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Abstract

We consider undirected finite connected graphs without loops and
multiple edges. The sets of vertices and edges of a graph G are denoted
by V (G) and E(G), respectively. A function f : V (G) → {0, 1} is
called a 2-partition of a graph G. A 2-partition f of a graph G is
called non-constant if there exist vertices x ∈ V (G) and y ∈ V (G) with
f(x) 6= f(y). If G is a graph, f is its arbitrary non-constant 2-partition,
and e = (x, y) ∈ E(G), then define µf (e) ≡ (−1)f(x)−f(y). For an
arbitrary simple cycle C and its arbitrary non-constant 2-partition f ,
a simple formula for calculation of the sum

∑
e∈E(C)

µf (e) is obtained.

A new solution for an old well-known problem of school mathematical
olympiads is found.
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1 Introduction and Main Results

We consider undirected finite connected graphs without loops and multiple
edges. The set of vertices of a graph G is denoted by V (G), the set of edges
- by E(G). The number of connected components [2] of a graph G is denoted
by λ(G). If G is a graph, V0 ⊆ V (G), then we denote by G[V0] the subgraph
of the graph G induced [2] by the subset V0 of its vertices. For a positive
integer n ≥ 3, we denote by Cn the simple cycle with n vertices. The terms
and concepts which are not defined can be found in [2].

2-partition of a graph G is a function f : V (G) → {0, 1}. If G is a
graph, f is its arbitrary 2-partition, then, for i = 0, 1, we set Vi(G, f) ≡
{x ∈ V (G)/f(x) = i}. A 2-partition f of a graph G is called constant, if
for any two vertices x ∈ V (G) and y ∈ V (G), f(x) = f(y). A 2-partition
f of a graph G is called non-constant if there are vertices x ∈ V (G) and
y ∈ V (G) with f(x) 6= f(y). If G is a graph, f is its arbitrary 2-partition, and
e = (x′, x′′) ∈ E(G), then set

µf (e) ≡ (−1)f(x
′)−f(x′′)

If G is a graph, f is its arbitrary 2-partition, then set

M(G, f) ≡
∑

e∈E(G)

µf (e) (1)

For a graph G and its arbitrary 2-partition f , set

ν(G, f) ≡ λ(G[V0(G, f)]) + λ(G[V1(G, f)]).

Remark 1. For a positive integer n ≥ 3 and any constant 2-partition f of
the graph Cn, the equality M(Cn, f) = n holds.

Remark 2. For a positive integer n ≥ 3 and any non-constant 2-partition
f of the graph Cn, the equality λ(Cn[V0(Cn, f)]) = λ(Cn[V1(Cn, f)]) holds.

Theorem 1. For a positive integer n ≥ 3 and any non-constant 2-partition
f of the graph Cn, the equality M(Cn, f) = n− 2ν(Cn, f) holds.

Proof. Clearly, for any non-constant 2-partition f of the graph Cn, we have

E(Cn) = E(Cn[V0(Cn, f)]) ∪ E(Cn[V1(Cn, f)]) ∪ E ′(Cn),

where E ′(Cn) consists of those edges of the graph Cn each of which doesn’t
belong to the graph Cn[Vi(Cn, f)], i ∈ {0, 1}.

Clearly, for any e ∈ E(Cn), the equality

µf (e) =

{
1, if e ∈ E(Cn[V0(Cn, f)]) ∪ E(Cn[V1(Cn, f)])

−1, if e ∈ E ′(Cn)
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holds.
From here, taking into account Remark 1 and the relation (1), we obtain

the required equality.
The theorem is proved.

Corollary 1. For a positive integer n ≥ 3 and any non-constant 2-partition
f of the graph Cn, the congruence M(Cn, f) ≡ n(mod4) holds.

Proof. From Remark 2 it follows that for a positive integer n ≥ 3 and any
non-constant 2-partition f of the graph Cn, ν(Cn, f) is an even number. From

Theorem 1 we conclude that the number n−M(Cn,f)
2

is even. It is equivalent to
the required proposition.

The corollary is proved.

Remark 3. Corollary 1 gives a new solution to the following, old, well
known problem (see, for example, [1], Problem №171).

Problem 1. There are n numbers a1, ..., an, each equals either 1 or −1,
satisfying the condition a1a2 + a2a3 + ... + an−1an + ana1 = 0. Prove that
n ≡ 0(mod4).
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