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Abstract

System reliability is a main criterion to design systems. Among
various theories, which are applied to improve system reliability. The
reliability equivalence factors theory is known as a powerful tool as im-
provement methods will be applied to enhance system reliability. In
this article, a series-parallel system is improved by using the reliability
equivalence factors. All components have modified Weibull lifetime dis-
tribution. Three different methods; reduction, hot and cold are used to
improve the given system. The reliability function and mean time to
failure for each method are obtained. The reliability equivalence factors
and δ-fractiles are introduced. Numerical examples are studied.

Mathematics Subject Classification: 60E05, 62N05, 90B25

Keywords: Modified Weibull distribution, improving methods, reliability
equivalence

1 Introduction

The reliability equivalence is discussed in [13]. Various systems improved by
applying such concept. Some authors improved the constant failure rate sys-
tems such as series, parallel, series-parallel (parallel-series) and bridge struc-
ture systems, [9, 10, 11, 14]. Also, there are some systems have non-constant
failure rate are improved in [1, 3, 4, 5, 6, 7, 8, 15, 16].
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The reliability equivalence factors (REF) of a parallel system with n inde-
pendent and identical components with Gamma life time distribution intro-
duced in [16]. A series system with non-constant failure rates studied in [7].
A simple series-parallel system with linear-exponential distribution improved
in [4]. The bridge structure system with modified Webiull distribution dis-
cussed in [5]. We focus on the equivalence analysis of different designs of a
series-parallel system with independent and identical components with modi-
fied Weibull distribution.

The random variable T has modified Weibull distribution (MWD) with
parameters α, β and µ if its cumulative distribution function is given by

F (t;α, β, µ) = 1− exp{−(αt+ βtµ)}, t ≥ 0, (1)

where α, β, µ > 0. The reliability function for MWD(α, β, µ) can be obtained
as

R(t;α, β, µ) = 1− F (t) = exp{−(αt+ βtµ)}, t ≥ 0. (2)

The failure rate function is

h(t) =
f(t)

R(t)
= α + βµµ−1, t ≥ 0. (3)

Figures 1 and 2 show the cumulative distribution, reliability and hazard
rate function respectively, for α = 0.2, β = 0.3 and different values of shape
parameter µ.

Figure 1: The F (t) and R(t) for α = 0.2, β = 0.3 and different values of µ.

The MWD(α, β, µ) has a bathtub failure rate.

1. If the shape parameter µ = 1, then h(t) = α, is constant failure rate.

2. If the shape parameter µ > 1, then h(t), is increasing (IFR).

3. If the shape parameter µ < 1, then h(t), is decreasing (DFR).
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Figure 2: The h(t) for α = 0.2, β = 0.3 and different values of µ.

This paper can be organized as follows. In Section 2, we discuss the series-
parallel system and derive its reliability function (RF) and mean time to failure
(MTTF). Section 3 introduces the improved systems. The δ-fractiles are ob-
tained in Section 4. The REFs of the series-parallel system are derived in
Section 5. Some numerical results are given in Sections 6. Finally, the conclu-
sion is introduced in Section 7.

2 Series-parallel System

The structure of the series-parallel system is illustrated in Figure 3. The origi-
nal system consists of n subsystems, and each subsystem i has mi components,
for i = 1, 2, · · · , n.

Figure 3: The Series-parallel structure.

Let Rs(t) be the reliability function of the series-parallel system, Ri(t) be
the reliability function of the system i. The function Rs(t) can be derived as
follows

RS(t) =
n∏
i=1

Ri =
n∏
i=1

{
1−

[
1− e−(αt+βtµ)

]mi}
. (4)

The MTTF can be given by, (see [2]).

MTTF =

∫ ∞
0

Rs(t)dt. (5)

Equation (5) can be computed numerically by using Mathematica Program
system.
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3 The Improved Systems

In this section, three different methods can be used to improve the series-
parallel system. We will compare the reliability of the original system and
that for the improved systems.

3.1 The reduction method

In this method, the system can be improved by reducing the failure rates
of A of the system components by the factor ρ, 0 < ρ < 1. We assume
that the |A| = r components can be distributed into n subsystems. Such that
r =

∑n
i=1 ri, ri denotes the number of components from the subsystem i whose

failure rates are reduced. Where 0 ≤ ri ≤ mi, 0 ≤ r ≤ N and N =
∑n

i=1mi.

Let R
(r1,r2,··· ,rn)
r,ρ (t) denote the RF of the system improved by reducing the

failure rates of the set A components. The function R
(r1,r2,··· ,rn)
r,ρ (t) can be

obtained as follows.

R(r1,r2,··· ,rn)
r,ρ (t) =

n∏
i=1

{
1−

[
1− e−ρ(αt+βtµ)

]ri [
1− e−(αt+βtµ)

]mi−ri}
. (6)

The MTTF to the reduction system can be evaluated by solve the following
integral numerically

MTTFr,ρ =

∫ ∞
0

R(r1,r2,··· ,rn)
r,ρ (t)(t)dt. (7)

3.2 The hot duplication method

Let us assume that the system improved by improving the components of the
set B by a hot redundant identical standby component. The set B consists of
` components (0 ≤ ` ≤ N), can be distributed into the n subsystems of the
system such that ` = `1 + `2 + · · · + `n. We will improve `i components from
the subsystem i by hot duplication method, that is 0 ≤ `i ≤ mi and 0 ≤ ` ≤ N .

The function R
H(`1,`2,··· ,`n)
` (t) denotes for the RF of the improved system by

hot duplication method. We can derive the function, R
H(`1,`2,··· ,`n)
` (t) as follows

R
H(`1,`2,··· ,`n)
` (t) =

n∏
i=1

{
1−

[
1− e−(αt+βtµ)

]mi+`i}
. (8)

The hot duplication mean time to failure can be computed by

MTTFH` =

∫ ∞
0

R
H(`1,`2,··· ,`n)
` (t)dt. (9)



Improving the reliability of a series-parallel system 261

3.3 The cold duplication method

In this method it is assumed that each component of the set B is connected
with an identical component via a perfect switch.

Let R
C(`1,`2,··· ,`n)
` (t) denote the RF of the system improved by improving

` = |B| components according to the cold duplication method. The function

R
C(`1,`2,··· ,`n)
` (t) is given as follows

R
C(`1,`2,··· ,`n)
` (t) =

n∏
i=1

{
1−

[
1−RC

ij(t)
]`i

[1−Rij(t)]
mi−`i

}
, (10)

where RC
ij(t) denotes the RF of the improved component j in subsystem i

according to cold duplication method.

Rij(t) = e−(αt+βt
µ),

RC
ij(t) = R1(t) +

∫ t

0

f1(x)R2(t− x)dx

= e−(αt+βt
µ) + e−αt

∫ t

0

(α + βµxµ−1)e−β[x
µ+(t−x)µ]dx.


(11)

If we setting µ = 2 in (11), we get

RC
ij(t) = e−(αt+βt

2) + e−(αt+βt
2)e

βt2

2

√
1− e−βt

2

2

[
(α + βt)

√
π

2β
+

√
1− e−βt

2

2

]
.

The MTTF for the cold duplication system can be determined as follows

MTTFC` =

∫ ∞
0

RC
B(t)dt. (12)

Remark 1. The cold redundant system having a single main component and
one standby component via a perfect switch. The component in a standby
mode is ready to take over system operation when the main or normally op-
erating component fails.

1. When the system has identical components with constant failure rate,
the Poisson distribution is used for the standby system operation

Px(t) =
(λt)xe−λt

x!
, x = 0, 1, · · ·

where Px(t) be the probability that x failure occurs in interval (0, t). The
reliability for this system can be derived by using

R(t) = P0(t) + P1(t) = (1 + λt)e−λt.
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2. When the components have non-constant failure rates or non-identical,
we haven’t Poisson distribution, so in this case, there are many tech-
niques can be used to evaluate the system reliability, (see [2]).
Consider the standby system with two non-identical components A and
B. The events leading to the system success are either:

• The main component, A, does not fail for an interval of time 0 to
t, or

• the main component A fails at time x < t and standby component
B does not fail in the interval x to t.

Let Ra(t) and Rb(t) be the reliability associated with these two events
respectively, then

R(t) = Ra(t) +

∫ t

0

fa(x)Rb(t− x)dx

This technique is available also when we have identical components.

Many authors are used the technique in (1) for the non-constant failure
rate, see [1, 3, 4, 5, 15]. This mistake in evaluation the system reliability for
cold standby method. Technique in (2) used by [6, 9, 10, 12].

4 The δ-Fractiles

In this section, the important measure of the performance of system reliability
is obtained. The δ-fractiles of the original and improved systems, L(δ), LD` (δ),
respectively, can be found by solving the following equations with respect to
L:

R

(
L(δ)

Λ

)
= δ, R

D,(`1,`2,··· ,`n)
`

(
L(δ)

Λ

)
= δ, (13)

where Λ = n(α + β) and D = H,C.
Substituting from (4)into the first equation in (13), L(δ) satisfied the fol-

lowing equation

n∑
i=1

ln
{

1−
[
1− e−(αLΛ+β(L

Λ
)µ)
]mi}

− ln (δ) = 0, (14)

From equation (8) and the second equation in (13), L = LH` (δ) is obtained by
solve the following nonlinear equation with respect to L

n∑
i=1

ln

{
1−

[
1− e−(α

L
Λ
+β(L

Λ
)µ)
]mi+hi}

− ln (δ) = 0. (15)
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Similarly, substituting from (10) into (13), L = LC` (δ) satisfies the following
equation

n∑
i=1

ln

{
1−

[
1−RC

ij

(
L

Λ

)]ci [
1−Rij

(
L

Λ

)]mi−ci}
− ln (δ) = 0. (16)

As it seems, equations (14) to (16) can be solved numerically.

5 The Reliability Equivalence Factors

The REFs of the series- parallel system are derived in this section, say ρDr,`(δ).
The set B (|B| = `) of system components is improved according to one of the
duplication methods (H and C) and A (|A| = r) is the set of system compo-
nents improved according to a reduction method.

The ρDr,`(δ), is the solution of the following system of two equations,see [14]

R
D (`1,`2,··· ,`n)
` (t) = δ, R(r1,r2,··· ,rn)

r,ρ (t) = δ, D = H and C. (17)

Substituting from (6) and (8) into (17), the hot REF, say ρ = ρHr,`(δ) is the
solution of the following equations:

n∑
i=1

ln
{

1−
[
1− e−ρ(αt+βtµ)

]ri [
1− e−(αt+βtµ)

]mi−ri}− ln (δ) = 0

n∑
i=1

ln
{

1−
[
1− e−(αt+βtµ)

]mi+hi}− ln (δ) = 0

 . (18)

Similarly, from equations (8), (15) and (17), the cold REF, say ρ = ρCr,`(δ)
is given by the following equations:

n∑
i=1

ln
{

1−
[
1− e−ρ(αt+βtµ)

]ri [
1− e−(αt+βtµ)

]mi−ri}− ln (δ) =0

n∑
i=1

ln
{

1−
[
1−RC

ij(t)
]ci

[1−Rij(t)]
mi−ci}− ln (δ) =0

 (19)

The systems (18) and (19) have no closed form solutions. The ρ = ρDr,`(δ),
where D = H and C, respectively, can be obtained by using Mathematica
Program System.
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6 Numerical Results and Conclusions

In this section, we introduce a numerical example to explain how one can
utilize the previously obtained theoretical results. Consider the following as-
sumptions:

1. The series-parallel system has two subsystems, n = 2, connected in series.

2. The first subsystem has only one component, m1 = 1, the second sub-
system has two components, m2 = 2, connected in parallel and N =
n1 + n2 = 3.

3. The parameters α = 0.1, β = 0.02 and µ = 2.

4. In the hot and cold duplication method, we improve ` = |B| components
of the system components. Such that `1 component from the first sub-
system, `2 from the second subsystem. We will use the notation B

(`1,`2)
` .

5. In the reduction method, we will use the notation A
(r1,r2)
r . We improve

r = |A| components of the system components. Such that r1 component
from the first subsystem, r2 from the second subsystem.

For this example, we have found that the MTTF=3.42194 for the original
system, and the MTTFD` for the improved systems are presented in Table 1.

Table 1: The MTTFD` , D = H, C.

B
(1,0)
1 B

(0,1)
1 B

(0,2)
2 B

(1,1)
2 B

(1,2)
3

MTTFH 4.41412 3.72039 3.88287 4.87506 5.13860
MTTFC 5.32142 4.07904 4.25316 7.44728 8.24284

Figures 4–6 show the reliability for the improved and original systems, when
|B| = 1, 2, 3.

(a) B
(1,0)
1 (b) B

(0,1)
1

Figure 4: The RFs for the original and improved system, |B| = 1.
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(a) B
(0,2)
2 (b) B

(1,1)
2

Figure 5: The RFs for the original and improved system, |B| = 2.

Figure 6: The RFs for the original and improved system, |B| = 3.

Figure 7 shows a comparison of the reliability for the improved methods with
the original system for different sets of system components, D = H,C.

Figure 7: The RFs for the original and improved system.

Figure 8 gives the reliability for the improved system by using the reduction
method with the original system when ρ = 0.5.

Figure 8: The RFs for the original and improved system by reduction method,

ρ = 0.5.
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Using Mathematica Program system, one can calculate the δ-fractiles L(δ), LD` (δ)
and the REFs ρDr,`(δ), D = H, C. Table 2 contains the δ-fractiles of the original
and improved systems. Table 3 shows the REFs of the improved systems.

Table 2: The δ-fractiles, L(δ), LD
` (δ), D = H, C, B

(`1,`2)
` and ` = |B|.

B
(1,0)
1 B

(0,1)
1 B

(0,2)
2 B

(1,1)
2 B

(1,2)
3

δ L(δ) H C H C H C H C H C
0.1 2.279 2.589 3.106 2.439 2.758 2.545 2.922 2.754 4.083 2.864 4.431
0.2 1.866 2.203 2.652 2.025 2.262 2.126 2.385 2.376 3.557 2.489 3.904
0.3 1.581 1.936 2.338 1.733 1.912 1.825 2.001 2.114 3.193 2.227 3.534
0.4 1.347 1.717 2.079 1.488 1.620 1.568 1.681 1.897 2.893 2.009 3.223
0.5 1.138 1.520 1.845 1.264 1.355 1.329 1.395 1.701 2.621 1.809 2.937
0.6 0.939 1.332 1.620 1.046 1.103 1.094 1.127 1.511 2.358 1.613 2.655
0.7 0.742 1.141 1.390 0.824 0.852 0.853 0.865 1.315 2.085 1.409 2.357
0.8 0.533 0.932 1.135 0.586 0.595 0.599 0.601 1.098 1.776 1.178 2.012
0.9 0.299 0.673 0.811 0.319 0.320 0.322 0.322 0.819 1.363 0.877 1.543

Table 3: The REF, ρDr,`(δ), D = H and C, r = |A| = r1 + r2 and ` = |B|.
B

(1,0)
1 B

(0,1)
1 B

(0,2)
2 B

(1,1)
2 B

(1,2)
3

δ (r1, r2) H C H C H C H C H C
0.1 (1,0) 0.6564 0.2532 0.8102 0.5057 0.6995 0.3782 0.5088 NE 0.4210 NE

(0,1) 0.4075 0.0230 0.6326 0.2261 0.4658 0.0936 0.2296 NE 0.1364 NE
(0,2) 0.5983 NE 0.7797 0.4132 0.6496 0.2391 NE NE 0.3011 NE
(1,1) 0.7713 0.5353 0.8708 0.6787 0.7987 0.6044 0.6806 0.3178 0.6290 0.2738
(1,2) 0.8179 0.6100 0.8989 0.7394 0.8405 0.6737 0.7410 0.3869 0.6957 0.3367

0.2 (1,0) 0.5914 0.2174 0.7892 NE 0.6726 0.4216 0.4289 NE 0.3361 NE
(0,1) 0.2583 NE 0.5573 0.1842 0.3708 0.0580 0.0657 NE 0.0286 NE
(0,2) 0.4657 NE 0.7305 0.3810 0.5770 0.1948 NA NE NE NE
(1,1) 0.7227 0.5009 0.8528 NE 0.7751 NE 0.6221 0.2851 0.5675 0.2401
(1,2) 0.7759 0.5794 0.8833 NE 0.8197 NE 0.6894 0.3591 0.6407 0.3072

0.3 (1,0) 0.5393 0.1908 0.7793 NE 0.6640 0.4732 0.3680 NE 0.2739 NE
(0,1) 0.1194 NE 0.4951 0.1534 0.2973 0.0375 NE NE NE NE
(0,2) 0.3064 NE 0.6878 0.3533 0.5156 0.1613 NE NE NE NE
(1,1) 0.6813 0.4726 0.8420 NE 0.7632 NE 0.5748 0.2596 0.5194 0.2149
(1,2) 0.7389 0.5525 0.8731 NE 0.8081 NE 0.6460 0.3353 0.5959 0.2836

0.4 (1,0) 0.4915 0.1682 0.7768 NE 0.6681 NE 0.3153 NE 0.2220 NE
(0,1) 0.0277 NE 0.4368 0.1281 0.2332 0.0242 NE NE NE NE
(0,2) 0.0000 NE 0.6457 0.3274 0.4564 0.1334 NE NE NE NE
(1,1) 0.6413 0.4459 0.8359 NE 0.7596 NE 0.5311 0.2368 0.4763 0.1933
(1,2) 0.7019 0.5256 0.8664 NE 0.8029 NE 0.6043 0.3122 0.5541 0.2618

0.5 (1,0) 0.4448 0.1476 0.7813 NE 0.6847 NE 0.2664 NE 0.1759 NE
(0,1) NE NE 0.3784 0.1067 0.1750 0.0155 NE NE NE NE
(0,2) NE NE 0.6010 0.3030 0.3958 0.1098 NE NE NE NE
(1,1) 0.5999 0.4187 0.8345 NE NE NE 0.4878 0.2148 0.4348 0.1734
(1,2) 0.6621 0.4969 0.8632 NE NE NE 0.5614 0.2884 0.5121 0.2403

0.6 (1,0) 0.3967 0.1282 0.7942 NE 0.7151 NE 0.2192 NE 0.1337 NE
(0,1) NE NE 0.3174 0.0891 0.1216 0.0100 NE NE NE NE
(0,2) NE NE 0.5508 0.2809 0.3310 0.0906 NE NE NE NE
(1,1) 0.5545 0.3894 NE NE NE NE 0.4425 0.1925 0.3926 0.1539
(1,2) 0.6168 0.4643 0.8630 NE NE NE 0.5144 0.2625 0.4673 0.2176

0.7 (1,0) 0.3444 0.1094 0.8178 NE 0.7615 NE 0.1718 NE 0.0943 NE
(0,1) NE NE 0.2514 0.0764 0.0743 0.0068 NE NE NE NE
(0,2) NE NE 0.4910 0.2640 0.2602 0.0769 NE NE NE NE
(1,1) 0.5015 0.3557 NE NE NE NE 0.3922 0.1687 0.3472 0.1340
(1,2) 0.5618 0.4250 NE NE NE NE 0.4599 0.2327 0.4168 0.1924

0.8 (1,0) 0.2840 0.0912 0.8560 NE 0.8252 NE 0.1225 NE 0.0573 NE
(0,1) NE NE 0.1780 0.0710 0.0356 0.0055 NE NE NE NE
(0,2) NE NE 0.4143 0.2587 0.1819 0.0710 NE NE NE NE
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(1,1) 0.4347 0.3138 NE NE NE NE 0.3322 0.1415 0.2946 0.1122
(1,2) 0.4889 0.3736 NE NE NE NE 0.3914 0.1960 0.3548 0.1623

0.9 (1,0) 0.2051 0.0749 0.9147 NE 0.9056 NE 0.0684 NE 0.0236 NE
(0,1) NE NE 0.0946 NE 0.0095 0.0064 NE NE NE NE
(0,2) NE NE 0.3037 NE 0.0944 NE NE NE NE NE
(1,1) 0.3365 0.2538 NE NE NE NE 0.2500 0.1073 0.2247 0.0860
(1,2) 0.3769 0.2963 NE NE NE NE 0.2925 0.1456 0.2674 NE

From Tables 1, 2 and Figures 4–8, it seems that:

1. MTTF < MTTFH
` < MTTFC

` , for all `.

2. L(δ) < LH` (δ) < LC` (δ), ∀ ` = 1, 2 and 3.

3. Improving B
(1,0)
1 according to the duplication methods produces a bet-

ter design than what can be designed by improving B
(0,1)
1 by the same

methods.

4. Improving B
(1,1)
2 using the duplication methods one gets a better design

than what can be designed by improving B
(0,2)
2 .

5. Improving B
(1,2)
3 by the duplication methods gives the best design.

6. The cold duplication method is much better than the hot duplication
method.

Based on the results presented in Tables 2 and 3:

1. The L(0.1) will increase from 2.279/Λ to 2.589/Λ when the system im-

proved by hot duplication of B
(1,0)
1 , see Table 2. The same result on

L(0.1) can occur by reducing the failure rates of (i) one component from

first subsystem, A
(1,0)
1 by the factor ρH = 0.6564, (ii) one component

from second subsystem, A
(0,1)
1 , by the factor ρH = 0.4075, (iii) two com-

ponents from second subsystem, A
(0,2)
2 , by the factor ρH = 0.5983, (iv)

one component from first and second subsystem, A
(1,1)
2 , by the factor

ρH = 0.7713, (v) one component from first subsystem and two compo-

nents from the second subsystem, A
(1,2)
3 , by the factor ρH = 0.8179, see

Table 3.

2. Cold duplication of B
(1,0)
1 , will increase L(0.1) from 2.279/Λ to 3.106/Λ,

see Table 2. The same effect on L(0.1) can obtain by reducing the failure

rates of (i) one component from first subsystem, A
(1,0)
1 by the factor ρC =

0.2532, (ii) one components from second subsystem, A
(0,1)
1 , by the factor

ρC = 0.0230 , (iii) one component from first and second subsystem, A
(1,1)
2 ,

by the factor ρC = 0.5353, (iv) one component from first subsystem

and two components from the second subsystem, A
(1,2)
2 , by the factor

ρC = 0.6100, see Table 3.
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3. In the same manner, one can read the rest of results presented in Tables
2 and 3.

4. The notation NE, means that there is no equivalence between the two
improved systems obtained by reduction method and duplication meth-
ods.

7 Conclusion

In this article, the REFs of series-parallel system are derived. Three methods,
reduction method, hot and cold duplication method are used to improve the
system reliability. It is shown that the improved systems is higher reliabil-
ity than the original system in all studied cases. It’s found that if reduction
method is applied to improve system reliability using different items, a com-
bination of one items from first subsystem and two component from second
subsystem is the best option for reliability improvement. Also, it’s concluded
that when a single set of items from subsystem 2 is improved using the reduc-
tion method, the smaller reduction factor applied for reliability improvement.
Moreover, the best method to improve the system reliability is the cold dupli-
cation method. Many special cases can be derived from the modified Weibull
distribution.
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