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Abstract

This paper deals with some results concerning the annihilation of lo-
cal cohomology modules with a view toward relative Cohen-Macaulayness
property.
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1 Introduction

Throughout this paper, we assume that R is a commutative Noetherian ring
(with identity), a and b ideals of R. Furthermore, our mean of a local ring
(R,m) with maximal ideal m is as a Noetherian local ring. For any non-zero
R-module M , the ith local cohomology module of M is defined as

H i
a(M) := lim

−→
n≥1

ExtiR(R/an,M).

V(a) denotes the set of all prime ideals of R containing a. For an R-module M ,
the cohomological dimension of M with respect to a is defined as cd(a,M) :=
sup{i ∈ Z | H i

a(M) 6= 0} which is known that for a local ring (R,m) and a = m,
this is equal to dimension of M . Recall that the notion finiteness dimension
fa(M) of M relative to a, is defined by

fa(M) := inf{i ∈ N0 : H i
a(M) is not finitely generated}.
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Another formulation is the b-finiteness dimension of M relative to a which is
defined by

f b
a (M) := inf{i ∈ N0 : b * Rad(0 :R H

i
a(M))},

where b is the second ideal of R. By convention, the infimum of the empty set
of integers is interpreted by ∞.

In [7], an R-module M is called minimax if there is a finite submodule N
of M such that M/N is Artinian. It is well-known that the class of minimax
modules contains all finite and all Artinian modules. In [3], the notion of the
b-minimax dimension µb

a(M) of M relative to a is introduced by

µb
a(M) := inf{i ∈ N0 : btH i

a(M) is not minimax for all t ∈ N}

In [4], AnR-moduleM is called a-cofinite if SuppR(M) ⊆ V(a) and ExtjR(R/a,M)
is finite for all j ≥ 0. We prove the following.

Theorem 1.1. Let a and b be ideals of R such that b ⊆ a and let M be an
a-cofinite R-module. Then

fa(M) = min{f b
a (M), µb

a(M)}.

In [6], an R-module M is called relative Cohen-Macaulay w.r.t a when-
ever H i

a(M) = 0 for all i 6= heightM a, i.e., grade(a,M) = cd(a,M). As a
consequence of Theorem 1.1 and in conjunction with relative Cohen-Macaulay
property, we derive the following.

Corollary 1.2. Let (R,m) be a local ring and let M be a relative Cohen-
Macaulay module w.r.t a with heightM a = h. Then µb

a(M) ≥ h.

For unexplained notation and terminology about local cohomology mod-
ules, we refer the reader to [1].

2 Main results

The aim of this section is to obtain some new results about the annihilation
of local cohomology modules.

Definition 2.1. (see [3]) Let M be a finite R-module over a Noetherian
ring R and let b, a be two ideals of R such that b ⊆ a. The b-minimaxness
dimension µb

a(M) of M relative to a is defined by

µb
a(M) := inf{i ∈ N0 : btH i

a(M) is not minimax for all t ∈ N}

Definition 2.2. (see [4]) An R-module M is called a-cofinite if SuppR(M) ⊆
V(a) and ExtjR(R/a,M) is finite for all j ≥ 0.
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Remark 2.3. (see [5]) Let (R,m) be a local ring, and a and b be ideals of
R with b ⊆ a. Then there is a spectral sequence

ExtsR(R/a, H t
b(M))⇒ Exts+t

R (R/a,M).

We obtain the following result.

Theorem 2.4. Let b, a be two ideals of R such that b ⊆ a and let M be an
a-cofinite R-module. Then

fa(M) = min{f b
a (M), µb

a(M)}.
Proof. It is evident that fa(M) ≤ f b

a (M). Now, let s := µb
a(M) < fa(M).

Then Hs
a(M) is finite R-module and so Hs

a(M) is minimax module, which is a
contradiction. Thus fa(M) ≤ µb

a(M) and then

fa(M) ≤ min{f b
a (M), µb

a(M)}.
Finally, suppose that

t := fa(M) < min{f b
a (M), µb

a(M)}
and look for a contradiction. Since t < f b

a (M), there exists an integer n such
that bnH t

a(M) = 0 and so

H t
a(M) ∼= HomR(R/bn, H t

a(M)).

By assumption, M is a-cofinite and also is b-cofinite by [2, Corollary 1]. There-
fore HomR(R/bn, H t

a(M)) is finite by Remark 2.3 and so it implies from the
above isomorphism that H t

a(M) is finite, which is a contradiction.

Recall that for a prime ideal p ∈ SuppR(M), the M -height of p is defined
by heightM p = dimMp. If a is an ideal of R, the M -height of a is defined to be
heightM a = inf{heightM p | p ∈ SuppR(M)∩V(a)}. Notice that heightM a ≥ 0
whenever M 6= aM .

Definition 2.5. (see [6]) An R-module M is called relative Cohen-Macaulay
w.r.t a if H i

a(M) = 0 for all i 6= heightM a. In other words, this is the case if
and only if grade(a,M) = cd(a,M).

Corollary 2.6. Let (R,m) be a local ring and let M be a relative Cohen-
Macaulay module w.r.t a with heightM a = h. Then µb

a(M) ≥ h.

Proof. First, since H i
a(M) = 0 for all i 6= h, then the spectral sequence of

Remark 2.3 yields isomorphisms

ExtiR(R/a, Hh
a (M)) ∼= Exti+h

R (R/a,M).

Now, as the latter module is finite, it deduces that Hh
a (M) is a-cofinite. On

the other hand, fa(M) = h = f b
a (M) by assumption. Thus it follows from

Theorem 2.4 that
h = f b

a (M) ≤ µb
a(M).
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[7] H. Zöschinger, Minimax modules, J. Algebra, 102 (1986) 1-32. (In Ger-
man.)

Received: January 29, 2017; Published: April 21, 2017


