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Abstract

The main result of this paper is the following:

Let B be a ring, A a subring of B, M a left finite type A-module and

S a saturated multiplicative subset of A satisfying the left conditions

of Ore, S−1A the ring of the A fractions in S, then ExtnS−1B(S−1M,−)

and TorS
−1A

n (S−1M,−) are adjoint functors.
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ring of fractions, module of fractions, functor, complex series, complex chain,

morphism, category, resolution, commutative diagram

Introduction

In this paper, unless otherwise stated, B means an unitary associative ring (

not necessarily commutative ) and A a subring of B, AM a finite type left A

-module, ANB a finite type (A−B) - bimodule and PB a right B -module, S

a saturated multiplicative part of A satisfying the left conditions of Ore.

The notion of adjoint functor to S−1() and the relations between S−1() and

homological functors ExtnA(M,−), ExtnA(−,M) and TorAn (M,−) have been

established by several authors (see [2] chapter 4 and [8], chapters 8 and 11).

In case where the ring is not necessarily commutative, M.M.Ben Maaouia,

whith a saturated multiplicative subset S of A satisfying the left conditions

of Ore, set in its works that the functor S−1() is isomorphic to the functor

S−1A⊗A− and S−1() is adjoint to the functor HomA(S−1A−)(see [4] , chapterI

and [5]).

We know that(see [9]) the functor Ext0A(M,−) is equivalent to the func-

tor HomA(M−), Ext0A(−,M) is equivalent to the functor HomA(−,M) and

TorA0 (M,−) is equivalent to the functor M ⊗A − which is isomorphic to the

functor S−1().

So Ext0S−1A(S−1A,−) is adjoint to S−1() and TorS
−1A

0 (S−1A,−) is isomorphic

to S−1().

The aim of this work is to establish a generalization of these results between

the functor S−1() and the functors ExtnS−1A(S−1M,−) and TorS
−1A

n (S−1M,−)

respectively for any integer n.

Thus we have established the following results:

1)

HomS−1A(S−1N⊗AS
−1M,S−1P ) ∼= HomS−1B(S−1M,HomS−1A(S−1N,S−1P )

2) If P is injective , then we have the isomorphism :

ExtnA(M,HomB(N,P )) ∼= HomB(TorAn (M,N), P )
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3) If P is injective, then:

ExtnS−1A(S−1M,HomS−1B(S−1N,S−1P )) ∼= HomS−1B(TorS
−1A

n (S−1M,S−1N), S−1P )

4) If A is Noetherian and P is injective , then :

TorAn (HomB(N,P ),M) ∼= HomB(ExtnA(M,N), P )

5) TorS
−1A

n (HomS−1B(S−1N,S−1P ), S−1M) ∼= HomS−1B(ExtnS−1A(S−1M,S−1N), S−1P )

6) If B is Noetherian , S−1A the ring of the fractions of A in S . Then the

functors ExtnS−1B(S−1M,−) and TorS
−1A

n (S−1M,−) are adjoint.

1 Preliminary definitions and results

Definition 1.1. (Natural transformations or functorial isomorphisms) Let C

and D be two categories , F and G two functors with same variance of C in

D . A natural transformation or functorial isomorphism of F in G is a map

η : F → G so that:

a) If F and G are covariante, then:

η : Ob(C)→ Mor(D)

M 7→ ηM
is a map so that ηM : F (M)→ F (G) and for

any f ∈ Mor(C) so that f : M → N , then the following diagram is

commutative .

F (M)
F (f)−→ F (N)

↓ ηM ↓ ηN
G(M)

G(f)−→ G(N)

b) If F and G are contravariant then the following diagram is commutative

:

F (N)
F (f)−→ F (M)

↓ ηN ↓ ηM
G(N)

G(f)−→ G(M)

Definition 2.1. (Adjoint Functors) Let Λ and Γ be two categories, F : Λ→ Γ

and G : Γ→ Λ two functors. It is said that the couple (F,G) is adjoint if for

any A ∈ Ob(Λ) and for any B ∈ Ob(Γ), there is an isomorphism

rA,B : HomΛ(A,G(B))→ HomΓ(F (A), B) so that:
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a) for any f ∈ HomΛ(A,A′), the following diagram is commutative :

HomΛ(A,G(B))
f∗=Hom(f,G(B))−→ HomΛ(A′, G(B))

↓ rA,B ↓ rA′,B
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a.f : An →M

b = (a1, a2, ..., an) 7→ (a.f)(b) = f(a.b)

is a right A -module homomorphism, can bring (HomA(An,M))a left A

-module structure left as An is an (A− A)-bimodule.

b) HomA(An,M) being a left A-module (respectively on the right),it is de-

duced from [4], chapter 1, the isomorphism S−1HomA(An,M) ∼= S−1A⊗A

HomA(An,M).

Lemma 1.4. Let M be a left (respectively on the right) A-module, n be a

strictly positive integer and S saturated multiplicative part of A satisfying the

left (respectively on the right) conditions of Ore. So:

1) HomS−1A(S−1An, S−1M)) is a S−1(A) - left module that is isomorphic

to the S−1(A) - Module S−1HomA(An,M).

2) If P is a finite type A -module, then there is a natural isomorphism:

ψP : S−1AHom(P,M)→ HomS−1A(S−1P, S−1M)).

Proof.

1) S−1An being a (S−1An−S−1An)-bimodule, then we deduce from Lemma

1.3 thatHomS−1A(S−1An, S−1M)) is a S−1An- left module. It then shows

the isomorphism S−1HomA(An,M) ∼= HomS−1A(S−1AnS−1M) as in [8],

proposition 11.32.

2) The proof is analogous to that of [8], proposition 11.12.

Proposition 1.5. Let B be a ring, A a subring of B, AM, ANB and PB

respectively a finite type left A -module, a finite type (A − B) bimodule and

a right B -module, S a saturated multiplicative part of A satisfying the left

conditions of Ore. So we have :

HomS−1A(S−1N ⊗ S−1M,S−1P ) ∼= HomS−1B(S−1M,HomS−1A(S−1N,S−1P )

Proof. It results from Lemma 1.4 (proving that the functor S−1() commutes

with the functor Hom(P,−) if P is a finite type A-module and of Lemma 1.3.
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Proposition 1.6. Let A and B be two rings and AM , ANB and PB re-

spectively a left A -module, an (A−B) bimodule and a right B -module, then

we have the isomorphism :

HomA(M ⊗A N,P ) ∼= HomB(M,HomA(N,P ))

Proof. Using the commutativity of tensor product and of Lemma 1.3, we

have :

HomA(M ⊗A N,P ) ∼= HomA(N ⊗A M,P ) ∼= HomB(M,HomA(N,P )

2 FUNCTOR S−1() AND ADJOINT ISOMOR-

PHISM

Definition 2.1. (nth kernel of an A-module’s projective resolution) Let PM

be a projective resolution of a left A-module M .

PM :99K Pn+1 −→ Pn −→ · · · −→ P2
d2−→ P1

d1−→ P0
ε−→ A −→ 0.

Ker(dn) is called the nth kernel of PM . The 0th kernel (kernel of rank 0) is

Kerε = Imd1

Lemma 2.2. (see [9]) Let PM be a projective resolution a left A-module

M with nth kernel Kn. So we have Extn+1
A (M,N) ∼= Ext1A(Kn−1, N) for any

right A -module N .

Lemma 2.3. (see [9]) Let Kn−1 be the (n− 1)th kernel of a right A-module’s

projective résolution M . So we have :

TorAn+1(M,N) ∼= TorA1 (Kn−1, N) for any left A -module N .

Lemma 2.4. Let A and B be two rings, AM a left A-module, ANB an (A,B)

bimodule, PB a right injective B-module, then we have the isomorphism :

ExtnA(M,HomB(N,P )) ∼= HomB(TorAn (M,N), P )

Proof. Let X be a projective resolution of M . By definition of the functor

ExtnA(M,−), we have :

ExtnA(M,HomB(N,P )) = Hn(HomA(X,HomB(N,P ))) ∼= Hn(HomB(X ⊗A

(N,P )))
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As P is injective, then the functor HomB(−P ) is exact and therefore according

to [2], the homology functor Hn commutes with the functor HomB(−, P ). So

we have: Hn(HomB(X⊗A(N,P ))) ∼= HomB(Hn(X⊗A(N,P )) ∼= HomB(TorAn (M,N)P ).

Hence ExtnA(M,HomB(N,P )) ∼= HomB(TorAn (M,N)P ).

Remark 2.5. Let A be a Noetherian ring, then the functor

S−1( ) : A−Mod→ S−1A−Mod keeps the injectivity, that is to say that for

any injective A -module M , then S−1(M) is an injective S−1 A-module.

The proof is analogous to that of [8].

Proposition 2.6. Let B be a ring, A a subring of B, AM , a finite type

left A-module, ANB a finite type (A,B) bimodule, PB a right injective B-

module, S a saturated multiplicative part of A satisfying the left conditions of

Ore, then we have the isomorphism :

ExtnS−1A(S−1M,HomS−1B(S−1N,S−1P )) ∼= HomS−1B(TorAn (S−1M,S−1N), S−1P )

Proof. As the functor S−1() keeps the injectivity (according to Remark 2.5),

then S−1P is an S−1A- injective module. This result is obtained by applying

Lemma 2.4.

Lemma 2.7. Let A and B be two rings where A is Noetherian, AM a fi-

nite type left A-module, ANB a (A,B) bimodule and PB an injective right

B-module, then we have the isomorphism :

TorAn (HomB(N,P ),M) ∼= HomB(ExtnA(M,N), P )

Proof. Let X be a projective resolution of M . As A is noetherian and M of

finite type, X resolution can be chosen as consisting of projective finite type

modules(see [2], V-1.3).

By definition of the functor :

TorAn (HomB(N,P ),M) = Hn(HomB(N,P ), X)

Now as P is injective, then the functor HomB(−, P ) is exact and according to (

[2] , IV-7.2), we have the isomorphismHn(HomB(N,P ), X) ∼= HomB(Hn(HomA(X,N), P ))

.

But by definition of the functor ExtnA(M,−), we have ExtnA(M,N) = Hn(HomA(X,N))

for any projective resolution X of M .

Therefore, from the above we have:
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TorAn (HomB(N,P ),M) ∼= HomB(ExtnA(M,N), P )

Theorem 2.8. Let B be a ring, A a sub-ring of B, AM , a finite type left A-

module, ANB a finite type (A,B) bimodule, PB an injective right B-module,

S a saturated multiplicative part of A satisfying to left conditions of Ore.

Then we have the isomorphism :

TorS
−1A

n (HomS−1B(S−1N,S−1P ), S−1M) ∼= HomS−1B(ExtnS−1A(S−1M,S−1N), S−1P )

Proof. Since P is a right injective B -module, then S−1P is a right injective

S−1A -module (see Remark 2.5 ). Also S−1M is a left finitely S−1A - module.

The result is then obtained by applying 2.7.

Theorem 2.9. Let B be a Noetherian ring, A a sub-ring of B, AM , a fi-

nite type left A-module, ANB a finite type (A,B)- bimodule, PB an injective

right B-module, S a saturated multiplicative part of A satisfying to left con-

ditions of Ore, S−1A the fractions ring of A in S. Then ExtnS−1B(S−1M,−)

and TorS
−1A

n (S−1M,−) are adjoint functors.

Proof. To prove this theorem we can assume that N is projective and P

is injective, hence the functors HomA(−, P ) and HomB(N,−) are exact.

1. According to the proposition 1.6 we have

S−1HomA(N,HomB(M,P )) ∼= S−1HomB(M ⊗A N,P ), which equals

to HomS−1A(S−1N,HomS−1B(S−1M,S−1P )) ∼= HomS−1B(S−1M ⊗S−1A

S−1N,S−1P )

According to [4] and remark 2.5 S−1M is projective and S−1P is injec-

tive, So functors HomS−1A(S−1N,−) and HomS−1B(−, S−1P ) are exact.

So according to the proposition 1.3 we have:

Hn[HomS−1A(S−1N,HomS−1B(S−1M,S−1P ))] ∼= Hn[HomS−1B(S−1M⊗A

S−1N,S−1P )] which equals

HomS−1A[Hn(S−1N,HomS−1B(S−1M,S−1P ))] ∼= HomS−1B[Hn(S−1M⊗S−1A

S−1N,S−1P )]

Let XN be a projective resolution of S−1N and YP an injective resolution

of S−1P .

Then we haveHomA[Hn(XN , HomB(S−1M,S−1P ))] ∼= HomB[Hn(S−1M⊗A

S−1N, YP )] which equals :

HomS−1A[S−1N,ExtnS−1B(S−1M,S−1P )] ∼= HomS−1B[TorS
−1A

n (S−1M,S−1N), S−1P ]
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2. Now let’s prove by induction on n ∈ N that the following two diagrams,

where F = (TorS
−1A

n (S−1M,−)) et G = ExtnS−1B(S−1M,−) are commu-

tative :

Let f : S−1N −→ S−1N ′ and g : S−1P −→ S−1P ′

HomS−1A(S−1N,G(S−1P ))
f∗=Hom(f,G(S−1P ))−→ HomS−1A(S−1N ′, G(S−1P ))

↓ rS−1N,S−1P ↓ rS−1N ′,S−1P

HomS−1B(F (S−1N), S−1P )
(Ff)∗=Hom(F (f),S−1P )−→ HomS−1B(F (S−1N ′), S−1P )

(1)

HomS−1A(S−1N,G(S−1P ))
G(g)∗=Hom(S−1N,G(g))−→ HomS−1A(S−1N,G(S−1P ′))

↓ rS−1N,S−1B ↓ rS−1N ′,S−1P

HomS−1B(F (S−1N), S−1P )
g∗=Hom(F (S−1N),g)−→ HomS−1B(F (S−1N), S−1P ′)

(2)

a) For n = 0, we have Ext0S−1B(S−1M,−) ∼= HomS−1B(S−1M,−) and

TorS
−1B

0 (S−1M,−) ∼= S−1⊗S−1A− but (see [5] et [8], functorsHomS−1B(S−1M,−) :

S−1A − Mod → S−1B − Mod and M ⊗S−1B − : S−1B − Mod →
S−1A −Mod are adjoint. It follows that the diagrams (1) and (2) are

commutative taking F = M ⊗S−1A − and G = HomS−1B(S−1M,−)

b) Suppose that for any integer k 6 n the diagrams (1) and (2) are com-

mutative where F = TorS
−1A

k (S−1M,−) and G = ExtkS−1B(S−1M,−).

Then prove that (1) and (2) are commutative by taking

F = TorS
−1A

n+1 (S−1M,−) and

G = Extn+1
S−1B(S−1M,−).

Let PS−1M : · · · → Pn+1
dn+1−→ Pn

dn−→ · · · −→ P2
d2−→ P1

d1−→ P0
ε−→

S−1N −→ 0

be a projective resolution of S−1M by nth kernel Kn = Ker(dn).

According to 1.6 and 2.5 we have respectively :

Extn+1
S−1A(S−1M,S−1P ) ∼= Ext1S−1A(Kn−1, S

−1P )

et TorS
−1A

n+1 (S−1M,S−1N) ∼= TorS
−1A

1 (Kn−1, S
−1N)

Therefore we will simply apply the induction hypothesis to functors

Ext1S−1A(Kn−1,−) and TorS
−1A

1 (Kn−1,−).

c) We then conclude that for any integer n, functors ExtnS−1B(S−1M,−)

and TorS
−1A

n (S−1M,−) are adjoint.
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Corollary 2.10. Let A be a Noetherian ring and S saturated multiplica-

tive part of A satisfying to left conditions of Ore, S−1A the fractions ring of A

in S . Then the functors ExtnS−1A(S−1A,−) and TorS
−1A

n (S−1A,−) are adjoint.

Proof. It results from Remark 2.5 and Theorem 2.8 and from the fact that

the ring A is an (A− A)-bimodule.

References

[1] G. Renault, Gauthier, Villars, Algebre Non Commutative, Paris-Bruxelles,
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