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Abstract

In this paper we study the property of the operator equations ST'S = S? and
TST = T? where S is dominant operator we show that is S dominant on a finite
dimensional Hilbert space and N(S) = N(ST) then ST is normal and if N(S—\) =
N(T — Mfor each A € C then A is normal operator where A € {S, ST, TS} and we
show that if S is polynomial root of dominant then f(A) € gW for each f € H(c(A)),
where A € {ST,TS,T}.

1. INTRODUCTION

let H be an infinite dimensional separable Hilbert space and let B(H) ,
By(H) denote the algebra of bounded linear operator, the ideal of compact
operator on H. If T € B(H) then N(T) and R(T) be the null space and
the range of T. Also let «(T) = dimN(T),B(T) := dimN(T*) and let
o(T),04(T),05(T),0,(T),0p,(T) and m(T) denote the spectrum, approx-
imate point spectrum , surjective spectrum, point spectrum of 7', the set of
pole of the resolvent of T and the set of all eigenvalue of T" which is isolated
in o(T).

Recall that T € B(H) is dominant if for every A\ € C there exists a constant
number My > 0 such that (T"— A\ (T — \)* < My(T — XN)*(T'— N), and T €
B(H) is called isoloid if each isolated point of o(T) is an eigenvalue of (T') , an
operator T' € B(H) is called normaloid if r(7T") = ||T'|| where r(T") the spectral
radius of (T") and it is well known that r(7") < ||T||. An operator T is said
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to be nilpotent if 7™ = 0 for a natural number n and it is quasinilpotent if
r(T) =0 [9, 10]

The operator £ := ﬁ i) opA =T )~!is called Riesz idempotent with respect

to A where D is a closed desk centered at A and DNo(T) = {A} where A € o(T)
be an isolated point of o(T") [9]

An operator T' € B(H) is said to have the single value extension property
(SVEP) at A if for every analytic solution f : U — H which is satisfy the
equation (T"— X)f(A) =0 (A € U) is the zero function , where U is open
disc centered at Ao [14]

An operator T' € B(H) is said have (SVEP) if T has (SVEP) at every A
in C from [2] we recall that for T € B(H) , the asent a(T") and the descent
d(T) given by

a(T) =inf{n >0: N(T") = N(T"*")}
and

d(T) =inf{n>0: R(T") = R(T"™)}
An operator T' € B(H) is called Fredholm if it has closed range , finite di-
mensional null space and its range has finite co-dimensional.the index of a
Fredholm operator

i(T) = o(T) = B(T)
T is called Weyle if it is Fredholm of index zero , and Browder if it is Fredholm

of finite ascent and descent.The essential spectrum o.(7"), the Wely spectrum
0, (T') and the Browder spectrum o,(7") define as [5, 8|

o (T):={ e C:T—X\ is not Fredholm}

ou(T):={ € C:T—X\ is not Weyl}
op(T):={ e C:T—X is not Browder}
0e(T) CW(T) C 0p(T) := 0e(T) Ugee o(T)

we write accK for the accumulation point of K C C' if we write isoK =
K \ accK then we let

7o0(T) :={\ € isoo(T) : 0 < a(T — ) < o0}
Poo(T) := o(T)\ow(T)
we say that Weyl’s theorem hold for 7" if
o(T)\ow(T) = moo(T)
and Browder’s theorem hold for T if
a(T)\ow(T) = Poo(T)
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An operator T' € B(H) is called B-Freadholm if there exists a natural num-
ber n for the induced operator T,, : R(T") — R(T™) is Freadholm in the usual
sense and B-Weyl’s if in addition 7}, has zero index .
the B-Fredholm spectrum opp(7") and B-Weyl spectrum oy (7') are define by

opp(T):={ € C:T -\ is not B — Freadholm}
opw(T) ={ e C:T—-X\ is not B-—Weyl}

An element z of A is Drazin invertible if there is an element b of A and non-
negative integer k such that

fbe =2F beb=b, |, zb=0bx

[16] the Drazin spectrum of a € A is define by [6]

opla):={Ae€C:a—X is not Drazin invertible}

If T'e B(H) that is T is Drazin invertible if and only if it has finite ascent
and descent and that is also equivalent to the fact that T" decomposed as T} ®T5
where T} is invertible and 75 is nilpotent and

O-BW(T) = ﬂ{O’D(T—f— F) P e B()(H)}
[16] the spectrum of B-Browder opp(T") define as [4]
opp(T)={op(T+ F): F € Bo(H) and TF =FT}

Viav [18] study the operator equation ST'S = S? and T'ST = T? and An, 1l
Ju and Ko, Eungil [1] study the operator equation ST'S = S?and T'ST = T*
for a paranormal operator S

2. MAIN RESULTS

Let the pair (S,T) of bounded linear operator acting on separable Hilbert
space H be a solution of the operator equation ST'S = S? and T'ST = T2,
before we give our main results we need the following lemmas

Lemma 2.1. [7]
(S =) {0} ={0} <= (ST = 1) (0) = {0}
= (TS =X)71(0) = {0} <= (T' = 1)"(0) = {0}

Lemma 2.2. [11] If A is dominant operator then N(A — A) reduces A for
each A € C

Theorem 2.3. Let S be a dominant operator on a finite dimensional Hilbert
space H and N(S) = N(ST) then we have

(1) ST is normal operator

(2) If N(S—X) = N(T — \) for every X\ € C then A is normal operator where
Ae{S ST, TS}
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Proof. since ST'S = S? and T'ST = T? then 0,(ST) = 0,(S) and N(ST—\) =
N(T — \) [17]
Let
K= Y N@ST-)N= ) N(S-)
Xeop(ST) A€op(S)

since S is dominant operator and N (S — \) reduces S then K reduces S so we
can represent S as follows

S=8,®85y: K&K+

Assume that K+ # {0} then Sy| K is also dominant operator and dim joo
, 0,(S2) # ¢ then for each X\ € 5,(S2) there exists a nonzero vector z) € K+
such that Az) = Syxy = Sz, then zy € K but ) € K+ that is y = 0 , which
is a contradiction there fore K+ = {0} which is H = K so for every x € H

T = Z Ty = Z xy for some xy€ N(A—-N)

A€oy (S) A€op(ST)
STx = Z ALy = Z Ary = Sx
AEop(ST) Aeop(S)

but since S*T*S* = §** and T*S*T* = T*" then

T*S*x = S*z = Z ATy = Z AT

Aesigmap(S) A€oy (ST)
therefore
15Tz = Y (AP = >0 Nl = D A = |77 x|
A€oy (ST) A€ (ST) A€o, (ST)

so that ST is normal
(2) since N(S — \) = N(ST — ) for every A € C then

N(S—\) = N(ST — \) = N(TS — \) = N(T — \)

so that (2) is obvious O

Recall that an operator S is called convexoid if convo(S) = W(S) where
W (S)is the numerical range of S

Lemma 2.4. Let S be any operator which is normoloid and A € C' and o(S) =
{A\} then S = I

Proof. If A = 0 then S = 0 since S is normoloid.so let A # 0, which weans
that S is invertible but S is normoloid so ||S|| = [|S7!|| = [A||5] =1 that is S
is convexoid so we have W (S) = {A}and S = A\ O
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Lemma 2.5. Let S be a dominant operator which is normoloid and o(S) = {\}
then we have

(1) if \=0 then T?* =0

(2) if A #0 then A\ =1 and S,T the identity operator

Proof. if A = 0 then from lemma (2.4) we get T2 = 0
suppose that A # 0 since S is dominant which is normoliod then S = AI ,
and ST'S = 5% then N\*(T — I) = 0 so that T = I also since T'ST = T? then
(A —=1)\? = 0and A = 1 that is o(S) = o(T) = {1}, hence S and T are the
identity operator .

0

Remark 2.6. Let S be a dominant operator which is normoloid then we have
(1) if 0(S) = 0 then ST, T'S,and T nilpotent

(2)is o(S—1) =0then T'= [ that is ST — X\, T'S — X and T'— X are invertible
for all A € C'\{1}

Corollary 2.7. Let S be a dominant operator which is inevitable on a finite
dimensional Hilbert space and N(S) = N(ST) for any real number « then
aST + (1 —«)S is a solution X for alln € N where C(A, X)(A*) define as

CT,X)(17) = zn:n k‘(—l)k(T_l)”_k(T)* xn—k

Proof. we have that [aST = (1 — «)S]0 where § = S
since (aST)0 = aSTS = aS? = adS = §(aS) and ST, T are normal from
theorem (2.3) then by Fulglede-Put nam theorem that (aSR)*§ = d(aS)*
then
[@ST 4+ (1 —aS)]"0 = 6(aS)" =0[(1 — a)S]" = 05"
that is
N/
C(S™, X)(S*) = ( ) ShnmhgrgnTk =0
(57080 =3 ()57
O

Corollary 2.8. If S is dominant operator which is normoloid then o(A) C
{0,1} where A € {S,ST,TS,T}

Proof. Let Ay nonzero isolated point of o(S) by Riesz decomposition theorem
on E),(S) with respect to A\g we can act S as a direct sum

S=51®95 where o(S1)={ N} and o(S) =0(S)\{ o}

since S; is dominant operator then \g = 1 by lemma (2.5) that is 0(A) C
{0, 1}where A € {S,ST, TS, T}
U
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Lemma 2.9. If S is a dominant operator and Ay is a nonzero isolated point
of a(S, T)then for Riez idempotent E\,(S) with respect to Ay we have

R(EX(S)) = N(ST = Xo) = N(S*T" = Xo)

Proof. since S is dominant operator and Ay € o(5)\{0} then

R(Ex(S)) = N(S — Xg) = N(S* — \) for the Riesz idempotent Ej,(S) with
respect to Ag, But the pair (S, T)is solution of the operator equation ST'S =
S?and T'ST = T? then

N(S=AI) = N(ST—AI) = S(N(T=X))N(T—XI) = N(T'S—=XI) =T(N(=AI))
then N(S—Xg) = N(ST — \g) and N(S* —Xg) = N(S*T* — \g) for \g #0 O
Remark 2.10. We denote the set dby the collection of every pair (S,7) of
operator as

§ :={(S,T) : S and T are the solution of the operator equation STS = S?
and T'ST = T? with N(S —\) = N(T — \) for X # {0}

Proposition 2.11. Let (S,T) € 0 and S be a dominant operator if Ny is
nonzero isolated point of o(T'S) then the range is closed

Proof. Let A\¢ be a nonzero isolated point of o(7'S) C {1} by Corollary (2.8)
isoo(T'S) = ¢ then it is obvious that ¢(7'S) has closed range
thus we only consider case which 1 is an isolated point of o(7'S) since ST'S = 52
and T'ST = T? then 1 is an isolated point of ¢(S) [17] then by Riesz idempo-
tent E(S) with respect to 1 we can act S as the direct sum

S=5®8 o(S1)={1} and o(S2)=0c(S)\{1}
since (S,T) € dand S} is dominant then by lemma(2.10)
H=R(E)® RE)Y:=N(TS—-1)® N(TS —I)*
TS =C1®Cy where o(Cy)={1} and o(Cy) =0c(TS)\{1}

since S; and C are the restriction of S and T'S to R(FE;(S)) respectively we
not that if 7} := T|R(E,(S)) then S;71S, = T1? and T1S,T) = T}* since S,
is dominant then by lemma(2.5) Cy =1 thatis TS — I =0& (Cy — I) then

R(TS—1)=(TS—1)(H)=0® (Co — I)(N(TS - I)*)
since Cy — [ is invertible , T'S — I has closed range OJ
3. GENERALIZED WEYL’'S THEOREM FOR ALGEBRAICALLY DOMINANT
OPERATORS

Definition 3.1. Let A € B(H) is said to be an algebraically dominant if there
exists a non-constant complex polynomial P such that P(A) is dominant

M — hyponormal = dominant = algebraically dominant
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Remark 3.2. Let A € B(H) be an algebraically dominant then A — X is alge-
braically dominant for each AinC'

Lemma 3.3. let S € B(H) be a quasinilpotent algebraically dominant which
1s normoliod then S is nilpotent

Proof. Let P a non-constant polynomial such that P(A) is dominant since
o(P(A)) = Po(A)) then the operator P(A) — P(0) is quasinilpotent by (2.5)
since P(A) — P(0) = 0 that is

P(A) =c(A =X )(T = Xg)uvreeennee. (A=X\,) and P(0)=0
then
(A=M)(A—= X))o (A=X,) =0
CA[(A—=X) (A= Ag)eeeennee. (A—=X\)] =
CAP[(A = M) (A= Ng) e (A—=X)]=0
CA"[(A=M)(A—=Ag)roinn (A=X,) =0
since A — )\; is invertible for every A\; # 0 we must have A" =0 0J

Lemma 3.4. Let A € B(H) be an algebraically dominant which is normoliod
then A is isoloid

Proof. Let A be an isolated point of o(A) then by spectral projection
E =3 [ (n—A)~'du where D is closed disk of center A which is contains
no other points of o(A) , we can act A as the direct sum

A=A18Ty, where oAy ={\} and o(As)=0c(A)\{)\}

by Riesz decomposition theorem ([15],p31) since A algebraically dominant
then P(A) is dominant operator for some non-constant polynomial P since
o(Ay) = {\} then o(P(T1)) = P(0(A;1)) = P()). therefore P(A;) — P()\) is
quasinilpotent since P(A;) is dominant then by lemma(2.5) P(A;) — P(\) =0
put q(2) := p(z) —p(A) then ¢(A;) = 0 and hence A, is algebraically dominant
since A; is quasinilpotent and algebraically dominant then by lemma (3.3) that
A; — X nilpotent therefore A € 0,(A;) and then A € 0,(A) that is T isoloid [

Theorem 3.5. Let A € B(H) be an algebraically dominant operator which is
normoloid then f(A) € gW for each f € H(o(A))

Proof. Since A is dominant operator then by [12] A has SV EP then by [14,
Theorem 3.3.9,p231)P(A) has SV EP hence from [4] that is f(opw(A)) =
opw (f(A)) for each H(o(A)) since A is algebraically dominant then by lemma(3.4)
T is isoloid therefore [19]

a(f(ANmo(f(T)) = f(a(T)\m0(A)) = flosw(A) = osw(f(A))
that is f(A) € gw O
Lemma 3.6. we have the following

(Z)?To(S) = 7T()(ST) = 7T0(TS) = 7T0(T)
(2)S is isoloid if and only in A is isoloid where A € {S,ST,TS,T}
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Proof. since by [17] and [7, lemma 2.3] that is 0(5) = 0(ST) = o(T'S) = o(T)
and 0,(5) = 0,(ST) = op(T'S) = 0,(T") that is (2) hold .then for all A € C

a(S=AN)>0 <= a(ST—-XN)>0 <= a(TS—N)>0 < o(T—X)>0

that is (1) hold
0J

Remark 3.7. Let (S,T) € § and one of the operator S, ST, T'S,T be a domi-
nant. If \g is a nonzero isolated point in the spectrum of one of them, then all
of the range of S — \g, T'S — Ao, ST — A\g and T'— )\ are closed. Moreover, if \g
is a nonzero isolated eigenvalue of the spectrum of one of them with finite mul-
tiplicity, then each of the spectral manifold Hg({\o}), Hrs({No}), Hsr({ o}),
and Hg({\}) are finite dimensional

Theorem 3.8. suppose that S or S* is polynomial root of dominant operator.
Then f(A) € gW for each f € H(o(A)),where A € {ST, TS, T}

Proof. suppose that S is a polynomial root of dominant operator and let A €
{ST, TS, T} we must show that A satisfies generalized Weyl’s theorem
suppose that A € o(A)\opw (A) then A — X is B-Weyl but not invertible then
by [3, lemma 4.1] that we can act A — X as the direct sum

T—AN=A ®Ay, where A; is Weyl and Ay mnilpotent

since S is polynomial root of dominant operator then by [7, Theorem 2.1] A
has SV EP that implies A; has SVEP at 0 therefore A; is Weyl then A;
has finite ascent and descent that is A — X has finite ascent and descent . so
A€ 7T0(A)

conversely, let A € my(A),then then\ € m(S) by lemma(3.6) but S is poly-
nomial root of dominant operator then S € gB by [4] then \ is pole of the
resolvent of S, then from [7, Theorem 2.11] A — A is Drazin invertible then we
can act A — X\ as the direct sum

A— A=A ® Ay, where A; is invertible and A, is nilpotent

therefore A — X is B-Weyl’s | that is A € o(A)\opw(A) so o(A)\opw(A) =
mo(A) hence A € gW. We claim that opw (f(A)) = f(opw(A)) for every
F € H(o(A)).since A € g then A € gW then by [4, Theorem 2.1] that is
opw(A) = op(A). since S is polynomial root of dominant operators ,A has
SV EP so f(A) has SVEP by [7, Theorem 3.3.9] for every f € H(c(A)). then
f(A) € gB by [4, Theorem 2.9] then

opw(f(A)) = op(f(A)) = flop(A)) = flopw(A))
since S is polynomial root of dominant operators then by [lemma 3.4] that is
S is isoloid hence A is isoloid by [lemma 3.6] so for every f € H(o(A))

a(f(A\mo(f(A)) = f(a(A)\m0(A))

since A € gW we have

a(g(A)N\mo(f(A)) = f(o(A)\m(A)) = flopw(A)) = ow(f(A))
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that is f(A) € gW

We suppose that S* is polynomial root of dominant operator .we must show
that A € gW.Let A € o(A)\opw(A) hence o(Ax) = 0(A) and oy (A*) =
osw(A). So X € o(A*)\ogw(A*), But S*T*S* = S and T*S*T* = T*" there-
fore A* € gW hence X € Py(A*) which is implies that X\ € Py(S*). Since S* is
polynomial root of dominant then X is pole of the resolvent of S* equivalently,
A is pole of the resolvent of A hence A € my(A)

Conversely, suppose A € mo(A). Then A € my(S). Since A € isoo(S*)
and S* is a polynomial root of dominant operators then A is a pole of the
resolvent of S hence A — X is Drazin invertible. Therefore A € o(A)\opw(A)
thus o(A)\opw(A) = m(A) so that A € gW. If S* is a polynomial root of
dominant operators then A is isoloid by lemma(3.6) hence f(A) € gW O

Corollary 3.9. Let S is compact dominant operator which is normoloid and
suppose that (S,T) € § then we have

TS=12Q on N(TS—-1)oN(TS-I)*
where Q) is quasinilpotent

Proof. suppose that S is compact operator and dominant .then by theorem(3.8)
TS satisfies generalized Weyl’s theorem. and isoo(T'S) C {0,1} by corol-
lary(2.8) then we have

o(TS)\osw(T'S) € {0,1}

Assume that opy (T'S) is not finite . then o(7'S)is finite. but S is com-
pact that is o(7'S) is countable set o(T'S) = {0, A1, Ag,...},where \; # 0
for j = 1,2,...., N # A, for each] # j,and\; — 0 as j — oo, then from
corollary(2.8) {1, A2, ...} C isoo(T'S)\{0} € {1} but this is a contradiction.
Hence opw (7T'S) is finite. That is every point is ogw (7'S) is isolated therefore
o(TS) C {0,1}. If 1 ¢ o(T'S),then ¢(T'S) = {0} since S is dominant then
by lemma(2.4) that S = 0 hence T'S = 0. If 1 € o(7'S), then from proposi-
tion(2.11)that is
TS=I1®Qon H=N(TS—-1)®N(BA-1I)*  where Q is quasinilpotent [J

Theorem 3.10. Let S is polynomial root of dominant operator then f(A)
satisfies a-Browder’s theorem for each f € H(o(A)), where A € {ST,TS,T}.

Proof. First we must show that 0., (f(A)) = f(0ea(A)) and o, (f(A)) = f(ow(A)).
Let f € H(o(A)) since the inclusion o.,(f(A)) C f(0ea(A)) hold for each op-
erator, suppose that A ¢ o.,(f(A)) then f(A)— X is upper semi-Fredholm and
i(f(A) = A) <0 put

fA) = A= (A = m)(T = pia).- (A = pn)g(A)
where ¢, yy, o, ..., € C and g(A) is invertible, since S is polynomial root
of dominant S is has SV EP [12] and [14, Proposition 3.3.9] therefore A has
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SV EP [7, Theorem2.1]. Since A—y; is upper semi-Fredholm then i(A—p;) <0
for every i = 1,2, ...,n [13, Proposition2.2|, so that A\ # f(0e.(A))
Now,suppose that S* is polynomial root of dominant. since S*T*S* = §**
and T*S*T* = T** and A* has SVEP therefore i(A — pu;) > 0 for every
i =1,2,...,n by the classical index product theorem, A — u; is Weyl for every
i=1,2,...,n.hence A ¢ f(0eq(A)) that is 0..(f(A)) = f(0ea(A) by the same
way we prove o,(f(A)) = f(ow(A)). Since S and S* is root of dominant
operators then A andA* has SV EP so that a-Browder’s holds forA hence

f(aab(A)) = gab(f(A)) = Gea(f(A)) = f(aea(A))
for each f € H(o(A)) O
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