
International Mathematical Forum, Vol. 14, 2019, no. 6, 237 - 246
HIKARI Ltd, www.m-hikari.com

https://doi.org/10.12988/imf.2019.9835

Solutions to a Generalized Fermat

Equation that Has Even Exponents

Richard F. Ryan

Marymount California University
Rancho Palos Verdes, CA 90275-6299 USA

This article is distributed under the Creative Commons by-nc-nd Attribution License.

Copyright c© 2019 Hikari Ltd.

Abstract

The equation x2m+y2n = z2r is considered for positive integer values
of m, n, and r. If m, n, and r are not pairwise relatively prime, then
there are no solutions to this equation in nonzero integers. Formulas
that generate infinitely many solutions to this equation are given when
m, n, and r are pairwise relatively prime; the newly discovered formulas
tend to yield non-primitive solutions. Along the way, it is shown that
x2 + y2n = z2n (or equivalently, z2n − y2n = x2) has no solutions in
nonzero integers when n > 1.
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1 Introduction

There is continued interest in the generalized Fermat equation of the form

xm0 + yn0 = zr0 such that x, y, and z are nonzero integers (1)

with m0, n0, and r0 being integers that are greater than one. We assume that
the values of the exponents m0, n0, and r0 are given. As usual, gcd(x, y, z)
represents the greatest common divisor of (the values of) x, y, and z. Due to
the verification of Fermat’s last theorem [10], [11]: If gcd(m0, n0, r0) > 2, then
there are no solutions to equation (1). A solution to equation (1) is said to be
primitive if gcd(x, y, z) = 1, and is called non-primitive otherwise. If (x, y, z) =
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(a0, b0, c0) is a solution to equation (1), then (dn0r0a0, d
m0r0b0, d

m0n0c0) is a
solution to the same equation for each nonzero integer value of d. Thus, if
equation (1) has a solution for given values of m0, n0, and r0, then it has
infinitely many non-primitive solutions for those values of m0, n0, and r0.
Most authors who study equation (1) are focused on primitive solutions [1],
[2]. However, studies that address non-primitive solutions have been performed
[3], [4], [7], [9]. Furthermore, formulas that generate infinitely many non-
primitive solutions to equation (1) have been found for the cases in which
gcd(m0n0, r0) = 1, gcd(m0r0, n0) = 1, or gcd(n0r0,m0) = 1 [9].

The focus of the current article is on a special case of equation (1), that is

x2m + y2n = z2r such that x, y, and z are nonzero integers (2)

with m, n, and r being given positive integers. We will find the following
lemma to be useful in the next section.

Lemma 1.1. If n is an integer greater than one, then there are no solutions
to

x2 + y2n = z2n such that x, y, and z are nonzero integers. (3)

Proof. Suppose that (x, y, z) = (a0, b0, c0) is a solution to equation (3). Let
g = gcd(b0, c0), b = b0/g, c = c0/g, and a = a0/g

n. It follows that (a, b, c) is
a solution to equation (3) such that a, b, and c are pairwise relatively prime.
Due to a special case of a theorem proved by M. A. Bennett and I. Chen [1],
there are no solutions to equation (3) when x and y are relatively prime and
n = 3. P. Fermat [8] showed that equation (3) has no solutions when n = 2.
Thus, we may assume that n ≥ 4. If c is even, then the right-hand side of

a2 + b2n = c2n (4)

is congruent to zero (mod 4), while the left-hand side is congruent to two (mod
4). Thus, c must be odd. There are two cases to consider.

Case 1: If a is even and b is odd, then we rewrite equation (4) as

(cn + a)(cn − a) = b2n.

Note that cn + a and cn − a are relatively prime. It follows that

cn + a = b1
2n (5)

and
cn − a = b2

2n (6)

for relatively prime integers b1 and b2 such that b1b2 = b. Adding equations
(5) and (6) together, we see that

(b1
2)n + (b2

2)n = 2cn.



Solutions to a generalized Fermat equation that has even exponents 239

However, H. Darmon and L. Merel [6] proved that xn + yn = 2zn has no
primitive solutions such that xyz /∈ {−1, 0, 1} when n ≥ 3, and we have a
contradiction.

Case 2: If a is odd and b is even, then we rewrite equation (4) as

(cn + bn)(cn − bn) = a2

with cn + bn and cn − bn being relatively prime. Thus

cn + bn = a1
2 (7)

for some factor a1 of a. But, due to another result in the cited paper by
Darmon and Merel, equation (7) cannot hold true when n ≥ 4. Therefore,
equation (3) has no solutions.

If d is any nonzero integer and (a0, b0, c0) is a solution to equation (2), then

(x, y, z) = (dnra0, d
mrb0, d

mnc0) (8)

is also a solution to equation (2). Thus, if we show that equation (2) has at
least one solution for each instance in which m, n, and r are pairwise relatively
prime, it follows that equation (2) has infinitely many solutions for those values
of m, n, and r; however, formulas that generate more than one solution for each
of these instances will be presented in the next section. Under the assumption
that (a0, b0, c0) continues to be a solution to equation (2): If dnr divides a0,
dmr divides b0, and dmn divides c0, then

(x, y, z) =

(
a0
dnr

,
b0
dmr

,
c0
dmn

)
(9)

is a solution to equation (2).
In the remainder of the current section, we will review known results for

cases of equation (2) in which at least two of the literals m, n, and r are equal
to one. Primitive solutions to x2 + y2 = zr0 and x2 − y2 = zr0 are listed in
a text by H. Cohen [5]. I will slightly reformulate these results for cases of
equation (2) in which at least two of the indicated literals are one. First we
consider

x2m + y2 = z2 such that x, y, and z are nonzero integers; (10)

m continues to be a given positive integer. Due to similarities between equa-
tions (4) and (10) we see that, for primitive solutions, z must be odd. If y is
even, then each primitive solution to equation (10) can be written in the form

(x, y, z) =

(
± s1t1, ±

s1
2m − t1

2m

2
, ±s1

2m + t1
2m

2

)
(11)
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under the conditions that s1 and t1 are relatively prime odd integers and
s1t1 6= ±1. If y is odd, then each primitive solution to equation (10) can be
expressed as

(x, y, z) =
(
± 2s2t2, ±(22m−2s2

2m − t2
2m), ±(22m−2s2

2m + t2
2m)
)

(12)

such that s2 and t2 are relative prime nonzero integers, s2 and t2 have opposite
parity when m = 1, and t2 is odd when m ≥ 2. For the moment, let t1 = 1,
s1 > 1, and let us restrict our attention to solutions generated by formula (11)
in which the three coordinates are positive. Under these conditions we see
that, for each positive integer m, we get a sequence of solutions in which, as s1
increases without bound, the first coordinates are increasing, the second coor-
dinates are increasing, and the third coordinates are increasing. Consequently,
formula (11) generates infinitely many primitive solutions to equation (10) for
each permissible value of m. Using a similar argument, we see that formula
(12) yields infinite sequences of primitive solutions to equation (10) in which
the three respective coordinates are positive and increasing. Obviously, when
n is a given positive integer, primitive solutions to

x2 + y2n = z2 such that x, y, and z are nonzero integers (13)

can be expresses by interchanging the first and second coordinates, to the right
of equal signs, in formulas (11) and (12) and replacing each occurrence of m
with n. Thus, for each positive integer n, equation (13) has more than one in-
finite sequence of primitive solutions in which the three respective coordinates
are positive and increasing.

With regard to non-primitive solutions: If (a1, b1, c1) is a solution to equa-
tion (10) and d is any integer such that |d| > 1, then it follows from (the
sentence enclosing) equation (8) that (da1, d

mb1, d
mc1) is a non-primitive so-

lution to equation (10). Furthermore, due to a technique employed by M. Brčić-
Kostić [3], if (a4, b4, c4) is a solution in nonzero integers to x2m−2k + y2 = z2

such that k is a positive integer less than m, then (a4, a4
kb4, a4

kc4) is a non-
primitive solution to equation (10). Non-primitive solutions to equation (13)
can be generated in analogous fashions.

Now consider

x2 + y2 = z2r such that x, y, and z are nonzero integers; (14)

once again, r is a given positive integer. Each primitive solution to equation
(14) is of the form (x, y, z) such that

x = ±
r∑

j=0

(−1)j
(

2r
2j

)
t3

2js3
2r−2j, (15)
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y = ±
r−1∑
j=0

(−1)j
(

2r
2j + 1

)
t3

2j+1s3
2r−2j−1, (16)

and
z = ±(s3

2 + t3
2), (17)

or

x = ±
r−1∑
j=0

(−1)j
(

2r
2j + 1

)
t3

2j+1s3
2r−2j−1,

y = ±
r∑

j=0

(−1)j
(

2r
2j

)
t3

2js3
2r−2j,

and
z = ±(s3

2 + t3
2)

such that s3 and t3 are nonzero, relatively prime integers that have opposite
parity. For each permissible value of r, these formulas can be used to gen-
erate at least one infinite sequence of primitive solutions to equation (14) in
which the three respective coordinates are positive and increasing. If (a3, b3, c3)
is a solution to equation (14) and d is any integer such that |d| > 1, then
(dra3, d

rb3, dc3) is a non-primitive solution to equation (14). As expected, if
(a5, b5, c5) is a solution in nonzero integers to x2 + y2 = z2r−2k such that k is a
positive integer less than r, then (a5c5

k, b5c5
k, c5) is a non-primitive solution

to equation (14).

2 Main Results

At this time, we are mainly concerned with cases of equation (2) in which, at
most, one of the literals m, n, and r is equal to one; however, we will mention
the other cases as well. L. Euler [8] showed that there are no solutions in
nonzero integers to x4 + y4 = z2. Furthermore, V. A. Lebesgue [8] proved in
1840 that, if Fermat’s last theorem is true, then x2n+y2n = z2 has no solutions
in nonzero integers whenever n is an integer greater than or equal to three.
Due do these results from Euler and Lebesgue, the verification of Fermat’s last
theorem, and lemma 1.1, we can easily prove the following result.

Theorem 2.1. If gcd(m,n) > 1, gcd(m, r) > 1, or gcd(n, r) > 1 (that is,
if m, n, and r are not pairwise relatively prime), then there are no solutions
to equation (2).

Proof. If gcd(m, r) > 1, let g∗ = gcd(m, r). There exist positive integers m1

and r1 such that m = m1g
∗ and r = r1g

∗. In this case, equation (2) becomes

(xm1)2g
∗

+ (yn)2 = (zr1)2g
∗

such that x, y, and z are nonzero integers,
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which has no solutions due to lemma 1.1. The proof is very similar for the
case in which gcd(n, r) > 1. When gcd(m,n) > 1, a similar argument utilizes
the aforementioned results of Euler and Lebesgue instead of lemma 1.1.

Presently, we return to cases in which gcd(m,n) = gcd(m, r) = gcd(n, r) =
1.

Theorem 2.2. Consider equation (2) under the condition that the given
values of m, n, and r are pairwise relatively prime. Let j1, j2, j3, k1, k2, and k3
be nonnegative integers that satisfy

mrj1 = nk1 − 1, nrj2 = mk2 − 1 and mnj3 = rk3 − 1. (18)

Additionally, let (a1, b1, c1) be a solution to equation (10), (a2, b2, c2) be a so-
lution to equation (13), and (a3, b3, c3) be a solution to equation (14). Then

(x, y, z) = (±a1b1rj1c1nj3 , ±b1k1c1mj3 , ±b1mj1c1
k3), (19)

(x, y, z) = (±a2k2c2nj3 , ±a2rj2 b2c2mj3 , ±a2nj2c2k3), (20)

and
(x, y, z) = (±a3k2 b3rj1 , ±a3rj2 b3k1 , ±a3nj2 b3mj1c3) (21)

are solutions to equation (2).

Proof. Note that c1
2−a12m−b12 = 0 because (a1, b1, c1) is a solution to equation

(10). Using the coordinates in formula (19), we see that

z2r − x2m − y2n = b1
2mrj1c1

2rk3 − a1
2mb1

2mrj1c1
2mnj3 − b1

2nk1c1
2mnj3

= b1
2nk1−2c1

2rk3 − a1
2mb1

2nk1−2c1
2rk3−2 − b1

2nk1c1
2rk3−2

= b1
2nk1−2c1

2rk3−2(c1
2 − a1

2m − b1
2) = 0

Thus, formula (19) satisfies equation (2). Similar proofs verify that the formu-
las in (20) and (21) are solutions to equation (2).

For cases of equation (2) in which two or three of the literals m, n, and
r are equal to one, theorem 2.2 is valid, but it does not improve on results
presented in the “Introduction” section of this article. When, at most, one
of the literals m, n, and r is equal to one, theorem 2.2 generates only non-
primitive solutions. Due to the fact that each of the equations (10), (13),
and (14) has infinite sequences of solutions in which the respective coordinates
are positive and increasing, it follows that each of the formulas from (19)
through (21) generates infinitely many solutions for the given values of m, n,
and r. Moreover, because m, n, and r are pairwise relatively prime, there are
infinitely many ordered pairs (of nonnegative integers) (j1, k1) that satisfy the
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first equation in (18), infinitely many ordered pairs (j2, k2) that satisfy the
second equation in (18), and infinitely many ordered pairs (j3, k3) that satisfy
the third equation in (18). However, the set of solutions that we obtain by
varying the values of these ordered pairs is a subset of the set of solutions
generated by applying formulas (8) or (9) (or both).

Corollary 2.3. For given values of m, n, and r: If m, n, and r are pairwise
relatively prime, then there are infinitely many solutions to equation (2).

Proof. If at least two of the literals m, n, and r are equal to one, then there are
infinitely many primitive solutions as a result of the formulas that we adapted
from Cohen’s text. For all cases in which m, n, and r are pairwise relatively
prime, the existence of infinitely many solutions was noted in the paragraph
that follows the proof of theorem 2.2.

Example 2.4. If we let (m,n, r) = (3, 5, 2) in equation (2), we get the
equation

x6 + y10 = z4 such that x, y, and z are nonzero integers. (22)

Due to a result by Bennett and Chen that was previously alluded to, there
are no primitive solutions to equation (22). However, because 3, 5, and 2 are
pairwise relatively prime, corollary 2.3 reveals that equation (22) has infinitely
many (non-primitive) solutions. In order to demonstrate the application of
formulas presented in this paper, we will generate four solutions (or thirty-two
solutions, if you count the variations in plus or minus signs) to this equation
in a step-by-step fashion. If we set s2 = t2 = 1 in formula (12), we see that

(a1, b1, c1) = (2, 15, 17) (23)

is a solution to x6+y2 = z2. As previously described, if we interchange the first
and second coordinates in formula (12) and replace m with 5, while continuing
to let s2 = t2 = 1, we note that

(a2, b2, c2) = (255, 2, 257) (24)

is a solution to x2 + y10 = z2. Additionally, if we set t3 = 1 and s3 = 2 in
equations (15) through (17), we observe that

(a3, b3, c3) = (7, 24, 5) (25)

is a solution to x2+y2 = z4. Furthermore, we choose (j1, k1) = (4, 5), (j2, k2) =
(2, 7), and (j3, k3) = (1, 8) in order to satisfy the equations in (18). Finally,
if we substitute (23) into formula (19), (24) into formula (20), and (25) into



244 Richard F. Ryan

formula (21), while replacing j1 with 4 and k1 with 5, etc., we obtain the
following solutions to equation (22):

(x, y, z) = (±2 · 158 · 175, ±155 · 173, ±1512 · 178),

(x, y, z) = (±2557 · 2575, ±2 · 2554 · 2573, ±25510 · 2578),

and
(x, y, z) = (±77 · 248, ±74 · 245, ±5 · 710 · 2412).

Due to formula (8), for each nonzero integer d,

(x, y, z) = (±d10 · 2 · 158 · 175, ±d6 · 155 · 173, ±d15 · 1512 · 178) (26)

are solutions to equation (22); likewise, formula (8) can be applied to the other
solutions to equation (22) that we have found in order to obtain additional
solutions. At this point, we will select different values for (j1, k1) and (j3, k3).
If we let (j1, k1) = (24, 29) and (j3, k3) = (5, 38), while continuing to set
(a1, b1, c1) = (2, 15, 17) then, as a result of formula (19),

(x, y, z) = (±2 · 1548 · 1725, ±1529 · 1715, ±1572 · 1738)

are solutions to equation (22) as well. However, we obtain the same solutions
by replacing d with 154 · 172 in equation (26).

3 Additional Comments

When studying equation (1), the current trend is to focus on primitive solutions
under the belief that non-primitive solutions are too plentiful to be important.
However, when examining Diophantine equations, a fundamental question is,
“When do solutions exist?” We conclude this article by summarizing the
current state of affairs regarding the existence, or nonexistence, of solutions to
equation (1) when the values of the exponents m0, n0, and r0 are given.

1. When gcd(m0, n0, r0) > 2, as previously indicated, there are no solutions
to equation (1) due to Fermat’s last theorem.

2. When gcd(m0, n0, r0) = 2:

(a) If m0/2, n0/2, and r0/2 are not pairwise relatively prime, then there
are no solutions to equation (1) as a result of theorem 2.1.

(b) If m0/2, n0/2, and r0/2 are pairwise relatively prime, then there are
infinitely many solutions to equation (1) due to corollary 2.3.

3. When gcd(m0, n0, r0) = 1, let g1 = gcd(m0, n0), g2 = gcd(m0, r0), and
g3 = gcd(n0, r0).
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(a) If at least two of the literals g1, g2, and g3 are equal to one, then
gcd(m0n0, r0) = 1, gcd(m0r0, n0) = 1, or gcd(n0r0,m0) = 1. It
follows, from a previously stated result, that there are infinitely
many solutions to equation (1).

(b) What remains is the case in which gcd(m0, n0, r0) = 1, but at least
two of the literals g1, g2, and g3 are greater than one (for example,
x7 + y11 = z77 or x23·29 + y23·31 = z29·31). In most instances of this
case, it has yet to be determined whether solutions exist. However,
it is well known that 1 + 23 = 32. Thus, when r0 = 2: If n0 = 3 and
six divides m0, or m0 = 3 and six divides n0, then exactly two of the
literals g1, g2, and g3 are greater than one and there are infinitely
many solutions to equation (1).

Attempting to completely settle case 3(b) in the margins of this article does
not appear to be prudent.

References

[1] M. A. Bennett, I. Chen, Multi-Frey Q-curves and the Diophantine equa-
tion a2 + b6 = cn, Algebra Number Theory, 6 (2012), 707 - 730.
https://doi.org/10.2140/ant.2012.6.707
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[3] M. Brčić-Kostić, On the solution of the generalized Fermat equation (Es-
peranto), Bull. Soc. Math. Phys. Serbie, 11 (1959), 17 - 22.
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