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Abstract
Open queuing network with finite number of nodes, infinite number
of servers in nodes, exponential distributions of service times and Poisson input flow is considered. A presence of infinite number of servers
in the network nodes together with the statement that the cardinality
of counting set of counting sets is counting set also allows to transform initial queuing network into queuing network of multiphase type
The authors were partially supported by the Far Eastern Branch of Russian Academy
Sciences, grant ”Far East” (project 15-I-4-001 o, subproject 15-I-4-030).

304

G.Sh. Tsitsiashvili, M.A. Osipova, A.S. Losev, Yu.N. Kharchenko
so that in each node a customer may be served no more than once. It is
proved that all flows of so transformed network in stationary regime are
Poisson. Synergetic effects in this network are analysed using a replacement of infinite number of servers by finite number of servers. Possible
generalizations of Jackson network permitting suggested analysis are
considered.
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Introduction
Open queuing network with finite number of nodes, infinite number of servers
in nodes, exponential distributions of service times and Poisson input flow is
considered. A presence of infinite number of servers in the network nodes
[1] - [3] together with the statement that the cardinality of counting set of
counting sets is counting set also allows to transform initial queuing network
into queuing network of multiphase type so that in each node a customer may
be served no more than once. A transformation of the Jackson network into
the multiphase type network is closely connected with models of retrial queues
[4], [5].
It is proved that all flows of so transformed network in stationary regime are
Poisson. Synergetic effects in this network are analysed using a replacement of
infinite number of servers by finite number of them. Synergetic effect means
that if number of servers in nodes and intensity of input flow increase in n → ∞
times then probability of queues existence on finite time interval tends to zero.
This investigation is based on the Burke theorem [6] that in stationary
regime output flow of multiserver system M |M |n|∞ is Poisson and this system
possesses the synergetic effect [7].

1

Transformation of Jackson network into
multiphase type network

Consider open queuing network S with finite number of nodes U = {0, 1, . . . , m}
and Poisson input flow with the intensity λ0 . Paths of customers in the network
S are defined by the route matrix Θ = ||θi,j ||m
i,j=0 , consisting of probabilities θi,j
of customers transitions from the node i to the node j after a service in the node

Jackson network as multiphase type network

305

i. The node 0 is a source of customers arriving the network and a container of
customers departing the network. Here θ0,i is the probability that input flow
customer moves to the node i and θi,0 is the probability that customer departs
network after service in the node i. In the node k of the network S there is infinite number of identical servers with service times which has the distribution
Fk (t) = 1 − exp(−µk t), t ≥ 0, µk , 0 < µk < ∞, k = 1, . . . , m, θ0,0 = 0.
Transform the network S into the following network S ∗ . Each node k, 0 ≤
k ≤ m, is divided into infinite number of nodes (k, j), 1 ≤ j. Here nodes with
1 ≤ k ≤ m are nodes with infinite numbers of servers and nodes with k = 0
absorb customers departing the network. A customer arriving the network with
the probability θ0,k moves to the node (k, 1). The node (0, 1) is sham because
θ0.0 = 0 and so customers do not visit it. Then after a service in the node
(p, j), 1 ≤ p ≤ m, 1 ≤ j, customer with the probability θp,q moves to the node
(q, j +1) and with the probability θp,0 moves to the node (0, j +1) - departs the
network, 1 ≤ p, q ≤ m, 1 ≤ j. Consequently initial network S is transformed
into the network S ∗ with the nodes set U ∗ = {(k, j), 1 ≤ j, 0 ≤ k ≤ m}.
Graphically the network S ∗ is represented in Fig. 1.

Fig. 1. Transformation of Jackson network (leftward) into multiphase type
network (rightward).
The network S ∗ is constructed similar to retrial queues systems [1] - [5].
Transformation of the network S into the network S ∗ does not change paths
and service times of customers.
In the network S ∗ a system of balance equations for stationary intensities
of flows arriving the nodes of the set U ∗ may be solved by recurrent relations
λk,1 = λ0 θ0,k , λk,j+1 =

m
X
p=1

λp,j θp,k , 0 ≤ k ≤ m, 1 ≤ j.

(1)
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Assume that the condition min θp,0 = θ > 0 is true then the following in1≤p≤m

equalities take place
m
X

λk,j+1 ≤ (1 − θ)

m
X

λp,j ≤ (1 − θ)j λ0 , 0 ≤ k ≤ m,

(2)

p=1

k=1

consequently the series λk =

X

λk,j , 0 ≤ k ≤ m, converge and from the

j≥1

equalities (1) we have
λk =

m
X

λp θp,k , 1 ≤ k ≤ m.

(3)

p=0

So vector-line (λ1 , . . . , λm ) satisfies the system (3) of balance equations for
open network S with fixed λ0 . From the condition θ0 > 0 and theorem of
Frobenius-Perron [8, Chapter XIII] this solution is single.
Indeed, denote Θ0 = ||θi,j ||m
i,j=1 . Then system (3) may be rewritten as
follows
(λ1 , . . . , λm ) = (λ1 , . . . , λm )Θ0 + λ0 (θ0,1 , . . . , θ0,m ).
General solution of this nonuniform system of linear equations equals a sum
of partial solution
X
λ0 (θ0,1 , . . . , θ0,m )
Θk0
(4)
k≥0

of nonuniform system (3) and general solution of the uniform system
(λ01 , . . . , λ0m ) = (λ01 , . . . , λ0m )Θ0 .
From theorem of Frobenius-Perron and the condition θ > 0 modules of eigen
values of the matrix Θ0 are smaller one. So general solution of the uniform
system equals zero. Consequently nonuniform system (3) has single solution
represented in Formula (4).

2

Multiphase type queuing networks with
finite number of phases

∗
Consider the network SN
, with the nodes set UN∗ = {(k, j), 0 ≤ k ≤ m, 1 ≤
j ≤ N }, in which all customers departing the nodes (k, N ), 1 ≤ k ≤ m, leave
∗
the network. So in the network SN
, in a contradistinction to the network S ∗
each customer may be served no more than N times. It is obvious that input
∗
coincides with input flow to the node
flow to the node (k, j) of the network SN
(k, j) of the network S ∗ .
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From (1) we have that for fixed λ0 > 0 there is single solution of balance
∗
∗
equations system for the network SN
. As each node of the network SN
contains infinite number of servers so process describing numbers of customers in
this network nodes is ergodic. Consequently product Jackson theorem [9] as∗
nodes
serting that limit distribution of customers numbers in the network SN
equals product of limit distributions of customers numbers in isolated nodes
provided that input flows to isolated nodes are Poisson with intensities defined
by systems of balance equations (1) is true.
Assume that in initial time moment a distribution of customers numbers
∗
∗
has multiphase type then
is stationary. As the network SN
in the network SN
from [6], [10], [11, Corollary 3.2] we have that all flows departing the nodes of
∗
are Poisson.
the network SN
∗
Remark 2.1 For sufficiently large N the network SN
approximate the net∗
work S in the following sense. Each customer reaches the nodes (k, N ), 1 ≤
k ≤ m, with probability smaller than (1 − θ)N −1 → 0, N → ∞. Note that
∗
coincides with input
for j ≤ N input flow to the node (k, j) of the network SN
∗
∗
flows to the node (k, j) of the networks SN +1 , SN +2 , . . . , S ∗ .

3

Synergetic effects in multiphase type
networks

Fix ε, 0 < ε < 1 and assume that positive numbers αk,j satisfy the equalities
αk,j =

λk,j
, (k, j) ∈ UN∗ .
µk (1 − ε)2

(5)

Define integers nk,j by the equalities nk,j = [nαk,j ], (k, j) ∈ UN∗ , where [a] is
∗
∗
integer part of real number a. Transform the network SN
into the network SN,n
,
∗
in which the node (k, j) ∈ UN contains nk,j identical servers with exponential
distribution of service times and parameter µk , and input flow is Poisson with
the intensity nλ0 .
From the equalities (5) it is not difficult to obtain the inequalities
nλk,j
1
< 1 − ε, (k, j) ∈ UN∗ , for n > max ∗
.
(k,j)∈UN εak,j
nk,j µk

(6)

From Formula (6) we have that process describing numbers of customers
∗
in nodes of the network SN,n
is ergodic. Assuming that initial distribution
∗
of customers numbers in the network SN,n
nodes is stationary we obtain that
input flows to nodes (k, j) of this network are Poisson with the intensities
λk,j , (k, j) ∈ UN∗ .
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From [12] we have that limit probability Pn (k, j) of customers absence in
∗
the node (k, j) of the network SN,n
from the condition (6) satisfies the relation
Pn (k, j) → 1, n → ∞, (k, j) ∈ UN∗ .

(7)

Fix time segment [0, T ] and denote PnT (k, j) the probability of queues absence
in the node (k, j) on the segment [0, T ]. Using results of [7, § 3] and the relation
(7) it is simple to obtain limit relation
PnT (k, j) → 1, n → ∞, (k, j) ∈ UN∗ .

(8)

Denote PnT (N ) the probability of queues absence in all nodes of the network
∗
SN,n
. Using Formula (8) we obtain limit relation
PnT (N ) → 1, n → ∞.

4

(9)

Generalizations of multiphase type queuing
networks

There are following possible generalizations of Jackson networks with infinite
numbers of servers in their nodes. All these generalizations possess synergetic
effects (9).
1) Jackson network with few types of customers,

Fig. 2. Network with few types of customers flows (marked by different
colours).
2) Jackson network with hyperexponential distributions of customers service
times,
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Fig. 3. Transformation of system with hyperexponential service times
distribution into network with exponential times distributions.
3) Jackson network with dependence of probability characteristics of paths
and service times on numbers of customers services.

References
[1] L.A. Zhidkova (Zadiranova), S.P. Moiseeva, Investigation of the parallel
service system with multiple claims of the Poisson process, Vestnik Tomskogo Universiteta. Upravlenie, Vichislitelnaya Technika i Informatika, 4
(2011), no. 17, 49-54. (In Russian).
[2] L.A. Zhidkova (Zadiranova), S.P. Moiseeva, Mathematical model of buyers in two product sell company customers as queuing system with repeated allocution to blocks. Investigation of system with parallel service
of simplest flow fold customers, Vestnik Tomskogo Universiteta. Upravlenie, Vichislitelnaya Technika i Informatika, 6 (2013), 5-9. (In Russian).
[3] A.A. Nazarov, A.N. Moiseev, Infinite Server Queuing Systems and Networks, Tomsk, Edition NTL, 2015.
[4] R.D. Nobel, H.C. Tijms, Optimal control for an MX/G/1 queue with two
service modes, European Journal of Operational Research, 113 (1999), no.
3, 610-619. https://doi.org/10.1016/s0377-2217(98)00085-x
[5] R.D. Nobel, H.C. Tijms, Waiting-time probabilities in the M/G/1 retrial
queue, Statistica Neerlandica, 60 (2006), no. 1, 73-78.
https://doi.org/10.1111/j.1467-9574.2006.00312.x
[6] P.J. Burke, The output of a queuing system, Operations Research, 4
(1956), 699-704. https://doi.org/10.1287/opre.4.6.699
[7] G.Sh. Tsitsiashvili, M.A. Osipova, Synergetic effects for number of busy
servers in multiserver queuing systems, Chapter in Information Technologies and Mathematical Modelling-Queueing Theory and Applications,
Springer International Publishing, 2015, 404-414.
https://doi.org/10.1007/978-3-319-25861-4 34

310

G.Sh. Tsitsiashvili, M.A. Osipova, A.S. Losev, Yu.N. Kharchenko

[8] F.R. Gantmaher, Theory of Matrices, Moscow, Nauka, 1968.
[9] J.R. Jackson, Networks of Waiting Lines, Operations Research, 5 (1957),
no. 4, 518-521. https://doi.org/10.1287/opre.5.4.518
[10] F.J. Beutler, B. Melamed, Decomposition and customer streams of feedback networks of queues in equilibrium, Oper. Res., 26 (1978), no. 6,
1059-1072. https://doi.org/10.1287/opre.26.6.1059
[11] G.Sh. Tsitsiashvili, M.A. Osipova, Stationary flows in acyclic queuing
networks, Applied Mathematical Sciences, 11 (2017), no. 1, 23-30.
https://doi.org/10.12988/ams.2017.610257
[12] G.Sh. Tsitsiashvili, M.A. Osipova, Parameter Estimation and Cooperative
Effects in Queueing Networks, WSEAS Transactions on Mathematics, 11
(2012), no. 1, 10-22.
Received: January 27, 2017; February 14, 2017

