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Abstract

In this paper, we introduce a new class of sets called delta generalized
b-closed sets and weak separation axioms in topological spaces.Some of
their properties and characterizations are investigated.
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1 Introduction

Levine [12] initiated the study of generalized closed sets in topological
spaces.Andrijevic [3] introduced the concept of b-closed sets and investigated
its basic properties.Later, Al-Omari et.al [1] defined the concept of gb-closed
sets in topological spaces and established results related to it. M.Caldas
and S.Jafari[6] used b-open sets to define and investigate new separation ax-
ioms,called b-T0 and b-T1. J.H.Park[17] studied the concepts of b-T2 spaces
and b-regular spaces. Hussein A.Khaleefah[10] defined and characterized new
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separation axioms called gb-T1 and gb-T2 by using gb-open sets. Motivated
by these,we introduce and study delta generalized b-closed sets and weak sep-
aration axioms namely δgb-T1,δgb-T2,δgb-regular and δgb-normal spaces in
topological spaces.

2 Preliminaries

Throughout this paper, (X, τ) (or simply X ) represents topological space(or
simply space) on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X, τ),cl(A) and int(A) denote the clo-
sure of A and the interior of A respectively.
Let us recall the following definitions which we shall require later:

Definition 2.1 A subset A of a topological space X is called,
(i)b-closed[3] if cl(int(A))∩ int(cl(A))⊆A.
(ii)pre-closed[15] if cl(int(A))⊆A.
(iii)semi-closed[11] if int(cl(A))⊂A.
(iv) regular-closed[19] if A=cl(int(A)).
(v) semi-preclosed[2] if int(cl(int(A)))⊆A.
(vi)δ-closed[20] if A=clδ(A) where clδ(A)={x∈X:int(cl(U))∩A6=φ,U∈τ and x∈U}

The intersection of all b-closed sets containing A is denoted by bcl(A) and
the union of all b-open sets contained in A is denoted by bint(A).The class of
all b-open (resp,b-closed) sets of X is denoted by BO(X)(resp,BC(X)).

Definition 2.2 A subset A of a space X is called,
(i) generalized closed (briefly,g-closed)[12] if cl(A)⊆G whenever A⊆G and G
is open in X.
(ii) generalized pre-closed (briefly,gp-closed)[14] if pcl(A)⊆G whenever A⊆G
and G is open in X.
(iii) generalized preregular closed (briefly,gpr-closed)[9] if pcl(A)⊆G whenever
A⊆G and G is regular open in X.
(iv) generalized δ-semiclosed (briefly,gδs-closed)[4] if scl(A)⊆G whenever A⊆G
and G is δ-open in X.
(v) δ-generalized closed (briefly,gδ-closed) [7] if cl(A))⊆G whenever A⊆G and
G is δ-open in X.
(vi) generalized b-closed (briefly,gb-closed)[1] if bcl(A)⊆G whenever A⊆G and
G is open in X.
(vii) regular generalized closed (briefly,rg-closed) [16] if cl(A)⊆G whenever
A⊆G and G is regular-open in X.
(viii) regular generalized b-closed (briefly,rgb-closed)[13] if bcl(A)⊆G whenever
A⊆G and G is regular open in X.
(ix) generalized regular closed (briefly,gr-closed)[18] if rcl(A)⊆G whenever A⊆G
and G is open in X.
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The complements of the above mentioned closed sets are their respective
open sets.

Definition 2.3 A space X said to be,
(i) b-T1[6] space if for any pair of distinct points x and y of X ,there exists a
pair of b-open sets G and H such that x∈G,y/∈H and x/∈H,y∈G.
(ii) b-T2[17] space if for any pair of distinct points x and y of X ,there exist
disjoint b-open sets G and H such that x∈G and y∈H.
(iii) gb-T1[10] space if for any pair of distinct points x and y of X ,there exists
a pair of gb-open sets G and H such that x∈G,y/∈H and x/∈H,y∈G.
(iv) gb-T2[10] space if for any pair of distinct points x and y of X ,there exist
disjoint gb-open sets G and H such that x∈G and y∈H.

3 Delta Generalized b-Closed Sets.

In this section,we introduce the class of delta generalized b-closed sets and
study some of its fundamental properties.Several characterizations of delta
generalized b-closed sets are investigated.

Definition 3.1 A subset A of a space X is called a delta generalized b-closed
(briefly,δgb-closed) set if bcl(A)⊂G whenever A⊆G and G is δ-open in X.

The complement of a δgb-closed set is called δgb-open.
The family of all delta generalized b-closed(resp,delta generalized b-open)

sets of a space X is denoted by δGBC(X)(resp.δGBO(X))

Example 3.2 Let X={a,b,c} and τ={X,φ,{a},{b},{a,b}}.In this topologi-
cal space, δGBC(X)={X, φ, {a},{b},{c},{a,c},{b,c} } and
δGBO(X)={X, φ, {a},{b},{a,b},{a,c},{b,c} }

Theorem 3.3 Every regular-closed set is δgb-closed .
Proof: Follows from the fact that every regular-closed set is b-closed set.

Theorem 3.4 Every b-closed set is δgb-closed .
Proof: Let A be a b-closed set in X such that A⊆G where G is δ-open in X.
Since A is b-closed, we have bcl(A)=A⊆G. Therefore bcl(A)⊆G.

Theorem 3.5 Every gb-closed set is δgb-closed .
Proof: Follows from fact that every δ-open set is open [20].

Theorem 3.6 Every g-closed set is δgb-closed.
Proof:Let A be a g-closed set in X such that A⊆G where G is δ-open in X.Since
A is g-closed , bcl(A)⊆cl(A) and every δ-open set is open [20], then bcl(A)⊆G
and hence A is δgb-closed.
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Theorem 3.7 Every gδs-closed set is δgb-closed
Proof:Follows from definition and the fact that bcl(A)⊆scl(A) for every A⊆X.

Theorem 3.8 Every gδ-closed set is δgb-closed.
Proof:Follows from the fact that bcl(A)⊆cl(A) for every A⊆X

Theorem 3.9 Every δgb-closed set is rgb-closed.
Proof:Let A be a δgb-closed set in X such that A⊆G where G is regular open
in X and since every regular open set is δ-open, then bcl(A)⊆G and hence A
is rgb-closed.

Remark 3.10 The converse of the above Theorems need not be true as seen
from the following examples.

Example 3.11 Let X={a,b,c,d} and τ={X,φ,{a},{b},{a,b},{a,c},{a,b,c}}.
Then the subset {a} of X is δgb-closed but not regular closed,b-closed,gb-closed,gp-
closed,gδ-closed and g-closed.
The subset {a,b} rgb-closed but not δgb-closed.

Example 3.12 Let X={a,b,c,d,e} and τ={X,φ,{a,b},{c,d},{a,b,c,d}}.
The subset {a,c} is δgb-closed but not gδs-closed.

Remark 3.13 The following examples show that δgb-closed set is indepen-
dent of semi-preclosed, rg-closed and gpr-closed sets.

Example 3.14 In Example 3.12, the subset {a,b,c} is semi-preclosed but
not δgb-closed.

Example 3.15 Let X={a,b,c} and τ= {X,φ,{a},{c},{a,c},{b,c}}.
The subset {c} is δgb-closed but not semi-preclosed.

Example 3.16 In Example 3.11, the subset {a,b} is rg-closed and gpr-
closed but not δgb-closed,the subset {a, c} is δgb-closed but not rg-closed, the
subset {a} is δgb-closed but not gpr-closed.

Theorem 3.17 A subset A of a space X is δgb-open if and only if N⊆bint(A)
whenever N is δ-closed and N⊆A.
Proof:Let N be a δ-closed set of X and N⊆A.Then (X-N) is δ-open and (X-
A)⊂(X-N).Since (X-A) is δgb-closed,then bcl(X-A)⊆(X-N),i.e X-bint(A)⊆(X-
N). Hence N⊆bint(A).
Conversely,let U be a δ-open set of X such that (X-A)⊆U.Since (X-U) is a δ-
closed set contained in A.Then by hypothesis (X-U)⊆bint(A),i.e.X-bint(A)=bcl(X-
A)⊆U.Hence X-A is δgb-closed and so A is δgb-open .
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Theorem 3.18 Let A⊆X be δgb-closed,then bcl(A)-A contains no non empty
δ-closed set.
Proof:Let A be a δgb-closed set and U be a δ-closed set in X such that U⊆bcl(A)-
A,then U⊆bcl(A) and M⊆X-A implies A⊆X-M. Now, A is δgb-closed and X-M
is a δ-open set containing A, it follows that bcl(A)⊆X-U and thus U⊆X-bcl(A).
This implies U⊆bcl(A)∩(X-bcl(A))=φ and hence U=φ.

Theorem 3.19 Let A⊆X be δgb-closed.Then A is b-closed if and only if
bcl(A)-A is δ-closed.
Proof: Let A be b-closed,then bcl(A)-A=φ, which is δ-closed.
Conversely,suppose that bcl(A)-A is δ-closed. But A is δgb-closed and since
bcl(A)-A is a δ-closed subset of itself, then by Theorem 3.18, bcl(A)-A=φ.Hence
A is b-closed.

Theorem 3.20 Let A⊆X be δ-open δgb-closed,then A is b-closed .
Proof: Let A be both δ-open and δgb-closed set of X.Then bcl(A)⊆A. But
A⊂bcl(A) is always true which implies A=bcl(A) .Hence A is b-closed.

Theorem 3.21 If A is δgb-closed and A⊆B⊂bcl(A),then B is δgb-closed .
Proof: Let G be a δ-open set in X such that B⊆G,then A⊆G. Since A
is δgb-closed,then bcl(A)⊆G. Now bcl(B)⊆bcl(bcl(A))=bcl(A)⊆G. Therefore
bcl(B)⊆G. Hence B is δgb-closed.

If A⊆B⊂bcl(A) and B is δgb-closed ,then A need not be δgb-closed .

Example 3.22 In Example 3.11,let A={a,b} and B={a,b,d} ,then A⊂B⊆bcl(A)
and B is δgb-closed but A is not δgb-closed.

Theorem 3.23 If A is δgb-open and B is any set in X such that bint(A)⊆B⊂A,
then B is δgb-open in X.

Remark 3.24 The intersection of two δgb-closed sets need not be δgb-closed
in general as seen from the following example.

Example 3.25 Let X={a,b,c,d} and τ={X,φ,{a},{b},{a,b},{a,b,c}}.The
subsets {a,b,c} and {a,b,d} are δgb-closed but their intersection {a,b,c}∩{a,b,d}=
{a,b} is not δgb-closed.

Remark 3.26 The union of two δgb-closed sets need not be δgb-closed in
general as seen from the following example.

Example 3.27 In Example 3.25, the subsets {a} and {b} are δgb-closed
but their union A∪B={a, b} is not δgb-closed.

Lemma 3.28 [1]: For any set A of X, if D(A)⊆Db(A),where Db(A) is b-
derived set of A, then cl(A)=bcl(A).
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Theorem 3.29 If A and B are δgb-closed sets such that D(A)⊆Db(A) and
D(B)⊆Db(B), then A∪B is δgb-closed.
Proof: Suppose A and B are δgb-closed subsets of X such that D(A)⊆Db(A)
and D(B)⊂Db(B), then by Lemma 3.28, cl(A)=bcl(A) and cl(B)=bcl(B). Let
A∪B⊆G where G is a δ-open in X,then A⊆G abd B⊆G.
Since A and B are δgb-closed, then bcl(A)⊆G and bcl(B)⊆G.
Now bcl(A∪B)⊆cl(A∪B) =cl(A)∪cl(B) =bcl(A)∪bcl(B) ⊆G∪G=G
Thus bcl(A∪B)⊆G whenever A∪B⊆G and G is δ-open in X and hence A∪B
is δgb-closed .

Theorem 3.30 For a space X, the following statements are equivalent:
(i) δO(X)⊆{B⊆X: B is b-closed}
(ii) Every subset of X is δgb-closed
Proof: (i)→(ii): Let A be any subset of X such that A⊆G where G is
δ-open in X,then by(i), G∈{B⊆X: B is b-closed} and hence bcl(A)⊆G which
implies A is δgb-closed.
(ii)→(i):Let G∈δO(X).Then by(ii), G is δgb-closed and since G⊆G, then bcl(G)⊆G
but G⊆bcl(G) is always true. Therefore bcl(G)=G and hence G∈{B⊆X: B is
b-closed}.

Theorem 3.31 For a space X, the following statements are equivalent:
(i) Every δgb-closed set is gδs-closed
(ii)Every b-closed set is gδs-closed.
Proof:(i)→(ii) :Follows from the theorem 3.4.
(ii)→(i):Let A be a δgb-closed set in X such that A⊆G where G is δ-open in
X,then bcl(A)⊆G and since bcl(A) is b-closed, then by (ii),bcl(A) is gδs-closed.
So scl(A)⊆scl(bcl(A)⊆G. Therfore scl(A)⊆G.

Theorem 3.32 If BO(X)=BC(X),then δGBC(X)=P(X).
Proof:Suppose A⊆G where G is δ-open in X,then G is b-open .By hypothesis
G is b-closed.Hence bcl(A)⊆G and so A is δgb-closed.Thus δgbC(X)=P(X).

Theorem 3.33 For any x∈X ,the set X-{x} is δgb-closed or δ-open.
Proof: Suppose X-{x} is not δ-open,then X is the only δ-open set containing
X-{x}.This implies bcl(X-{x})⊂X. Hence X-{x} is δgb-closed.

Theorem 3.34 If A⊆X is δgb-closed,then clδ{x}∩A6=φ, for every x∈bcl(A).
Proof: Let x∈bcl(A).Suppose that clδ{x}∩A=φ,then A⊆X-clδ{x} and X-clδ{x}
is δ-open. Since A is δgb-closed , then bcl(A)⊆X-clδ{x} so, x/∈bcl(A) which is
a contradiction. Therefore clδ{x}∩A6=φ.

Definition 3.35 [5] The intersection of all δ-open subsets of X containing
A is called the δ kernel of A and it is denoted by kerδ(A).
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Theorem 3.36 A set A⊆X is δgb-closed if and only if bcl(A)⊆kerδ(A).
Proof:Suppose that A is δgb-closed set in X such that x∈bcl(A). If possible ,let
x/∈kerδ(A),then there exists a δ-open set G in X such that A⊂G and x/∈G.
Since A is a δgb-closed set in X ,then bcl(A)⊆G implies x/∈bcl(A) which is a
contradiction.
Conversely,let bcl(A)⊆kerδ(A) be true and G is a δ-open set containing A, then
kerδ(A)⊆G which implies bcl(A)⊆G and hence A is δgb-closed .

Lemma 3.37 For any set A, bint(bcl(A)-A)=φ

Theorem 3.38 If A is δgb-closed ,then bcl(A)-A is δgb-open.
Proof: Suppose that A is δgb-closed and M is δ-closed such that M⊆bcl(A)-
A,then by Theorem 3.18, M=φ and hence M⊆bint(bcl(A)-A).Therefore by The-
orem 3.17, bcl(A)-A is δgb-open.

Theorem 3.39 If A⊂X is a δgb-open set,then G=X whenever G is δ-open
and bint(A)∪(X-A)⊆G.
Proof: Let G be a δ-open set in X such that and bint(A)∪(X-A)⊆G.Then X-
G⊆(X-bint(A))∩A.That is X-G⊆(bcl(X-A)-(X-A)).Since (X-A) is δgb-closed.Then
by Theorem 3.18,bcl(X-A)-(X-A)=φ which implies X-G=φ.Hence G=X.

Definition 3.40 For a subset A of a space X,δgbcl(A)=∩{F:A⊂F,F is δgb-
closed in X}

Theorem 3.41 Let A and B be subsets of a space X.Then
(i) δgbcl(X)=X and δgbcl(Φ)= Φ.
(ii) If A⊂B,then δgbcl(A)⊆ δgbcl(B).
(iii)A⊆δgbcl(A).
(iv)δgbcl(A)∪δgbcl(B)⊆ δgbcl(A∪B).
(v)δgbcl(A∩B)⊆δgbcl(A)∩δgbcl(B).

Remark 3.42 If A is δgb-closed,then δgbcl(A)=A but converse need not be
true as seen from the following example.

Example 3.43 In Example 3.25,δgbcl({a,b})={a,b} but {a,b} is not δgb-
closed.

Theorem 3.44 If δGBC(X) is closed under finite unions,then
δgbcl(A∪B)=δgbcl(A)∪δgbcl(B).
Proof:Let A and B be δgb closed in X.Then by hypothesis,A∪B is δgb closed.
Then δgbcl(A∪B)=A∪B=δgbcl(A)∪δgbcl(B).
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Theorem 3.45 If BC(X) is closed under finite unions,then δGBC(X) is
closed under finite unions.
Proof:Let A and B be δgb closed in X and A∪B⊆G where G is δ-open in
X.Then A⊆G and B⊆G .Hence bcl(A)⊆G and bcl(B)⊆G. By hypothesis bcl(A∪B)⊆G.
Then A∪B∈δGBC(X)

Corollary 3.46 If BO(X) is closed under finite intersections,then δGBO(X)
is closed under finite intersections.

Theorem 3.47 If δGBO(X) is a topology,then δτ
∗={U⊂X:δgbcl(X-U)=X-

U} is a topolgy.
Proof:Clearly,φ and X∈δτ ∗. Let {Ai:i∈∧}∈δτ ∗,then δgbcl(X-(∪Ai))=δgbcl(∩(X-
Ai)⊂∩δgbcl((X-Ai)=∩((X-Ai)=X-(∪Ai) and hence (∪Ai)∈δτ ∗
Let A and B∈δτ ∗.Then δgbcl(X-(A∩B))=δgbcl((X-A)∪(X-B))=δgbcl(X-A)∪δgbcl(X-
B)=(X-A)∪(X-B)=X-(A∩B).Therefore A∩B∈δτ ∗.

Remark 3.48 For a space X,δGBO(X)⊂δτ ∗

Theorem 3.49 For a space X,every δgb-closed set is closed if and only if

δτ
∗=τ .

Proof: Let A∈δτ ∗,then δgbcl(X-A)=(X-A). Since every δgb-closed set is closed,
cl(X-A)=δgbcl(X-A)=(X-A) and so A∈τ .Hence δτ

∗⊆τ .But τ⊆δτ ∗ is always
true.Thus δτ

∗=τ .
Conversely,suppose that δτ

∗=τ .Let A be a δgb-closed set,then δgbcl(A)=A
which implies X-A∈δτ ∗=τ .So A is closed.

Definition 3.50 For a space X,let τ γ consists of exactly those sets A for
which A∩B∈δGBO(X) for all B∈δGBO(X).

Definition 3.51 A space X is said to be δgb-additive if δGBO(X) is closed
under arbitrary unions.

Theorem 3.52 If X is δgb-additive,then τ γ is a topology on X .
Proof: Clearly,φ and X∈τ γ.Suppose that {Ai:i∈∧}∈τ γ,then Ai∩B∈δGBO(X)
for all B∈δGBO(X). Since (∪Ai)∩B =∪(Ai∩B).Then by assumtion, (∪Ai)∩B
is δgb-open in X.Hence ∪Ai∈τ γ.
Let M and N∈τ γ,then (M∩N)∩B=M∩(N∩B)∈τ γ for all B∈δGBO(X).
Hence M∩N∈τ γ. Therefore τ γ is a topology on X.

Theorem 3.53 For any space X, τ γ⊆δGBO(X).
Proof: Let A∈τ γ,then A∩B∈δGBO(X) for all B∈δGBO(X).
In particular A∩X=A∈δGBO(X) as X∈δGBO(X).Hence τ γ⊆δGBO(X)
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Theorem 3.54 If BO(X) is closed under finite intersections,then τ⊆τ γ.
Proof: Let A∈τ and B∈δGBO(X).Then by Corollary 3.46,A∩B∈δGBO(X).Hence
A∈τ γ

Theorem 3.55 If the family δGBO(X) is a topology, then δGBO(X)=τ γ
.
Proof:Let A∈δGBO(X),then A∩B∈δGBO(X) for all B∈δGBO(X) because δGBO(X)
is closed under finite intersections and hence A∈ τ γ.Thus δGBO(X)⊆τ γ and
from Theorem 3,52,we have δGBO(X)=τ γ

Theorem 3.56 For any space X,τ γ⊆δτ ∗.

Theorem 3.57 [17]Let A⊆Y⊆X and Y be α-open,then bclY (A)=bclX(A)∩Y.

Theorem 3.58 Let A⊆Y⊆X and Y be α-open b-closed ,then bclY (A)=bclX(A).
Proof:By Theorem 3.57,bclY (A)=bclX(A)∩Y.Since Y is b-closed,bclX(A)⊆Y.
Hence bclY (A)=bclX(A).

Theorem 3.59 Let A⊆Y⊆X and Y be α-open b-closed.If A is δgb-closed
in X,then A is δgb-closed in Y.
Proof:Let G be a δ-open set of Y such that A⊆G.Then G=H∩Y for some δ-
open set H of X.Since A is δgb-closed in X,we have bclX(A)⊆H and by Theorem
3.57,bclY (A)=bclX(A)∩Y⊆H∩Y=G.Hence A is δgb-closed in Y.

Theorem 3.60 Let A⊆Y⊆X and Y be α-open b-closed.If A is δgb-closed
in Y,then A is δgb-closed in X.
Proof:Let U be a δ-open set of X such that A⊆U.Then A=Y∩A⊆Y∩U where
Y∩U is δ-open in Y.Since A is δgb-closed in Y,we have bclY (A)⊆Y∩U and by
above Theorem,bclX(A)⊆Y∩U⊆U.Hence A is δgb-closed in X.

Theorem 3.61 If A⊆X is δgb-closed and F⊆X is δ-closed,then A∩F is
also δgb-closed in X .
Proof: Let A∩F⊆G where G is δ-open in X.Then A⊆G∪F c and G∪F c is
δ-open.Since A is δgb-closed,then bcl(A)⊆G∪F c which implies that
bcl(A∩F)⊆bcl(A)∩bcl(F)⊆bcl(A)∩δcl(F)⊆bcl(A)∩F⊆G. Hence A∩F is δgb-closed.

Theorem 3.62 Let A⊆X be δ-open δgb-closed,then A∩B is δgb-closed when-
ever B∈BC(X) .
Proof: Let A⊆X be δ-open δgb-closed.Then by Theorem 3.20, A is b-closed.Hence
A∩B is b-closed which implies that A∩B is δgb-closed.

Definition 3.63 A subset A of a space X is called δgb-neighbourhood (briefly,δgb-
nbhd) of a point x∈X, if there exists a δgb-open set U such that x∈U⊂B.

The collection of all δgb-nbhds of x∈X is called δgb-nbhd system of x and
is denoted by δgbN(x).
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Theorem 3.64 Every nbhd A of a point x∈X is δgb-nbhd of that point.
Proof: Follows from the fact that every open set is δgb-open.

Remark 3.65 The converse of Theorem 3.64 need not be true, in general,
as seen from the following example.

Example 3.66 Let X={a,b,c} and τ={X,φ,{a},{c},{a, c}},then {a, b} is
a δgb-nbhd of b∈X but it is not a nbhd of b, as there is no open set G such
that b∈G⊂{a, b}.

Theorem 3.67 If A is δgb-open set,then it is δgb-nbhd of each of its points.
Proof: Let A be any δgb-open set of X ,then for each x∈A, x∈A⊂A. Therefore
A is δgb-nbhd of each of its points.

Remark 3.68 The converse of Theorem 3.67 need not be true, in general,
as seen from the following example.

Example 3.69 Let X={a,b,c,d} with the topology τ={X,φ,{a},{b},{a,b},{a,b,c}}.
Here {c,d} is δgb-nbhd of each of its points but it is not δgb-open.

Theorem 3.70 If V⊆X is δgb-closed and x ∈VC,then there exists a δgb-
nbhd F of x such that F∩V=φ.
Proof: Let V be a δgb-closed set of X,then VC is δgb-open.By Theorem 3.67,VC

is δgb-nbhd of each of its points.Let x∈VC,then there exists a δgb-open set F
such that x∈F⊂VC.That is, F∩V=φ.

Theorem 3.71 An arbitrary union of δgb-nbhds of a point x is again a
δgb-nbhd of that point.

Remark 3.72 The intersection of δgb-nbhd of x∈X need not be a δgb-nbhd
of that point as shown in the following example.

Example 3.73 Let X={a,b,c} with the topology τ={X,φ,{a},{c}, {a,c}}.
Here {a,b} and {b,c} are δgb-nbhd of b∈X ,but their intersection
{a,b} ∩ {b,c}={b} is not δgb-nbhd of b, as there is no δgb-open set G such
that b∈G⊂{b} .

4 δgb-separation axioms.

In this section.we introduce and study the weak separation axioms such
as δgb-T1, δgb-T2,δgb-regular and δgb-normal spaces.Some of their properties
and characterizations are investigated.
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Definition 4.1 A space X is said to be δgb-T1 space if for any pair of
distinct points a and b of X ,there exists a pair of δgb-open sets U and V such
that a∈U,b/∈U and a/∈V,b∈V.

Theorem 4.2 : Every gb-T1 space is δgb-T1.
Proof:Follows from the fact that every gb-open set is δgb-open.

Remark 4.3 The converse of Theorem 4.2 need not be true as seen from
the following example.

Example 4.4 Let X={a,b,c} and τ={X,φ,{a},{a,c},{a,b}}.Then (X,τ) is
δgb-T1 space but it is not gb-T1 space, since for distinct points a and b,there
do not exist gb-open sets G and H a∈G,b/∈G and a/∈H,b∈H.

Corollary 4.5 Every b-T1 space is δgb-T1.

Theorem 4.6 If X is any space,then δgb-closures of distinct points are
distinct.
Proof: Let x and y be distinct points in X.To show that δgbcl({x})6=δgbcl({y}).
Consider the set A=X-{x}.Then by Theorem 3.33,A is δgb-closed or δ-open.
If A is δgb-closed,then {x}=X-A is a δgb-open which contains x but not y.
So y/∈δgbcl({x}) but x∈δgbcl({x}). Hence δgbcl({x})6=δgbcl({y}).
If A is δ-open,then {x}=X-A is a δ-closed which implies {x} is δgb-closed which
implies δgbcl({x})={x}.Since y/∈δgbcl({x}) and y∈δgbcl({y}),then
δgbcl({x})6=δgbcl({y}).

Definition 4.7 [20] A subset B of a space X is called δ-open if for each
x∈B,there exists a regular open set V such that x∈V⊂B .

Theorem 4.8 If X is any space,then every singleton subset of X is δgb-
closed.
Proof:Let x∈X,then {x} is the singleton subset of X.Let A={x}⊂U where U
is δ-open set of X,then x∈U.Since U is δ-open,then there exists a regular open
V such that x∈V⊂U.Therefore int(cl(A))⊂V⊂U.
Now bcl(A)=A∪[int(cl(A))∩cl(int(A))]⊆A∪int(cl(A)⊂A∪U=U.
It follows that bcl({x})⊆U.Hence {x} is δgb-closed.

Theorem 4.9 Every space X is δgb-T1 .
Proof: Let x and y be distinct points in X.Then {x} and {y} are distinct δgb-
closed sets. Let U=X-{x} and V=X-{y},then U and V are δgb-open sets such
that y∈U,x/∈U, x∈V and y/∈V. Hence X is δgb-T1.

Definition 4.10 A space X is said to be δgb-T2 space if for any pair of
distinct points a and b of X ,there exist disjoint δgb-open sets G and H such
that a∈G and b∈H.
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Theorem 4.11 Every gb-T2 space is δgb-T2.
Proof:Follows from the fact that every gb-open set is δgb-open.

Remark 4.12 The converse of Theorem 4.11 need not be true as seen from
the following example.

Example 4.13 Let X={a,b,c} and τ={X,φ,{a},{b},{a,b},{a,c}}.Then (X,τ)
is δgb-T2 space but it is not gb-T2,since for distinct points a and c,there do not
exist disjoint gb-open sets U and V such that a∈U and c∈V.

Corollary 4.14 Every b-T2 space is δgb-T2.

Theorem 4.15 Every δgb-T2 space is δgb-T1.

Remark 4.16 The converse of Theorem 4.15 need not be true as seen from
the following example.

Example 4.17 Consider the co-finite topology τ on an infinite set X.Clearly
X is a δgb-T1 space.But X is not a δgb-T2 space,because there is no two δgb-
open sets can be disjoint,for,if G and H are δgb-open sets,then G∩H=φ implies
(G∩H)c=φc. i.e Gc∪Hc=X and this is not possible,since Gc∪Hcbeing the union
of two finite sets is finite while X is infinite.

Theorem 4.18 If X is δgb-additive.Then the following are equivalent for
a space X :
(i) X is δgb-T2 space
(ii)Let p∈X.For each q∈X where q 6=p,there exists a δgb-open set U such that
p∈U and q/∈δgbcl(U).
(iii)For each p∈X,∩{δgbcl(U):U is δgb-open with p∈U}={p}.
Proof:(i)→(ii)Let p∈X and q6=p.Then by (i),there exist disjoint δgb-open sets
U and V such that p∈U and q∈V.Clearly X-V is a δgb-closed set and U⊂X-
V.Therefore δgbcl(U)⊂δgbcl(X-V)=X-V.Now q/∈X-V,so q/∈δgbcl(U).
(ii)→(iii)Let p∈X.For each q6=p, by (ii) there exists a δgb-open set U such that
p∈U and q/∈δgbcl(U).Thus q/∈∩{δgbcl(U):U is δgb-open with p∈U}.
Hence ∩{δgbcl(U):U is δgb-open with p∈U}={p}.
(iii)→(i) Let p∈X .Then by (iii) A=∩{δgbcl(U):U is δgb-open with p∈U}={p}.
For every q6=p, q/∈A.Therefore,there exists a δgb-open set U such that p∈U and
q/∈δgbcl(U)=V(say),implies X-V is a δgb-open set such that q∈X-V and U∩(X-
V)=φ.Thus there exist disjoint δgb-open sets U and (X-V) such that p∈U and
q∈(X-V). Hence X is δgb-T2 space.

Definition 4.19 A space X is said to be δgb-regular if for each closed set F
and each point x/∈F,there exist disjoint δgb-open sets G and H such that x∈G
and F⊂H.
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Definition 4.20 [17] A space X is said to be b-regular if for each closed set
M and each point x/∈M,there exist disjoint b-open sets U and V such that x∈U
and M⊂V.

Theorem 4.21 Every b-regular space is δgb-regular,but converse need not
to be true.

Example 4.22 In Example 4.13,X is δgb-regular but not b-regular,since for
a closed set {b,c} with a/∈{b,c},there do not exist disjoint b-open sets U and V
such that a∈U and {b,c}⊂V.

Theorem 4.23 If X is δgb-regular,then for each p∈U and U is open in
X,there exists a δgb-open set V of X such that p∈V⊂δgbcl(V)⊂U.
Proof:Let U be an open set in X such that p∈U,then X-U is a closed set
in X such that p/∈(X-U).Then ,there exist δgb-open sets N and V such that
p∈V ,(X-U)⊂N and V∩N=φ which implies V⊂(X-N). Now X-N is δgb-closed,
δgbcl(V)⊂δgbcl(X-N)=X-N.Therefore p∈V⊂δgbcl(V)⊂U.

Theorem 4.24 Let X be a space and A⊆X.Then x∈δgbCl(A) if and only
if U∩A6=φ, for every δgb-open set U containing x.

Theorem 4.25 The following statements are equivalent for any space X:
(i) X is δgb-regular
(ii)For every p∈X and for every closed subset F of X with p/∈F,there exist δgb-
open sets U and V in X such that p∈U,F⊂V and δgbcl(U)∩V=φ.
Proof:(i)→(ii)Let p∈X and F be a closed subset of X with p/∈F.Then by
(i),there exist δgb-open sets U and V such that p∈U ,F⊂V and U∩V=φ.Suppose
that δgbcl(U)∩V6=φ.Then there exists y∈δgbcl(U) and y∈V.Since V is δgb-open
set containing y,then by Theorem 4.24,U∩V6=φ,which is a contradiction.Hence
δgbcl(U)∩V=φ
(ii)→(i) Let p∈X and F be a closed subset of X with p/∈F.Then by (ii),there ex-
ist δgb-open sets U and V in X such that p∈U,F⊂V and δgbcl(U)∩V=φ.Since
U⊂δgbcl(U),then U∩V⊂δgbcl(U)∩V=φ. Hence U∩V=φ.Therefore X is δgb-
regular.

Definition 4.26 [8] A space X is said to be b-normal if for any pair of
disjoint closed sets A and B, there exist disjoint b-open sets U and V such that
A⊂U and B⊂V.

Definition 4.27 A space X is said to be δgb-normal if for any pair of dis-
joint closed sets G and H,there exist disjoint δgb-open sets U and V such that
G⊂U and H⊂V.

Theorem 4.28 Every b-normal space is δgb-normal,but converse need not
to be true.
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Example 4.29 In Example 4.4,X is δgb-normal but not b-normal.Since for
disjoint closed sets {b} and {c},there do not exist b-open sets G and H such
that {b}⊂G and {c}⊂H.

Theorem 4.30 If X is δgb-additive.Then the following statements are equiv-
alent for a space X :
(i) X is δgb-normal
(ii)For each closed set F and for each open set U containing F,there exists a
δgb-open set V containing F such that δgbcl(V)⊂U.
(iii)For each pair of disjoint closed subsets F and K of X ,there exists a δgb-
open set U containing F such that δgbcl(U)∩K=φ.
Proof:(i)→(ii)Let F be a closed set and U be an open set containing F.Then
F∩(X-U)=φ and therefore they are disjoint closed subsets of X.Then by (i),there
exist disjoint δgb-open sets V and W such that F⊂V and(X-U)⊂W.
Now,V∩W=φ,implies V⊂(X-W). Therefore δgbcl(V)⊂δgbcl(X-W)=X-W.
Thus,F⊂V⊂δgbcl(V)⊂U
(ii)→(iii) Let F and K be disjoint Closed subsets of X,then F⊂(X-K) and (X-
K) is an open set containing F.By (ii),there exists a δgb-open set V containing
F such that δgbcl(V)⊂(X-K) i.e δgbcl(U)∩K=φ.
(iii)→(i)Let F and K be disjoint Closed subsets of X.By (iii),there exists a δgb-
open set U such that F⊂U and δgbcl(U)∩K=φ i.e K⊂(X-δgbcl(U))=G(say).
Therefore U and G are disjoint δgb-open sets such that F⊂U and K⊂G.Hence
X is δgb-normal.
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