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Abstract 

 

Recently, a high number of researches have been done in the field of skew 

distributions. Using the symmetric distributions for modeling the asymmetric data 

is not appropriate and may be caused loss of information. Base on this fact, 

studies for asymmetric distributions have been as important as symmetric 

distributions since the past two decades. Between skew distributions, we focus on 

skew distributions with Cauchy kernel because of lack of finite moments. We 

follow the paper of Nadarajah and Kotz (2007) and introduce skew truncated 

Cauchy logistic distribution with the pdf of the form , where  is 

density function of truncated Cauchy distribution and  is considered to be 

logistic distribution function. This distribution could be a better model than skew 

Cauchy logistic distribution because it has finite moments of all orders.  

Cumulative distribution function and the finite moments of all orders are 

computed. The simulation study also is provided. Finally, with considering the 

data of exchange rate from Japanese Yen to American Dollar from 1862 to 2003, 

we illustrate the application of this model in the economics. In addition, the 

flexibility of the model is illustrated by the range of skewness and kurtosis for 

. The figures of the model for different values of  also are provided. 

Keywords: kurtosis, logistic distribution, skewness, skew symmetric distribution, 

truncated Cauchy distribution 
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1 Introduction 
 

   Many statistical researchers have desired to introduce flexible models since 

coming to existence of statistics science. They always have been trying to 

eliminate unnecessary assumptions in the process of data analyzing. In the case of 

continuous observations, sometimes data are not symmetric and have a slight 

skewness. In such situations, it is better to use mixed distributions instead of 

symmetric distributions in a way that symmetric distributions are a special case of 

mixed distributions. The family of distributions which includes the skew and 

symmetric distributions together is called skew symmetric distributions. The 

construction of skew symmetric distributions is based on the lemma which 

specified as follows: 

 

Lemma1: If  be pdf of a symmetric distribution around  and  is a cdf of a 

continuous symmetric distribution around , then  

 
is a probability density function. As a matter of fact, the story of skew symmetric 

distributions commenced with the paper of Azzalini (1985). Azzalini (1985) used 

the lemma and obtained skew normal distribution as follow: 

 

 

where and  are the pdf and cdf of standard normal distribution. In addition 

some mathematical properties such as characteristic function and moments of all 

orders were provided. Gupta et al. (2002) obtained some skew symmetric 

distributions so that  and  belonged to the same family. So they introduced 

skew students’t, Cauchy, Laplace, logistic and uniform probability density 

function. Mukhopadhyay & Vidakovic (1995) proposed the method that  and  

could be come from different families of probability density functions. Therefore, 

researchers could introduce many different univariate and multivariate skew 

symmetric distributions. For example, Nadarajah & Kotz (2003-2009) obtained 

skew symmetric distributions with the normal, students’t, logistic, Cauchy, 

Laplace and uniform kernel. They also provided some mathematical properties 

such as characteristic function and moments of all orders except for skew 

distributions with Cauchy kernel. Nadarajah & Kotz (2005) introduced skew 

symmetric distributions with the Cauchy kernel so that, according to the lemma, 

 was replaced with Cauchy density function and  considered to be normal,  



A skewed truncated Cauchy logistic distribution and its moments             977 

 

 

students’t, Cauchy, Laplace, logistic and uniform distribution functions. They 

provided characteristic function for these models however, they were not able to 

obtain finite moments of all orders. Actually, skew Cauchy symmetric 

distributions have the same problem as Cauchy distribution. Therefore, they tried 

to solve the problem in later stages of their research. At the first step, Nadarajah & 

Kotz (2006) partially solved this problem with obtaining the finite moments of all 

orders for the truncated Cauchy distribution with the following structure 

 

 

 

 

where  and . Finally, Nadarajah & Kotz 

(2007) solved the problem for skew Cauchy distribution by introducing skew 

truncated Cauchy distribution and providing finite moments of all orders.  

The applications of skew Cauchy symmetric distributions remain fairly limited 

because of the lack of finite moments. In fact, skew Cauchy symmetric 

distributions are important distributions for illustrating different phenomena in a 

wide range of fields from physics to economy where researchers deal with 

asymmetric data with heavy tails. In this paper, we follow the paper of Nadarajah 

& Kotz (2005) and consider skew Cauchy logistic distribution. A random variable 

 is said to have a skew Cauchy logistic distribution if its pdf is , 

where  denote to the pdf of Cauchy distribution and  is the cdf of logistic 

distribution. This distribution, despite of its simplicity, seems not to have been 

discussed in detail because of lack of finite moments. In this paper, we try to solve 

the problem with introducing skew truncated Cauchy logistic distribution specified 

by 

 

 

 

where 0  . Using Taylor series expansion for  

 

,  then 
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Actually, we replaced f with pdf of truncated Cauchy distribution and G  with 

distribution function of logistic distribution. When , it reduces to the 

truncated Cauchy distribution. We consider without loss of generality that . 

Using the fact  we have the same result for The 

objective of this paper is to study skew truncated Cauchy logistic distribution and 

provide finite moments of all orders. Therefore, the rest of paper organized as 

follows. In section 2 we study the basic of skew truncated Cauchy logistic 

distribution more accurate and provide cumulative distribution function. In section 

3 we identify the finite moments of all orders for skew truncated Cauchy logistic 

distribution. In section 4, we do the simulation study and plot p-p plot for 

simulated data. At the end, in section 5, we present the application of this new 

model in economy using the maximum likelihood method and exchange rate data 

from Japanese Yen to United State Dollars from 1862 to 2003. Also, for 

illustrating the flexibility of skew truncated Cauchy logistic distribution, we 

obtain ranges of skewness and kurtosis for . Furthermore, the figures 

of the pdf for different values of are provided.  

For calculation, we need to use the following equation (Equation (3.194.5) 

Gradshteyn & Ryzhik, 2000): 

 

For , 

 

where 

 

and also we use 
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2 The basic of skew truncated Cauchy logistic distribution  
 

  The density function of Cauchy distribution is as follows: 

 

 
This density function is symmetric around  and has a fatter tails compared to the 

normal distribution. Cauchy distribution is becoming as popular as a normal 

distribution. It is used in different areas such as biological analysis, stochastic 

modeling of decreasing failure rate life components, reliability and extreme risk 

analysis. This is because of function’s tails. In fact, this distribution is more 

realistic in the real world applications. However, the main weakness of Cauchy 

distribution is the fact that it does not have finite moments. For example, for 

computing the expectation value of Cauchy distribution when  and , 

we have 

 
It is clear that this integral is not completely convergence. Johnson & Kotz (1970) 

overcame this weakness by introducing the truncated Cauchy distribution. 

Nadarajah & Kotz (2006) found finite moments of all orders for truncated Cauchy 

distribution.  

Truncated Cauchy distribution is useful and used in many industrial setting. For 

example, inspection of final products before sending to the customers or 

inspection of products at every stage of the multistage production process are 

samples of using truncated distribution. In addition, truncated Cauchy distribution 

is a common prior for Bayesian models mainly with respect to economic data.  

Nadarajah & Kotz (2005) defined the skew distribution with the Cauchy kernel. 

These models are used in many different areas. For example in economics where 

many finance returns on risky financial assets do not follow the normal 

distribution. The real data is distributed skewed and fat-tailed. However, these 

models suffer from limited applicability because they don’t have finite moments.  

In fact, there is no reasonable reason to identify that empirical moment of all 

orders should be infinite. Therefore, Nadarajah & Kotz (2007) introduced skew 

truncated Cauchy distribution and overcame the limitation for skew Cauchy distri- 



980                      Zahra Nazemi Ashani and Mohd Rizam Abu Bakar    
 

 

bution. In this paper, we focus on skew Cauchy logistic distribution and introduce 

skew truncated Cauchy logistic distribution. The cumulative distribution function 

can be easily computed as follows: 

 

 
Proof:    

When  

 
Using the equation (1.3.2.31) in volume 1 Prudnikov et al. (1986), 

, the integral can be calculated as 

 
When  
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Using the equation (1.3.2.31) in volume 1 Prudnikov et al. (1986), the integral can 

be calculated as follows: 

 

 

 
 

3 Moments  
 

Theorem 1 and 2 provide the moments of all orders for skew truncated Cauchy 

logistic distribution when  is odd and  is even.  

 

Theorem1: If  has the pdf of (3) then 

 

 

 
for  odd. 
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Proof: 

 
Use the Taylor series expansion for exponential function , 

therefore 

 
By using the equation (3.194.5) in Gradshteyn & Ryzhik (2000), the nth moments 

of  when  is odd, can be calculated. 

Theorem2: 

If  has the pdf (3) 

 

 

 
for  even. 

Proof: 

 
Using Maclurin series expansion , then  
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By applying the equation (3.194.5) in Gradshteyn & Ryzhik (2000), the nth 

moments of  when  is even, can be calculated. 

 

Figure 1 shows the graphic for skewness coefficient for  and .  

The skewness range is given by  for  from 10  to  

 

 
 

Figure 1: Graph of skewness for skew truncated Cauchy logistic distribution 

 

 

The graphic for kurtosis coefficient for skew truncated Cauchy logistic model is 

also provided in figure 2. The range for the kurtosis coefficient is provided 

similarly for  from  to . 
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Figure 2: Graph of kurtosis for skew truncated Cauchy logistic distribution 

 

4 Simulation study  
 

In this section, we illustrate the flexibility of skew truncated Cauchy logistic 

distribution over truncated Cauchy distribution by performing simulation study. 

The technique for simulation is based on the formula in the paper of Azzalini 

(1986). This method of generating random variables is twice more efficient than 

the acceptance-rejection method. We simulated two independent samples with 

. For one of the samples, the parameters are selected as 

 and . For the second sample, the parameters are 

selected as  and . We fitted both these samples to 

truncated Cauchy distribution and skew truncated Cauchy logistic distribution. 

Figure 4 presents the p-p plots according to these fits. 

 

p-p plots for  and  
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p-p plots for  and  

  

It can be easily seen that the skew truncated Cauchy logistic distribution is a more 

proper model than truncated Cauchy distribution for positively and negatively 

skewed type of data. 

 

5 Discussions  
 

Cauchy distribution is one of the important distributions which has been applied in 

different fields. For example, it is considered as a model in the economy, 

biological and survival analysis. There is no reason for data in these situations that 

the empirical moments of any orders should be infinite. Therefore, selection of the 

Cauchy distribution or skew Cauchy symmetric distributions is unrealistic. In this 

paper, the model of skew truncated Cauchy logistic distribution was introduced 

which can be a more appropriate model than skew Cauchy distribution. For 

example, we consider exchange rate data for Japanese Yen to the United States 

Dollars between 1862 and 2003. Data come from the Global Financial Data 

organization and are available through the website 

http://www.globalfinancialdata.com/. Global Financial Data organization provides 

financial and economic data from the 1200s to present.  We transform data using 

logarithms and relative change from one year to the next to get logical fit. The 

benefits of applying relative change are that it makes data pure numbers and 

independent from units of measurement. We fit both skew Cauchy distribution and 

skew truncated Cauchy logistic distribution to the data using the method of 

maximum likelihood. The maximum likelihood method estimates the parameters 

of the model and test hypothesis about parameters. It also uses to compare two 

models of the same data. There are two other kinds of tests for comparing two 

models of data which called Wald test and Score test. When sample size is very 

large, three of them are convergence. However, when the sample size is small, 

maximum likelihood test is a more proper test and most of the statisticians prefer 

to use maximum likelihood ratio test. For solving the likelihood equation, we 

utilize quasi-Newton algorithm nlm in R software. In this example, we consider 

h=2 and . The results are as follows: 

http://www.globalfinancialdata.com/
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For skew Cauchy distribution  

 
and for skew truncated Cauchy logistic distribution 

 

 
According to the likelihood ratio test, skew truncated Cauchy logistic is a better 

model than skew Cauchy distribution for these data.  

On the other hand, the main feature of skew symmetric distributions is the new 

parameter which controls skewness and kurtosis and provides more flexible 

models. According to the paper of Azzanili (1986), we calculate skewness and 

kurtosis for a new model and truncated Cauchy distribution with  and 

 on  The skewness and kurtosis for truncated Cauchy distribution 

are  and , respectively. However, the skewness and kurtosis for skew 

truncated Cauchy logistic distribution are  and  

respectively for  from  to . It is obvious that the new model present the 

negative skewness and higher degree of peakness. 

The figure shows the shapes of skew truncated Cauchy logistic for various values 

of .  

 
Figure 3: Examples of skew truncated Cauchy logistic distribution for 

0,2,5,10, 1, 1     and h=1. 
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