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Abstract

In this paper, a new class of generalized soft open sets in soft topo-
logical spaces, called soft βc-open sets, is introduced and studied. In
particular, the class of βc-open sets is contained propely in the class
of soft β-open sets. This class is incomparable with the classes of soft
open sets, soft pre-open sets and soft semi-open sets. We also intro-
duce and study the concepts of soft βc-interior, soft βc-closure and soft
βc-continuous function.
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1 Introduction and preliminaries

Molodtsove [5] initiated a novel concept of soft set theory, which is a completely
new approach for modeling vagueness and uncertainly. He successfully applied
the soft set theory into several directions such as smoothness of functions,
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game theory, Riemann Integration, theory of measurement, and so on. Soft
set theory and its applications have shown great development in recent years.
This is because of the general nature of parametrization expressed by a soft
set [11].

Definition 1.1. [5] Let X be an initial universe set and E a set of parameters.
Let P(X) be the power set of X and A a nonempty subset of E. A pair
(F,A), denoted by FA, is called a soft set over X if F is a mapping given
by F : A → P(X). Shortly, a soft set over X is a parameterized family of
subsets of the universe X. The family of all these soft sets over X is denoted
by SS(X)A. For a particular e ∈ A, the collection {F (e) : F is a soft set} is
considered to be the set of e-approximate elements of the soft sets. If e /∈ A,
then F (e) = ∅.

Let I be an arbitrary indexed set and L = {(Fi, A) : i ∈ I} be a subfamily
of SS(X)A. The union of L is the soft set (H,A)[15], where H(e) =

⋃
i∈I Fi(e)

for each e ∈ A. We write
⋃̃
i∈I(Fi, A) = (H,A). The intersection of L is

the soft set (M,A)[15], where M(e) =
⋂
i∈I Fi(e) for each e ∈ A. We write⋂̃

i∈I(Fi, A) = (M,A). If (G,A), (F,A) are two soft sets over X, we say (F,A)
is a soft subset of (G,B) (or (G,B) is said to be a soft superset of (F,A))[15],
denoted by (F,A)⊆̃(G,B), if A ⊆ B and F (e) ⊆ G(e), ∀e ∈ A. Also (F,A)
and (G,B) are called soft equal, if A = B and F (e) = G(e), ∀e ∈ A [15]. For a
soft set (F,A) over X, we define (F,A)c = (F c, A) to be the soft complement
of (F,A) such that F c(e) = X − F (e)[12]. (F,A)⊆̃(G,A) iff (G,A)c⊆̃(F,A)c.
A soft set (F,A) over X is called a null soft set [15](resp. absolute soft set)[15],
denoted by ΦA (resp. denoted by XA), if for all e ∈ A, F (e) = ∅ (resp. if for
all e ∈ A, F (e) = X). Clearly, Xc

A = ΦA. A soft point [16], denoted by xe,
is a soft set where x ∈ X and e ∈ A defined by xe(e) = {x} and xe(e

′) = ∅ ∀
e′ 6= e in A. xe∈̃(G,A) if for the element e ∈ A, {x} ⊆ G(e). Note that any
soft point xe∈̃XA.

Theorem 1.2. [8](De Morgan’s Law) Let I be an arbitrary index set and
{(Fi, A) : i ∈ I} be a subfamily of SS(X)A. Then

(1) [
⋃̃
i∈I(Fi, A)]c =

⋂̃
i∈I(Fi, A)c,

(2) [
⋂̃
i∈I(Fi, A)]c =

⋃̃
i∈I(Fi, A)c.

Definition 1.3. [1] Let SS(X)A and SS(Y )B be two families of soft sets
on X and Y respectively, u : X → Y and p : A → B be mappings. Let
fpu : SS(X)A → SS(Y )B be a mapping defined as: if (F,A) ∈ SS(X)A, then
the image of (F,A) under fpu, written as fpu(F,A) = (fpu(F ), p(A)), is soft
set in SS(Y )B such that
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fpu(F )(b) =

{
∪a∈p−1(b) u(F (a)) , p−1(b) 6= ∅ ,
∅ , otherwise .

for all b ∈ B. The soft function fpu will be injective if p and u are injectives,
and surjective if p and u are surjectives.

Definition 1.4. [1] Let SS(X)A and SS(Y )B be families of soft sets on
X and Y respectively, u : X → Y and p : A → B be mappings. Let
fpu : SS(X)A → SS(Y )B be a soft mapping. If (G,B) ∈ SS(Y )B, then
the inverse image of (G,B) under fpu, written as f−1

pu (G,B) = (f−1
pu , p

−1(B)),
is a soft set in SS(X)A such that

f−1
pu (G)(a) =

{
u−1(G(p(a))) , p(a) ∈ B ,

∅ , otherwise .

for all a ∈ A.

Theorem 1.5. [1] Let SS(X)A and SS(Y )B be families of soft sets. For the
soft function fpu : SS(X)A → SS(Y )B, the following statements hold:

(a) fpu(XA)⊆̃YB. If fpu is surjective, then the equality holds.

(b) If (F,A)⊆̃(G,A) in SS(X)A, then fpu(F,A)⊆̃fpu(G,A).

(c) fpu[(F,A)∪̃(G,A)] = fpu(F,B)∪̃fpu(G,A) and fpu[(F,A)∩̃(G,A)]⊆̃fpu(F,A)
∩̃fpu(G,A) ∀ (F,A),(G,A) ∈ SS(X)A. If fpu is injective, then the equal-
ity holds.

2 Soft topological spaces

Definition 2.1. [13] Let τ be a collection of soft sets over a universe X with
a fixed set of parameters A. Then τ is said to be a soft topology on X, if

(1) ΦA, XA belong to τ .

(2) The union of any number of soft sets in τ belongs to τ .

(3) The intersection of any two soft sets in τ belongs to τ .

The triple (X, τ, A) (briefly, X̃) is called a soft topological space over X.
The members of τ are called soft open sets. A soft complement of a soft open
set (F,A) is called a soft closed set in X̃. If (F,A) belongs to τ , we write
(F,A)∈̃τ . A soft set (F,A) which is both soft open and soft closed is called
soft clopen set.
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Definition 2.2. [17] Let X̃ be a soft topological space over X and xe, ye′∈̃XA

such that xe 6= ye′ . If there exist soft open sets (F1, A) and (F2, A) such that

xe∈̃(F1, A), ye′ /̃∈(F1, A) and ye′∈̃(F2, A), xe /̃∈(F2, A), then X̃ is called a soft
T1-space.

Definition 2.3. [7] A soft topological space X̃ is called a soft locally indiscrete,
if every soft open set over X is a soft closed set over X.

Theorem 2.4. [17] Let X̃ be a soft topological space over X. Then each soft

point is soft closed if and only if X̃ is a soft T1-space.

Definition 2.5. [13] Let X̃ be a soft topological space and (F,A) a soft set
over X. The soft interior of a soft set (resp. soft closure) (F,A) is denoted by
(F,A)◦ (resp. (F,A)) and is defined as the union of all soft open sets contained
in (F,A) (resp. is the intersection of all soft closed supersets of (F,A)) Clearly
(F,A)◦ (resp. (F,A)) is the largest (resp. the smallest) soft open set contained
in (F,A) (resp. the smallest soft closed set contains (F,A)).

Theorem 2.6. [8] Let X̃ be a soft topological space and let (F,A) and (G,A)

be soft sets over X. Then
(

(G,A)
)c

= ((G,A)c)◦ and ((G,A)◦)
c

= ((G,A)c).

Theorem 2.7. [13],[3] Let X̃ be a soft topological space and (F,A),(G,A) are
soft sets over X. Then

(1) (XA)◦ = XA, (φA)◦ = φA and φA = φA, XA = XA.

(2) (G,A)◦⊆̃(G,A) and (G,A)⊆̃(G,A).

(3)
(
(G,A)

◦)◦
= (G,A)◦ and (G,A) = (G,A).

(4) (G,A)⊆̃(F,A) implies (G,A)◦⊆̃(F,A)◦ and (G,A)⊆̃(F,A).

(5) [(G,A)∩̃(F,A)]◦ = (G,A)◦∩̃(F,A)◦ and (F,A)∩̃(G,A)⊆̃(F,A)∩̃(G,A).

(6) [(G,A)∪̃(F,A)]◦⊆̃(G,A)◦∪̃(F,A)◦ and (F,A)∪̃(G,A) = (F,A)∪̃(G,A).

Theorem 2.8. [14] Let X̃ be a soft topological space and (F,A),(G,A) are
soft sets in SS(X)A. Then xe∈̃(F,A) if and only if every soft open (G,A)
containing xe intersect (F,A).

Theorem 2.9. Let X̃ be a soft topological space. For any soft set over X,

(1) if (G,A) is a soft open set, then (F,A)∩̃(G,A)⊆̃((F,A)∩̃(G,A)).

(2) If (M,A) is a soft open set, then ((F,A)∪̃(M,A))
◦
⊆̃(F,A)◦∪̃(M,A).
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Proof. (1) Let xe∈̃(F,A)∩̃(G,A), then xe∈̃(F,A) and xe∈̃(G,A). Let (O,A)
be any soft open set containing xe, then (O,A)∩̃(G,A) is a soft open set
containing xe. Since xe∈̃(F,A), ((O,A)∩̃(G,A))∩̃(F,A) 6= φA which implies

(O,A)∩̃((G,A)∩̃(F,A)) 6= φA. Hence, xe∈̃((F,A)∩̃(G,A)).

(2) Using Theorem 2.6 and part (1).

Definition 2.10. [6] Let X̃ be a soft topological space over X and Y ⊆ X.
Then τY = {(FY , A) = YA∩̃(F,A)|(F,A)∈̃τ} is said to be the soft relative
topology on Y , where FY (e) = Y ∩ F (e), for all e ∈ A. (Y, τY , A) is called a

soft subspace of X̃. We can easily verify that τY is, in fact, a soft topology on
Y .

Theorem 2.11. [6] Let Ỹ be a soft subspace of a soft topological space X̃

and (F,A) a soft set over X. Then (F,A) is a soft closed in Ỹ if and only if

(F,A) = YA∩̃(K,A), for some soft closed set (K,A) in X̃.

Definition 2.12. Let X̃ be a soft topological space and (F,A) a soft set over
X. Then (F,A) is called soft pre-open [2](resp. a soft semi-open [2], a soft α-

open [2], a soft β-open [2], a soft regular closed [18]) set if (F,A)⊆̃
(

(F,A)
)◦

(resp.

(F,A)⊆̃(F,A)◦, (F,A)⊆̃
(

(F,A)◦
)◦

, (F,A)⊆̃
(

(F,A)
)◦

, (F,A) = (F,A)◦ ).

Theorem 2.13. [2] In a soft topological space X̃, the following statements
hold:

(1) Every soft open set is a soft semi-open set.

(2) Every soft open set is a soft β-open set.

(3) Every soft α-open set is a soft semi-open set.

Theorem 2.14. Let (Y, τY , A) be a soft subspace of a soft topological space X̃
and (F,A)⊆̃YA such that YA is a soft β-open set over X. If (F,A) is a soft
β-open set over X, then (F,A) is a soft β-open set over Y .

Proof. Since (F,A) is a soft β-open set ove X, (F,A)⊆̃
(

(F,A)
)◦

. Since

(F,A)∩̃YA = (F,A), ((F,A)∩̃YA)⊆̃
(

(F,A)∩̃YA
)◦

. Hence (F,A) is a soft β-

open set over Y .

Definition 2.15. Let (X, τ1, A) and (Y, τ2, B) be two soft topological spaces.
A soft function fpu : SS(X)A → SS(Y )B is called: soft-continuous [4] (resp.
soft β-continuous [19], soft α-continuous [10], soft semi-continuous [9]) if for
every soft open set (G,B) over Y , f−1

pu (G,B) is a soft open (resp. f−1
pu (G,A)

is a soft β-open, f−1
pu (G,B) is a soft α-open, f−1

pu (G,B) is a soft semi-open) set
over X
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Theorem 2.16. [19] Arbitrary union of soft β-open sets is a soft β-open set.

Theorem 2.17. Let X̃ be a soft topological space and (F,A), (G,A) are soft
sets over X. If (F,A) is a soft open set and (G,A) is a soft β-open set, then
(F,A)∩̃(G,A) is a soft β-open set.

Proof. (F,A)∩̃(G,A)⊆̃(F,A)∩̃
(

(G,A)
)◦
⊆̃
(

(F,A)∩̃
(

(G,A)
)◦)

=
(

(F,A)∩̃(G,A)
)◦

⊆̃
(

(F,A)∩̃(G,A)
)◦

. Hence, (F,A)∩̃(G,A) is a soft β-open set.

3 Soft βc-open sets

Definition 3.1. Let X̃ be a soft topological space and (F,A) ∈ SS(X)A.
Then (F,A) is called a soft βc-open if (F,A) is a soft β-open set and for each
xe∈̃(F,A) there is a soft closed set (H,A) in SS(X)A such that xe∈̃(H,A)⊆̃(F,A).
The complement of a soft βc-open set is called a soft βc-closed set.

Theorem 3.2. A soft set (F,A) in a soft topological space X̃ is a soft βc-open
if and only if (F,A) is a soft β-open set and it is a union of soft closed set.

Proof. For each xe∈̃(F,A) there exists soft closed set (Hxe , A) such that xe∈̃(Hxe , A)

⊆̃(F,A). This implies that (F,A) =
⋃̃
xe∈̃(F,A)(Hxe , A). The Converse is direct

from Definition 3.1.

Corollary 3.3. Let X̃ be a soft topological space and (F,A) a soft β-open set
over X. If (F,A) is a soft closed set, then (F,A) is a soft βc-open set.

Remark 3.4. (a) Every soft βc-open set is soft β-open set. But the converse
need not be true in general.

(b) The family of soft open sets is incomparable with the family of soft βc-
open sets.

(c) The family of soft pre-open sets is incomparable with the family of soft
βc-open sets.

(d) The family of soft closed sets is incomparable with the family of soft βc-
open sets.

(e) The family of soft semi-open sets is incomparable with the family of soft
βc-open sets.

The following examples illustrate the previous remark:
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Example 3.5. Let X = {a, b, c} and A = {e}, with a soft topology τ =
{XA, φA, (e, {a}), (e, {b}), (e, {a, b})}. Then

(a) the soft set (e, {a}) is soft β-open set which is not soft βc-open set.

(b) The soft set (e, {b}) is soft open set but is not soft βc-open set and
(e, {a, c}) is soft βc-open set which is not soft open set.

(c) The soft set (e, {b, c}) is soft βc-open set which is not soft pre-open set.
Also (e, {b}) is soft pre-open set which is not soft βc-open set.

Example 3.6. Let X = {x1, x2, x3} and A = {e1, e2, e3} with the soft topology
τ = {φA, XA, (F1, A), (F2, A), (F3, A), (F4, A)} where (F1, A), (F2, A), (F3, A)
and (F4, A) are soft sets over X, define as follows:

(F1, A) = {(e1, X), (e2, {x2, x3}), (e3, {x1, x2})},
(F2, A) = {(e2, {x1}), (e3, {x3})},
(F3, A) = {(e1, {x2}), (e2, {x1, x3}), (e3, {x3})},
(F4, A) = {(e1, {x2}), (e2, {x3})}.

Then the soft set (G,A) = {(e1, {x1, x3}), (e2, {x2, x3}), (e3, {x1, x3})} is soft
βc-open which is not soft semi-open. The soft set (F,A) = {(e1, {x1, x3}), (e2, {x2})
, (e3, {x1, x2})} is soft closed which is not soft βc-open. The soft set (M,A) =
{(e1, {x1, x3}), (e2, {x2, x3}), (e3, {x1, x2})} is soft βc-open which is not soft
semi-open. The soft set (H,A) = {(e1, {x1, x2}, (e2, {x3}), (e3, {x2})} is soft
semi-open which is not soft βc-open.

Theorem 3.7. An arbitrary union of soft βc-open sets is a soft βc-open set.

Proof. Let {(Fα, A) : α ∈ ∆} be a family of soft βc-open sets in a soft topolog-

ical space X̃. Then (Fα, A) is a soft β-open set for each α ∈ ∆ and by Theorem

2.16,
⋃̃
α∈∆(Fα, A) is a soft β-open set. If xe∈̃

⋃̃
α∈∆(Fα, A), then there exists

γ ∈ ∆ such that xe∈̃(Fγ, A). Since (Fγ, A) is soft βc-open set, there exists a

soft closed set (Hxe , A) such that xe∈̃(Hxe , A)⊆̃(Fγ, A)⊆̃
⋃̃
α∈∆(Fα, A). Hence,⋃̃

α∈∆(Fα, A) is a soft βc-open set.

Remark 3.8. The intersection of even two soft βc-open sets need not be a soft
βc-open as shown in the following example:

Example 3.9. In Example 3.5, (e, {a, c}) and (e, {b, c}) are soft βc-open sets
but (e, {a, c})∩̃(e, {b, c}) = (e, {c}) is not soft βc-open set.

Corollary 3.10. An arbitrary intersection of soft βc-closed sets is soft βc-
closed set.

Proof. Direct from Theorem 3.1 and De Morgen’s law.
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Remark 3.11. The union of even two soft βc-closed sets need not be a soft
βc-closed set.

Theorem 3.12. Every soft clopen set is a soft βc-open set.

Proof. Direct from Theorem 2.13 part (2) and Corollary 3.3.

Theorem 3.13. A soft set (F,A) in a soft topological space X̃ is a soft βc-open
set if and only if for each xe∈̃(F,A), there exists a soft βc-open set (Hxe , A)
such that xe∈̃(Hxe , A)⊆̃(F,A).

Proof. Direct from Theorem 3.2 and Definition 3.1.

Theorem 3.14. Let X̃ be a soft topological space and (F,A) a soft set over

X. If X̃ is a soft T1-space and (F,A) is a soft β-open set, then (F,A) is a soft
βc-open set.

Proof. If (F,A) = φA, then φA is a soft βc-open set. If not, then for each
xe∈̃(F,A), xe is a soft closed set by Theorem 2.4. But xe∈̃{xe}⊆̃(F,A). There-
fore, (F,A) is a soft βc-open set.

Theorem 3.15. Let X̃ be a soft topological space, (F,A) a soft open set
and (G,A) a soft βc-open set. If (F,A) is a union of soft closed sets, then
(F,A)∩̃(G,A) is a soft βc-open set.

Proof. By Theorem 2.17, (F,A)∩̃(G,A) is a soft β-open set. If xe∈̃(F,A)∩̃(G,A),
then there exists a soft closed set (C,A) over X such that xe∈̃(C,A)⊆̃(F,A).
Moreover there exists a soft closed set (M,A) overX such that xe∈̃(M,A)⊆̃(G,A).
Hence, xe∈̃(C,A)∩̃(M,A)⊆̃(F,A)∩̃(G,A) where (C,A)∩̃(M,A) is a soft closed
set over X. Therefore, (F,A)∩̃(G,A) is a soft βc-open set.

Corollary 3.16. Let X̃ be a soft topological space, (F,A) a soft clopen set and
(G,A) a soft βc-open set. Then (F,A)∩̃(G,A) is a soft βc-open set.

Theorem 3.17. Every soft regular closed set is a soft βc-open set.

Proof. (F,A) = (F,A)◦⊆̃
(

(F,A)
)◦

. So, (F,A) is a soft β-open set. Since

(F,A) is a soft closed set, by Corollary 3.3 (F,A) is a soft βc-open set.

Theorem 3.18. If X̃ is a soft locally indiscrete space, then every soft semi-
open set is a soft βc-open set.

Proof. (F,A)⊆̃(F,A)◦⊆̃
(

(F,A)
)◦

. So (F,A) is a soft β-open set. Since X̃

is a soft locally indiscrete, (F,A)◦ is a soft closed set and (F,A)⊆̃(F,A)◦ =
(F,A)◦ which implies that, (F,A) is a soft open set and for any xe∈̃(F,A),
xe∈̃(F,A)◦⊆̃(F,A). Hence (F,A) is a soft βc-open set.
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Corollary 3.19. Let (X, τ, A) be a soft locally indiscrete space. Then:

(1) every soft open set is a soft βc-open set .

(2) Every soft α-open set is a soft βc-open set .

Theorem 3.20. Let Ỹ be a soft subspace of a soft topological space X̃. If
(F,A) is a soft βc-open set over X and (F,A)⊆̃YA such that YA is a soft
β-open set over X, then (F,A) is a soft βc-open set over Y .

Proof. (F,A) is a soft β-open set over X and YA is a soft β-open set over
X, so that, by Theorem 2.14, (F,A) is a soft β-open set over Y . Also,
for each xe∈̃(F,A) there exists a soft closed set (C,A) over X such that
xe∈̃(C,A)⊆̃(F,A). Since (C,A) is a soft closed set over X and (F,A)⊆̃YA,
by Theorem 2.11, (C,A) is a soft closed set over Y . Hence (F,A) is a soft
βc-open set over Y .

Remark 3.21. The condition of being YA a soft β-open set over X is necessary
in Theorem 3.20 as shown in the following example:

Example 3.22. Let X = {x1, x2, x3} and A = {e1, e2} with a soft topology
τ = {φA, XA, (F1, A), (F2, A), (F3, A)} where:

(F1, A) = {(e1, X), (e2, {x1, x2}), (e3, X)},
(F2, A) = {(e1, {x1, x3}), (e2, X), (e3, {x2, x3})},
(F3, A) = {(e1, {x1, x3}), (e2, {x1, x2}), (e3, {x2, x3})}.

If (F,A) = {(e1, {x2}), (e2, {x3})}, then (F,A) is a soft βc-open set over X. If
YA = {(e1, {x2}), (e2, {x3}), (e3, {x1})}, then YA is not a soft β-open set over
X. Clearly (F,A)⊆̃YA. Now τY = {φA, YA, (FY , A), (GY , A)} where (FY , A) =
{(e1, {x2}), (e3, {x1})} and (GY , A) = {(e2, {x3})}. Since (e1, {x2})∈̃(F,A)
and there is no soft closed set (CY , A) over Y such that (e1, {x2})∈̃(CY , A)⊆̃(F,A),
(F,A) is not a soft βc-open set over Y .

Theorem 3.23. Let Ỹ be a soft subspace of a soft topological space X̃. If
(F,A) is a soft βc-open set over X and YA is a soft clopen set over X, then
(F,A)∩̃YA is a soft βc-open set over Y .

Proof. Since YA is a soft clopen set over X, by Theorem 2.17, (F,A)∩̃YA is
a soft β-open set over X. Since (F,A) is a soft βc-open set over X, then
for each xe∈̃(F,A), there exists a soft closed set (C,A) over X such that
xe∈̃(C,A)⊆̃(F,A). Hence xe∈̃(C,A)∩̃YA⊆̃(F,A)∩̃YA and therefore, (F,A)∩̃YA
is a soft βc-open set over X such that (F,A)∩̃YA⊆̃YA. Thus, by Theorem 3.20,
(F,A)∩̃YA is a soft βc-open set over Y .
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Remark 3.24. The condition of being YA a soft clopen set over X is necessary
in Theorem 3.23 as illustrated in the following example:

Example 3.25. In Example 3.22, (F,A) is a soft βc-open set over X and YA
is not a soft clopen set over X. But (F,A)∩̃YA = (F,A) is not a soft βc-open
set over Y .

4 Soft βc-interior and soft βc-closure

Definition 4.1. Let X̃ be a soft topological space and (F,A) a soft set over
X. Then the soft βc-interior of (F,A), denoted by Intβc(F,A), is the union of
all soft βc-open sets contained in (F,A). (F,A) is called a soft βc-neighborhood
(briefly, soft βc-nhood) of a soft point xe∈̃XA if there exists a soft open set
(G,A) over X such that xe∈̃(G,A)⊆̃(F,A). A soft point xe∈̃XA is called a
soft βc-interior point of (F,A) if there exists a soft βc-open set (G,A) over X
such that xe∈̃(G,A)⊆̃(F,A). Clearly Intβc(F,A) is the largest soft βc-open
set contained in (F,A). Moreover, (F,A) is βc-nhood of xe if xe∈̃Intβc(F,A).

Theorem 4.2. Let X̃ be a soft topological space and let (F,A) and (G,A) be
a soft sets over X. Then

(1) (F,A) is a soft βc-open set if and only if (F,A) = Intβc(F,A).

(2) Intβc(φA) = φA and Intβc(XA) = XA.

(3) Intβc(Intβc(F,A)) = Intβc(F,A).

(4) (F,A)⊆̃(G,A) implies Intβc(F,A)⊆̃Intβc(G,A).

(5) If (F,A)∩̃(G,A) = φA, then Intβc(F,A)∩̃Intβc(G,A) = φA

(6) Intβc((F,A)∩̃(G,A))⊆̃Intβc(F,A)∩̃Intβc(G,A).

(7) Intβc(F,A)∪̃Intβc(G,A)⊆̃Intβc((F,A)∪̃(G,A)).

Proof. The proofs of (1). . . (4) are direct and easy.

(5) If Intβc(F,A)∩̃Intβc(G,A) 6= φA, then there is xe∈̃Intβc(F,A)∩̃Intβc(G,A).
So there exist soft βc-open sets (M,A) and (V,A) such that xe∈̃(M,A)⊆̃(F,A)
and xe∈̃(V,A)⊆̃(G,A) which implies that xe∈̃(M,A)∩̃(V,A)⊆̃(M,A)⊆̃(F,A)
and xe∈̃(M,A)∩̃(V,A)⊆̃(V,A)⊆̃(G,A). Hence, xe∈̃(F,A)∩̃(G,A) and there-
fore, (F,A)∩̃(G,A) 6= φA.

(6) Since (F,A)∩̃(G,A)⊆̃(F,A) and (F,A)∩̃(G,A)⊆̃(G,A), by part 4 Intβc((F,A)
∩̃(G,A)⊆̃Intβc(F,A) and Intβc((F,A)∩̃(G,A)⊆̃Intβc(G,A). Hence Intβc((F,A)∩̃
(G,A))⊆̃Intβc(F,A)∩̃Intβc(G,A).
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(7) Since (F,A)⊆̃(F,A)∪̃(G,A) and (G,A)⊆̃(F,A)∪̃(G,A), by part 4 Intβc(F,A)⊆̃
Intβc((F,A)∪̃(G,A)) and Intβc(G,A)⊆̃Intβc((F,A)∪̃(G,A)). Hence, Intβc(F,A)∪̃
Intβc(G,A)⊆̃Intβc((F,A)∪̃(G,A)).

Remark 4.3. The converse of parts (4) and (5) and the reverse inclusions
of parts (6) and (7) need not be true in general as illustrated in the following
examples:

Example 4.4. [Intβc(F,A)⊆̃Intβc(G,A) ; (F,A)⊆̃(G,A)]
Let X = {a, b, c} and A = {e} with a soft topology τ = {φA, XA, (e, {a})}, then
if (F,A) = (e, {a}) and (G,A) = (e, {b}), we have Intβc(F,A) = Intβc(F,A) =

φA. But (F,A)*̃(G,A).

Example 4.5. [Intβc(F,A)∩̃Intβc(G,A) = φA ; (F,A)∩̃(G,A) = φA]
In Example 4.4, if (F,A) = (e, {a}) and (G,A) = (e, {a, b}), then Intβc(F,A) =
Intβc(F,A) = φA which implies that, Intβc(F,A)∩̃Intβc(G,A) = φA. But
(F,A)∩̃(G,A) = (e, {a}) 6= φA.

Example 4.6. [Intβc((F,A)∪̃(G,A))*̃Intβc(F,A)∪̃Intβc(G,A)]
In Example 4.4, if (F,A) = (e, {a}) and (G,A) = (e, {b, c}), then Intβc((F,A) =
Intβc(G,A) = φA. But (F,A)∪̃(G,A) = XA and Intβc((F,A)∪̃(G,A)) = XA.

Example 4.7. [Intβc(F,A)∩̃Intβc(G,A)*̃Intβc((F,A)∩̃(G,A))]

Consider a soft topological space X̃ in Example 3.5. If (F,A) = (e, {a, c})
and (G,A) = (e, {b, c}), then Intβc((F,A) = (e, {a, c}) and Intβc((G,A) =
(e, {b, c}) which implies that, Intβc(F,A)∩̃Intβc(G,A) = (e, {c}). But (F,A)∩̃
(G,A) = (e, {c}) and Intβc((F,A)∩̃(G,A)) = φA.

Definition 4.8. Let X̃ be a soft topological space over X and (B,A) a soft
set over X. The soft βc-closure of (B,A), denoted by Clβc(B,A), is the
intersection of all soft βc-closed supersets of (B,A). Clearly Clβc(B,A) is the

smallest soft βc-closed set in X̃ which contains (B,A).

Theorem 4.9. Let X̃ be a soft topological space, (F,A) a soft set over X and
xe∈̃XA. Then, the following two statement are equivalent:

(1) xe∈̃Clβc(F,A).

(2) For any soft βc-open set (G,A) over X containing xe we have, (F,A)∩̃(G,A)
6= φA.

Proof. (1 ⇒ 2) Suppose there exists a soft βc-open set (G,A) containing xe
such that (F,A)∩̃(G,A) = φA. Then (F,A)⊆̃(G,A)c. Since (G,A)c is a soft

βc-closed set, Clβc(F,A)⊆̃(G,A)c. Hence xe /̃∈Clβc(F,A).

(2 ⇒ 1) If xe /̃∈Clβc(F,A), then there exists a soft βc-closed set (C,A) such

that (F,A)⊆̃(C,A) and xe /̃∈(C,A). But (C,A)c is a soft βc-open set containing
xe, and (F,A)∩̃(C,A)c⊆̃(F,A)∩̃(F,A)c = φA.
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The relations between the soft βc-closure and soft βc-interior can be con-
sidered in the following theorem:

Theorem 4.10. Let X̃ be a soft topological space over X and (M,A) be a soft
set over X. Then

(1) (Clβc(M,A))
c

= Intβc((M,A)c).

(2) (Intβc(M,A))
c

= Clβc((M,A)c).

(3) Clβc(F,A) = (Intβc(F,A)c)
c

.

(4) Intβc(M,A) = (Clβc((M,A)c))
c

.

Proof. (1) (Clβc(M,A))
c

=
(⋂̃
{(F,A) : (F,A) is soft βc−closed and(M,A)⊆̃(F,A)}

)c

=
⋃̃
{(F,A)c : (F,A) is soft βc−closed and(M,A)⊆̃(F,A)} =

⋃̃
{(F,A)c :

(F,A)c is soft βc−open and(F,A)c⊆̃(M,A)c} = Intβc((M,A)c).
The other parts can be proved in similar way.

Theorem 4.11. Let X̃ be a soft topological space and let (F,A) and (G,A) be
soft sets over X. Then

(1) (F,A) is a soft βc-closed set if and only if (F,A) = Clβc(F,A).

(2) Clβc(φA) = φA and Clβc(XA) = XA.

(3) Clβc(Clβc(F,A)) = Clβc(F,A).

(4) (F,A)⊆̃(G,A) implies Clβc(F,A)⊆̃Clβc(G,A).

(5) If Clβc(F,A)∩̃Clβc(G,A) = φA, then (F,A)∩̃(G,A) = φA

(6) Clβc(F,A)∪̃Clβc(G,A)⊆̃Clβc((F,A)∪̃(G,A)).

(7) Clβc((F,A)∩̃(G,A))⊆̃Clβc(F,A)∩̃Clβc(G,A).

Proof. Using Theorem 4.10 and Theorem 4.2

Remark 4.12. The converse of parts (4) and (5) and the reverse inclusions
of (6) and (7) need not be true in general.

Theorem 4.13. Let X̃ be a soft topological space, then for any soft set over
X, we have the following:

(1) If (G,A) is a soft clopen set, then Clβc(F,A)∩̃(G,A)⊆̃Clβc((F,A)∩̃(G,A)).

(2) If (M,A) is a soft clopen set, then Intβc((F,A)∪̃(M,A))⊆̃Intβc(F,A)∪̃(M,A).
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Proof. (1) Let xe∈̃Clβc(F,A)∩̃(G,A). Then xe∈̃Clβc(F,A) and xe∈̃(G,A).
Let (O,A) be any soft βc-open set containing xe, then by Corollary 3.19,
(O,A)∩̃(G,A) is a soft βc-open set containing xe. Since xe∈̃Clβc(F,A), by The-
orem 4.16, ((O,A)∩̃(G,A))∩̃(F,A) 6= φA which implies that (O,A)∩̃((G,A)∩̃(F,A))
6= φA. Hence, by Theorem 4.16, xe∈̃Clβc((F,A)∩̃(G,A)).

(2) Direct using part (1) and Theorem 4.10.

Remark 4.14. The condition of being (G,A) and (M,A) are soft clopen sets
is necessary in Theorem 4.13 as illustrated in the following example:

Example 4.15. Consider a soft topological space in Example 4.4. Let (F,A) =
(e, {a}) and (G,A) = (e, {b}), then (G,A) is not a soft clopen set. Now

Clβc(F,A)∩̃(G,A) = XA∩̃(G,A) = (G,A)*̃Clβc((F,A)∩̃(G,A)) = Clβc(φA) =
φA. Also, if (M,A) = (e, {b, c}), then (M,A) is not a soft clopen set. Now

Intβc((F,A)∪̃(M,A)) = Intβc(XA) = XA*̃Intβc(F,A)∪̃(M,A) = φA∪̃(M,A) =
(M,A).

5 Soft βc-continuous functions

Definition 5.1. Let (X, τ1, A) and (Y, τ2, B) be two soft topological spaces.
A soft function fpu : SS(X)A → SS(Y )B is called a soft βc-continuous func-
tion at a soft point xe∈̃XA if for each soft open set (F,B) over Y containing
fpu(xe), there exists a soft βc-open set (G,A) over X containing xe such that
fpu(G,A)⊆̃(F,B). If fpu is a soft βc-continuous at every soft point xe over X,
then it is called soft βc-continuous on X.

Remark 5.2. Every soft βc-continuous function is a soft β-continuous func-
tion.

Theorem 5.3. A soft function fpu : SS(X)A → SS(Y )B is soft βc-continuous
if and only if the inverse image of every soft open set over Y is a soft βc-open
set over X.

Proof. Let fpu be a soft βc-continuous function and (F,B) be a soft open set
over Y . If f−1

pu (F,B) = φA, then f−1
pu (F,B) is a soft βc-open set over X. Else,

let xe∈̃f−1
pu (F,B). So fpu(xe)∈̃(F,B). By soft βc-continuity of fpu, there exists

a soft βc-open set (G,A) over X containing xe such that fpu(G,A)⊆̃(F,B).
Hence, xe∈̃(G,A)⊆̃f−1

pu (F,B) and therefore, by Theorem 3.13, f−1
pu (F,B) is a

soft βc-open set over X. Conversely, let xe∈̃XA and (F,B) be a soft open set
over Y containing fpu(xe). Then, xe∈̃f−1

pu (F,B) which is a soft βc-open set.

So fpu(f
−1
pu (F,B))⊆̃(F,B). Therefore fpu is a soft βc-continuous function.
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Theorem 5.4. Let fpu : SS(X)A → SS(Y )B be a soft function such that X̃
is soft T1-space. Then fpu is a soft βc-continuous function if and only if fpu is
a soft β-continuous function.

Proof. For any soft open set (F,A) over Y we have, f−1
pu (F,A) is a soft β-open

set over X, and by Theorem 2.4, f−1
pu (F,A) is a soft βc-open set. Therefore,

fpu is a soft βc-continuous function. The converse is direct.

Theorem 5.5. A soft function fpu : SS(X)A → SS(Y )B is a soft βc-continuous
if and only if fpu is a soft β-continuous function and for each xe∈̃XA and each
soft open set (F,B) over Y such that fpu(xe)∈̃(F,B), there exists a soft closed
set (C,A) over X containing xe such that fpu(C,A)⊆̃(F,B).

Proof. Let xe∈̃XA such that fpu(xe)⊆̃(F,B). Then, there exists a soft βc-open
set (G,A) over X such that xe∈̃(G,A) and fpu(G,A)⊆̃(F,B). But (G,A) is
a soft βc-open set which implies that there exists a soft closed set (C,A) over
X such that xe∈̃(C,A)⊆̃(G,A) and hence, fpu(C,A)⊆̃(F,A). Conversely, if
(F,A) be a soft open set over Y , then by assumption, f−1

pu (F,A) is soft β-open
set and for any xe∈̃f−1

pu (F,A) we have, fpu(xe)∈̃(F,A) and so, there exists a

soft closed set (C,A) over X containing xe such that f(C,A)⊆̃(F,A). So,
xe∈̃(C,A)⊆̃f−1

pu (F,B). Therefore, f−1
pu (F,B) is a soft βc-open set over X.

Theorem 5.6. Let (X, τ1, A) and (Y, τ2, A) be two soft topological spaces and
consider fpu : SS(X)A → SS(Y )B be a soft function. Then, the following are
equivalent:

(1) fpu is a soft βc-continuous function.

(2) f−1
pu (G,B) is a soft βc-open set over X for any soft open set (G,B) over
Y .

(3) f−1
pu (C,B) is a soft βc-closed set over X for any soft closed set (C,B)

over Y .

(4) fpu (Clβc(M,A)) ⊆̃fpu(M,A) for any soft set (M,A) over X.

(5) Clβc
(
f−1
pu (K,B)

)
⊆̃f−1

pu

(
(K,B)

)
for any soft set (K,B) over Y .

(6) f−1
pu ((M,B)◦) ⊆̃Intβc

(
f−1
pu (M,B)

)
for any soft set (M,B) over Y .

Proof. (1⇒ 2) Follows from Theorem 5.3.

(2 ⇒ 3) Let (C,B) be any soft closed set over Y then (C,B)c is a soft open
set. By part (2), we have, f−1

pu ((C,A)c) = (f−1
pu (C,A))c is a soft βc-open set

over X. Hence, f−1
pu (C,A) is a soft βc-closed set over X.
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(3 ⇒ 4) Let (M,A) be a soft set over X. Then, fpu(M,A)⊆̃fpu(M,A).

Hence, by part (3) we have, f−1
pu

(
fpu(M,A)

)
is a soft βc-closed set over X

and (M,A)⊆̃f−1
pu

(
fpu(M,A)

)
. Therefore, Clβc(M,A)⊆̃f−1

pu

(
fpu(M,A)

)
and

hence, fpu(Clβc(M,A))⊆̃fpu(M,A).

(4⇒ 5) Let (K,B) be any soft set over Y . Then, f−1
pu (K,B) is a soft set over X

and by using part (4) we have, fpu(Clβc(f
−1
pu (K,B)))⊆̃fpu(f−1

pu (K,B))⊆̃(K,B).

(5 ⇒ 6) Let (K,B) be a soft set over Y . By part (5) to (K,A)c, we have

Clβc
(
f−1
pu ((K,A)c)

)
⊆̃f−1

pu

(
(K,A)c

)
which implies that, Clβc

(
f−1
pu ((K,B)c)

)
⊆̃

f−1
pu

(
((K,B)◦)

c)
and so,

(
Intβc(f

−1
pu (K,B))

)c
⊆̃
(
f−1
pu ((K,B)◦)

)c
. Hence f−1

pu ((K,B)◦)

⊆̃Intβc(f−1
pu (K,B)).

(6 ⇒ 1) Let xe∈̃XA and let (F,B) be any soft open set over Y containing
fpu(xe), then xe∈̃f−1

pu (F,B) and f−1
pu (F,B) is a soft set over X. By part (6),

f−1
pu (F,B) = f−1

pu ((F,B)◦)⊆̃Intβc(f−1
pu (F,B)). Therefore, f−1

pu (F,B) is a soft

βc-open set over X which contains xe and fpu(f
−1
pu (F,B))⊆̃(F,B). Hence, fpu

is a soft βc-continuous function.

Definition 5.7. A soft function fpu : SS(X)A → SS(Y )B is called:

(1) soft βc-irresolute if for every soft βc-open set (G,B) over Y , f−1
pu (G,A)

is a soft βc-open set over X.

(2) soft βc-open if for every soft βc-open set (H,A) over X, fpu(H,A) is a
soft βc-open set over Y .

(3) soft βc-closed if for every soft βc-closed set (H,A) over X, fpu(H,A) is
a soft βc-closed set over Y .

Theorem 5.8. Let fpu : SS(X)A → SS(Y )B and gqv : SS(Y )B → SS(Z)C be
two soft functions, then the following properties hold:

(1) If fpu is a soft βc-continuous and gqv is a soft continuous, then gqv ◦ fpu
is a soft βc-continuous.

(2) If fpu is a soft βc-irresolute and gqv is a soft βc-continuous, then gqv ◦fpu
is a soft βc-continuous.

Proof. (1) Let (F,C) be a soft open set over Z. Then g−1
qv (F,C) is a soft open

set over Y . Since fpu is a soft βc-continuous, f−1
pu (g−1

qv (F,C)) is a soft βc-open
set over X. Hence, (gqv ◦ fpu)−1(F,C) = f−1

pu (g−1
qv (F,C)) is a soft βc-open set

over X. Therefore, gqv ◦ fpu is a soft βc-continuous.

We can prove part (2) in similar way.
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Theorem 5.9. Let fpu : SS(X)A → SS(Y )B and gqv : SS(Y )B → SS(Z)C be
two soft functions. If fpu is a soft βc-open and surjective and gqv ◦fpu is a soft
βc-continuous, then gqv is a soft βc-continuous.

Proof. Let (F,C) be a soft open set over Z. Since gqv ◦ fpu is a soft βc-
continuous, (gqv ◦ fpu)−1(F,C) = f−1

pu (g−1
qv (F,C)) is a soft βc-open set over

X. Since fpu is a soft βc-open and surjective, then fpu(f
−1
pu (g−1

qv (F,C))) =
g−1
qv (F,C) is a soft βc-open set over Y . Hence, gqv is a soft βc-continuous.

Corollary 5.10. Let fpu : SS(X)A → SS(Y )B be a soft βc-open, a soft
βc-irresolute and surjective function and let gqv : SS(Y )B → SS(Z)C a soft
functions. Then, gqv ◦ fpu : SS(X)A → SS(Z)C is a soft βc-continuous if and
only if gqv is a soft βc-continuous.

Theorem 5.11. Let fpu : SS(X)A → SS(Y )B be a soft function such that X̃
is a soft locally indiscrete space. Then, fpu is a soft semi-continuous function
if and only if fpu is a soft βc-continuous function.

Proof. For any soft open set (V,A) over Y , f−1
pu (V,A) is a soft semi-open set

over X. Since X̃ is a soft locally indiscrete space, by Theorem 3.18, f−1
pu (V,A)

is a soft βc-open set over X. Therefore, fpu is a soft βc-continuous function.
Conversely, If fpu is a soft βc-continuous function, then for any soft open set
(V,A) over Y , f−1

pu (V,A) is a soft βc-open set over X which implies that,

f−1
pu (V,A) =

⋃̃
xe∈̃f−1

pu (V,A)(Fxe , A) where (Fxe , A) is a soft closed set over X for

each xe∈̃f−1
pu (V,A). Since X̃ is a soft locally indiscrete space, f−1

pu (V,A) is a
soft open set over X because it is a union of soft open sets over X. Hence,
f−1
pu (V,A) is a soft semi-open set overX. Therefore fpu is a soft semi-continuous

function.

Corollary 5.12. Let fpu : SS(X)A → SS(Y )B be a soft function such that X̃
is a soft locally indiscrete space. Then

(1) fpu is a soft continuous function if and only if fpu is a soft βc-continuous
function.

(2) fpu is a soft α-continuous function if and only if fpu is a soft βc-continuous
function
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