every guest 

from his current room n to room n + 1. After this, room 1 is empty and the new 

guest can be accommodated in it. To accommodate an infinite number of new 

guests at once, every guest currently in room n is moved into room 2n, and the 

infinite new guests are accommodated in the rooms with odd numbers. The third 

problem is solved most elegantly by moving every of the available guests from 

room n in room 2n, while the guests from the first coach are accommodated in the 

rooms 3n, the guests from the second coach are accommodated in the rooms 5n, 

the guests from the third coach are accommodated in the rooms 7n, and so on to 

the infinity of the prime numbers, at that, the rooms 1, 6, 10, 12, 14, 15, 18, 20, 

21, 22 and so on to the infinity of the numbers that are not powers of the prime 

numbers remain vacant. 

In objective reality the measurement represents a determination of relation 

between objects. The process of measurement is always connected with a 

conception for the objects which are correlated. This process becomes a terminate 

entity, called measuring, only when the obtained result is interpreted. Every object 

is described by some essential indications, called its qualities. The physical 

magnitudes are characterizations of the objective reality that correspond to 

determined qualities. At measurement, some physical magnitudes exhibit 

comparable according to degree properties, called uniform quantities y of the 

measured magnitude Y. The magnitude Y is a primary insignia by which we can in 

general distinguish one thing from other different things, whereas the quantity y is 

a secondary insignia by which we are able to distinguish one from other different 

things of the one and the same magnitude when they exhibit themselves as 

comparable according to degree properties of this magnitude. In general, the 

quantity is comparable according to degree property of some magnitude. 

The initial notion of a number х arises with the universal designation of the 

relation between a measured uniform quantity y and its part u chosen in advance, 

which serves as a unit of measurement 

 

                                                            .x u
y

                                                       (1) 
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At that a size of the quantity y is the expression хu, where the measure number x 

is called the value of the quantity y, which is presented by unit of measurement u. 

The remaining two letters in Equation (1) are also idealized as numbers in the 

theory of the numbers. 

Contemporary factual logic indisputably establishes that at every determining of 

relation between uniform quantities according to Equation (1), the very 

determinateness of the measure number x always has finite size. In physics, this 

size is expressed by the number m of its reliably determined digits, which begin 

with its first most reliably determined different from zero digit and end with its 

last reliably-enough determined digit, called the significant digits of the measure 

number. Idealizing as unlimited the processes with numbers increases the number 

of their determinable digits. The process of division, for example, finishes in some 

cases without excess after a finite number of steps, at which the obtained number 

is presented with a finite quantity of determinable digits. In other cases, however, 

this process cannot be finished due to obtaining an excess which is periodically 

reiterating. Because of that, from the place of appearance of such of excess and 

farther, the obtained number is presented with an infinite quantity of predictably 

distributed determinable digits composed by periodically reiterating the same 

group of combinations, without repetition of a finite quantity of digits. We can 

call completed the first kind of rational numbers as distinct from the second kind 

of uncompleted rational numbers. At the unlimited quantity of other kinds of 

processing with numbers, as for example, at some root extractions are obtained 

the so-called irrational numbers with infinite quantity of unpredictably distributed 

determinable digits. The first big shock in formal logic happens at the discovery 

of the incommensurability of the diagonal of the ideal square with its side, which 

is an example of an irrational number. 

The infinite set Q of the rational numbers is presented in a positional countal 

system (positional numeral system) by two qualitatively different infinite proper 

subsets: a) by a proper subset qc of the completed numbers, which are countable 

and with predictably distributed digits due to the regularity of successive 

alternation of a finite quantity of digits when adding a unit to every such 

preceding number, analogously to the infinite set N; and b) by a proper subset qu 

of the uncompleted numbers, which are countable and with predictably distributed 

digits due to the regularity of a periodically reiterating group of a combination 

without repetition of a finite quantity of digits. For that reason the infinite set Q of 

the rational numbers as a whole is also countable. However, between the infinite 

quantity of elements of the set N and the infinite quantity of elements of the 

proper subset qc of the completed rational numbers of the set Q, there is a 

determined by analogical regularity conformal mutually countable one-to-one (1–

1) correspondence, whereas the elements of the proper subset qu of the 

uncompleted rational numbers of the set Q remain without such a correspondence 

with the elements of the set N. For that reason, the infinite countal cardinality אq 

of the set Q, as a sum of the infinite countal cardinalities of the two kinds of its 

countable infinite proper subsets, is bigger than the infinite countal cardinality 0א  
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of the set N. The very proper subset qu of the uncompleted numbers of the set Q is 

an infinite set composed by the all sorts of terms of the infinite set of its proper 

subset qc of completed numbers, every one of which is consecutively reproduced 

with the all sorts of prolongations of all sorts of the periodically reiterating groups 

of a combinations without repetition of a finite quantity of digits. Thus the set Q 

represents an countable infinite countal set with the possibly greatest countable 

infinite countal cardinality אq. Cantor mistakenly accepts the non-conformal 

mutual countability as a criterion for the same cardinality at the chronal sets and 

presents uniformly the two kinds of rational numbers through the relation , in 

contrast to their obvious presentation as different kinds in a positional countal 

system. Thus, by the non-conformal mutual countability of the set Q of the 

rational numbers with the set N of the countal natural numbers proved by Cantor, 

is concealed the bigger countable infinite countal cardinality אq of the set Q than 

the countable infinite countal cardinality 0א of the set N. 

Cantor’s paradox for “the set of all enumerable finite countal sets” is due to not 

taking into account the impossibility for enumerable finite countal cardinality n to 

be compared with by definition the incomparably with it countable infinite 

countal cardinality 0א. When attempting to compare them, a procedure for 

increasing of the enumerable finite countal cardinality n of finite set by counting 

up its subsets is used. For this aim it is begun with the empty set of the finite set, 

continued one by one by the sets of all of its elements, passed on through the 

successively generated sets of their various combinations (without repetition) by 

two, by three and so on, coming to the set of the last combination of all its 

elements. In this way, the number n of the elements of the initial finite set turns 

out less than the number 2n of the so counted up its subsets. Here, it is important 

to note that this procedure for increasing of the cardinality of every finite set 

inevitably transmutes the new set into an enumerable finite countal set of countal 

natural numbers. The validity of the relation 

                                                         2n > n                                                            (2) 

between the enumerable finite countal cardinalities of two consecutive terms of 

the respective infinite sequence, as in the case represent the sets, which are 

consecutively obtained by counting up of the subsets of every preceding 

enumerable finite countal set, is proved by mathematical induction which consists 

of tautological confirmation of an established property for the terms of the 

respective sequence.  

On the one hand Cantor accepts that the established Inequality (2) for the property 

of the terms of the infinite sequence by enumerable finite countal sets is valid and 

for “the set of all enumerable finite countal sets”, which represents determined in 

other words the set N. For all finite numbers of the set N are namely enumerable 

finite countal sets of indistinguishable one from other units. However, one thing 

are the properties of the terms of this infinite sequence of enumerable finite 

countal sets and quite different thing are the properties of the infinite set, which is 

presented by the unity of its terms, so as one thing are the properties of the  

a

b
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particular grains and quite different thing are the properties of the heap of such 

grains. Especially in the case, when such a heap is infinite. Cantor did not 

consider this circumstance, due to that he accepted the validity of the Inequality 

(2) also for the N itself. On the other hand, by choosing one sign for marking its 

countable infinite countal cardinality, as is the letter 0א, he fixes it as 

unambiguously determined countable infinite countal cardinality, which is 

incomparably big with respect to a determined enumerable finite countal 

cardinality n. Because of that, the countable infinite countal cardinality 0א cannot 

be reached and still less it can be surpassed by albeit infinitely increasing itself in 

this finite way an enumerable finite countal cardinality n. In this case, the 

contradiction )( xx   consists of Cantor’s attempt to compare two 

incomparable by definition cardinalities n and 0א.  

Cantor supposes that at an infinite consecutive increasing of the enumerable finite 

countal cardinality n of an finite set by counting up its subsets, the continuously 

increasing enumerable finite countal cardinality n of the so obtained finite sets can 

not only reach, but may also surpass the incomparable with it countable infinite 

countal cardinality 0א of the set N. What is more, Cantor does not stop here. He 

accepts as proven, that there is only one countable infinite countal cardinality 0א 

of the countable infinite countal set N and that there can also be another, 

qualitatively different from it, the already uncountable infinite number set of the 

real numbers R with uncountable infinite numerical cardinality c. He proposes for 

dependence between the two essentially different kinds of infinite cardinalities 

based on the Inequality (2) equation: 

                                                           c02                                                       (3) 

– the so-called continuum hypothesis at which it is supposed that between 0א and 

c there are no other cardinalities. After that groundlessly is proceeded with an 

infinite series of alephs 2א > 1א > 0א < …, founded on similar dependences among 

them. 

In binary positional countal system may be presented the countal natural numbers, 

the rational numbers and the irrational numbers. However, in the framework of 

the scheme at Cantor’s diagonal method for proving the existence of an 

uncountable infinite set, the horizontally situated different sequences of zeros and 

units can present unambiguously only the infinite quantity of elements 0א of the 

set of the countal natural numbers N, as soon as the enumeration of these 

sequences is with the infinite sequence of the same natural numbers N – see Fig.8. 

For the cardinality of the set of the rational numbers אq > 0א, and the cardinality |I| 

of the set I of the irrational numbers obviously is incomparably bigger than 0א. 

The first digit of the sequence s under the scheme is opposite to the first digit of 

the sequence s1 in the scheme, the second digit of s is opposite to the second digit 

of s2, the third digit of s is opposite to the third digit of s3 and so on to the infinity 

of the countal natural numbers. With this in mind, it is intuitively expected for the 

sequence s to be different from all of the sequences of the countal natural numbers 

within the scheme, which will be correct for a finite scheme. However, the  
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scheme on Fig. 8 is infinite and by definition it contains all possible such 

sequences. Because of that it is impossible to produce in this way a sequence 

different from them, as it is impossible also for the biggest countal natural number 

to be produced as all of them can always be increased by a unit. On the same 

impossibility is based also the possibility of Hilbert’s Grand Hotel to 

accommodate additionally so many new guests regardless of the initial occupation 

of all its infinitely many rooms.  

 

 

 
 

Fig. 8. The scheme of the diagonal method. 

 

Drawn by the idea of an uninterrupted and consequently uncountable set R of the 

real numbers, Cantor endeavored to prove the uncountability of the set R by the 

diagonal number, groundlessly accepted as “different” from the elements of the 

set N. At that, he did not manage to see the (less than 0א) countable infinite 

countal cardinalities of the different kinds infinite proper subsets of the set N as 

well as the (bigger than 0א) infinite countal cardinality אq of the countable infinite 

set Q of the rational numbers, because of the groundless acceptance of the non-

conformal mutual countability between the elements of two different kinds of 

chronal sets for equality of their cardinalities. Because of that, he groundlessly 

presupposes that the chronal sets may have only one countable infinite countal 

cardinality 0א, whereas the uncountable infinite numbers sets may have at least the 

uncountable infinite numerical cardinality c of the set R. Hence, if T is a set 

composed of the set N and the diagonally obtained number, by assuming that the 

set T is countable “it is proven” that it cannot be countable and thus at the present 

time the uncountability of the set R of the real numbers is considered as proven. 
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It is interesting to note that, although the diagonal number is believed to be 

“different” from the elements of the set N, up to now, the possibility of generating 

the infinite set of diagonal numbers N1, different from the set N, has not been 

used. The diagonal set N1 should be countable, like N, due to the regular method 

of its creation. Then the first summary “upset” T = N + N1 should be countable 

infinite but with bigger countable infinite countal cardinality than 0א. At infinite 

serial applying of the diagonal method to every next summary “upset,” one 

seemingly infinite sequence of such countable infinite countal “upsets” is obtained 

with increasingly bigger countable infinite countal cardinality than the countable 

infinite countal cardinality 0א. By this, as well as with the paradox for “the set of 

all enumerable finite countal sets,” the doubts of Cantor’s contemporaries in the 

theory created by him might be explained. Quite other is the question, that after 

the determining of the countable infinite countal cardinality 0א of the set of the 

countal natural numbers N as an unit of measurement for cardinality of the 

chronal sets, there remains for us to unravel the interrupted continuity of the 

number continuum. 

Similar to the paradox for “the set of all enumerable finite countal sets” is the 

Burali-Forti paradox for “the set of all enumerable finite ordinal numbers", 

because every non-initial such number represents the set of its ordinal natural 

numbers that precedes it. Similar to the unambiguously determined countable 

infinite countal cardinality 0א of the set of the countal natural numbers N is 

unambiguously determined and countable infinite ordinal cardinality ω of the set 

of the ordinal natural numbers Nα. Although the just-described, seemingly infinite 

sequence of countable infinite countal “upsets” with increasingly bigger countable 

infinite countal cardinality than the countable infinite countal cardinality 0א was 

not created, Cantor already created a seemingly infinite sequence of countable 

infinite ordinal “upsets” with increasingly bigger countable infinite ordinal 

cardinality than the countable infinite ordinal cardinality ω. Similar to the 

groundlessly used dependence c02  for relation between the countable 

infinite countal cardinality 0א of the set of the countal natural numbers N and the 

uncountable infinite numerical cardinality c of the countal number continuum R, 

for relation between the countable infinite ordinal cardinality ω of the set of the 

ordinal natural numbers Nα and the uncountable infinite numerical cardinality ω1 

of the ordinal number continuum Rω, the cardinality of the set of the terms of the 

seemingly infinite sequence of countable infinite ordinal “upsets” of the ordinal 

natural numbers Nα has groundlessly been accepted. As after the uncountable 

infinite numerical cardinality c = 1א of the countal number continuum R is 

groundlessly continued by an infinite series of alephs with incomparably 

increasing uncountability at its every next term, so after the uncountable infinite 

numerical cardinality ω1 of the ordinal number continuum Rω is groundlessly 

continued by an infinite series of omegas with incomparably increasing 

uncountability at its every next term. Simply, the fact has been disregarded that 

the criterion for determining uncountability bigger than that of the countal number 

continuum and respectively than that of the ordinal number continuum ought to be  



 

40                                                                                                          Hristo Manev 

 

 

the established by Bolzano increase of the incomparability of the cardinalities of 

such spatial sets with the increasing of the number of the dimensions of the extent 

covered by them. 

 

3  Results 
 

The investigated specific properties of the chronal sets concern the logical 

paradoxes and the foundations of mathematics. 

 

4  Conclusions 
 

The using of the countable infinite countal cardinality 0א of the set of the countal 

natural numbers N for determining the relation between the cardinalities of the 

chronal sets opens the way for unambiguous solving the continuum hypothesis. 
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[2] B. Bolzano, F. Přihonský, Paradoxien des Unendlichen, C.H. Reclam sen.,    

Leipzig, Germany, 1851. 

 

 

Received: January 3, 2020; Published: January 21, 2020 


