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Abstract

We establish some common coupled fixed point theorems for hybrid
pair of mappings satisfying occasionally w−compatibility under weak
ψ−ϕ contraction on a noncomplete metric space, which is not partially
ordered. It is to be noted that to find coupled coincidence point, we do
not employ the condition of continuity of any mapping involved therein.
An example is also given to validate our results. We improve, extend
and generalize several known results.
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1. Introduction and Preliminaries

Let (X, d) be a metric space. We denote by 2X the class of all nonempty
subsets of X, by CL(X) the class of all nonempty closed subsets of X, by
CB(X) the class of all nonempty closed bounded subsets of X. A functional
H : CL(X) × CL(X) → R+ ∪ {+∞} is said to be the Pompeiu-Hausdorff
generalized metric induced by d is given by

H(A, B) =

{
max {supa∈AD(a, B), supb∈BD(b, A)} , if maximum exists,

+∞, otherwise,

for all A, B ∈ CB(X), where D(x, A) = infa∈A d(x, a) denote the distance
from x to A ⊂ X. For simplicity, if x ∈ X, we denote g(x) by gx.

The concept of the coupled fixed point was initiated by Guo and Lak-
shmikantham [15], which was followed by Bhaskar and Lakshmikantham [5]
where the authors presented some coupled fixed point theorems and applied
these results to study the existence and uniqueness of solution for periodic
boundary value problems, which were later extended by Lakshmikantham and
Ciric [17]. For further details on coupled fixed point theory, one can consult
[4, 5, 6, 7, 8, 13, 15, 17, 19] and the references therein.

The concepts related to coupled fixed/coincidence point for multivalued
mappings were extended by Abbas et al. [2] and obtained coupled coinci-
dence point and common coupled fixed point theorems involving hybrid pair
of mappings satisfying generalized contractive conditions in complete metric
spaces. In the literature, there has been very few research on coupled fixed
point problems for hybrid pair of mappings including [1, 2, 9, 10, 11, 12, 18].

Definition 1.1 [2]. Let X be a nonempty set, F : X×X → 2X (a collection
of all nonempty subsets of X) and g be a self-mapping on X. An element (x,
y) ∈ X ×X is called

(1) a coupled fixed point of F if x ∈ F (x, y) and y ∈ F (y, x).

(2) a coupled coincidence point of hybrid pair {F, g} if gx ∈ F (x, y) and
gy ∈ F (y, x).

(3) a common coupled fixed point of hybrid pair {F, g} if x = gx ∈ F (x,
y) and y = gy ∈ F (y, x).

We denote the set of coupled coincidence points of mappings F and g by
C(F, g). Note that if (x, y) ∈ C(F, g), then (y, x) is also in C(F, g).



Common coupled fixed point results 459

Definition 1.2 [2]. Let F : X ×X → 2X be a multivalued mapping and
g be a self-mapping on X. The hybrid pair {F, g} is called w−compatible if
gF (x, y) ⊆ F (gx, gy) whenever (x, y) ∈ C(F, g).

In [16], Jungck and Rhoades introduced the notion of occasionally weakly
compatibility for self mappings. Abbas and Rhoades [3] extended the concept
of occasionally weakly compatible mappings for hybrid pair f : X → X and
T : X → 2X . Deshpande and Handa [10] introduced the concept of occasionally
w−compatibility for hybrid pair g : X → X and F : X ×X → 2X .

Definition 1.3 [10]. Mappings F : X × X → 2X and g : X → X are
said to be occasionally w−compatible if and only if there exists some point (x,
y) ∈ X ×X such that gx ∈ F (x, y), gy ∈ F (y, x) and gF (x, y) ⊆ F (gx, gy).

Occasionally w−compatibility is weaker condition than w−compatibility,
see Example 8 in Deshpande and Handa [10].

In this paper, we establish some common coupled fixed point theorems for
hybrid pair of mappings satisfying occasionally w−compatibility under weak
ψ−ϕ contraction on a noncomplete metric space, which is not partially ordered.
It is to be noted that to find coupled coincidence point, we do not employ the
condition of continuity of any mapping involved therein. We improve, extend
and generalize the results of Bhaskar and Lakshmikantham [5], Ciric et al. [6],
Ding et al. [13], Gordji et al. [14] and Lakshmikantham and Ciric [17]. The
effectiveness of our generalization demonstrated with the help of an example.

2. Main results

Let Ψ denote the set of all functions ψ : [0, +∞)→ [0, +∞) satisfying
(iψ) ψ is continuous and non-decreasing,
(iiψ) ψ(t) = 0⇔ t = 0,
(iiiψ) lim sups→0+

s
ψ(s)

<∞.
Let Φ denote the set of all functions ϕ : [0, +∞)→ [0, +∞) satisfying
(iϕ) ϕ is lower semi-continuous,
(iiϕ) ϕ(t) = 0⇔ t = 0,
(iiiϕ) for any sequence {tn} with limn→∞ tn = 0, there exist k ∈ (0, 1)
and n0 ∈ N, such that ϕ(tn) ≥ ktn for each n ≥ n0.

Let Θ denote the set of all functions θ : [0, +∞)→ [0, +∞) satisfying
(iθ) θ is continuous,
(iiθ) θ(t) = 0⇔ t = 0.

For example, if ψ(t) = ln(t + 1), ϕ(t) = t − ln
(
t
2

+ 1
)

and θ(t) = t
4
.

Obviously, then ψ ∈ Ψ, ϕ ∈ Φ and θ ∈ Θ, because ψ is continuous, non-
decreasing (ψ′(t) = 1

t+1
> 0), positive in (0, +∞), ψ(0) = 0 and lim sups→0+

s
ψ(s)

= 1 <∞. Also, ϕ is continuous, positive in (0, +∞) and ϕ(0) = 0, now let
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(tn) be a sequence such that tn → 0 as n→∞, since limn→∞
ϕ(tn)
tn

= ϕ′(0) = 1
2
,

then for any ε > 0, there exists n0 such that
∣∣∣ϕ(tn)tn

− 1
2

∣∣∣ < ε for all n ≥ n0,

hence ϕ(tn) ≥ 1
2
tn for all n ≥ n0. Furthermore θ is continuous and θ(0) = 0.

For simplicity, we define

M(x, y, u, v) = max


d(gx, gu), D(gx, F (x, y)), D(gu, F (u, v)),

D(gx, F (u, v))+D(gu, F (x, y))
2

,
d(gy, gv), D(gy, F (y, x)), D(gv, F (v, u)),

D(gy, F (v, u))+D(gv, F (y, x))
2

 ,

N(x, y, u, v) = min


D(gx, F (x, y)), D(gu, F (u, v)),
D(gx, F (u, v)), D(gu, F (x, y)),
D(gy, F (y, x)), D(gv, F (v, u)),
D(gy, F (v, u)), D(gv, F (y, x))

 .

Theorem 2.1. Let (X, d) be a metric space, F : X ×X → CB(X) and
g : X → X be two mappings. Assume there exist some ψ ∈ Ψ, ϕ ∈ Φ and
θ ∈ Θ such that

ψ (H(F (x, y), F (u, v))) (2.1)

≤ ψ (M(x, y, u, v))− ϕ (ψ (M(x, y, u, v))) + θ (N(x, y, u, v)) ,

for all x, y, u, v ∈ X and the pair {F, g} is occasionally w−compatible. Then
F and g have a common coupled fixed point.

Proof. Since the pair {F, g} is occasionally w−compatible, therefore there
exists some point (x, y) ∈ X ×X such that

gx ∈ F (x, y), gy ∈ F (y, x) and gF (x, y) ⊆ F (gx, gy). (2.2)

It follows that
g2x ∈ F (gx, gy) and g2y ∈ F (gy, gx). (2.3)

Now, suppose u = gx and v = gy. Then, by (2.3), we get

gu ∈ F (u, v) and gv ∈ F (v, u). (2.4)

Thus, by condition (2.1), we have

ψ (H(F (x, y), F (u, v)))

≤ ψ (M(x, y, u, v))− ϕ (ψ (M(x, y, u, v))) + θ (N(x, y, u, v)) .

It follows, by (2.2), (2.4), (iψ), (iϕ), (iθ), (iiθ) and triangle inequality, that

ψ (d(gx, gu)) ≤ ψ (max {d(gx, gu), d(gy, gv)})
−ϕ (ψ (max {d(gx, gu), d(gy, gv)})) .
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Similarly, we can obtain that

ψ (d(gy, gv)) ≤ ψ (max {d(gx, gu), d(gy, gv)})
−ϕ (ψ (max {d(gx, gu), d(gy, gv)})) .

Combining them, we get

max {ψ (d(gx, gu)) , ψ (d(gy, gv))}
≤ ψ (max {d(gx, gu), d(gy, gv)})
−ϕ (ψ (max {d(gx, gu), d(gy, gv)})) .

Since ψ is non-decreasing, therefore

ψ (max {d(gx, gu), (gy, gv)})
≤ ψ (max {d(gx, gu), d(gy, gv)})
−ϕ (ψ (max {d(gx, gu), d(gy, gv)})) ,

which, by (iiϕ) and (iiψ), implies that

max {d(gx, gu), (gy, gv)} = 0,

it follows that d(gx, gu) = d(gy, gv) = 0. Hence

u = gx = gu and v = gy = gv. (2.5)

Thus, by (2.4) and (2.5), we get

u = gu ∈ F (u, v) and v = gv ∈ F (v, u),

that is, (u, v) is a common coupled fixed point of F and g.

If we put θ(t) = 0 in the Theorem 2.1, we get the following result:
Corollary 2.2. Let (X, d) be a metric space, F : X ×X → CB(X) and

g : X → X be two mappings. Assume there exist some ψ ∈ Ψ and ϕ ∈ Φ such
that

ψ (H(F (x, y), F (u, v))) ≤ ψ (M(x, y, u, v))− ϕ (ψ (M(x, y, u, v))) ,

for all x, y, u, v ∈ X and the pair {F, g} is occasionally w−compatible. Then
F and g have a common coupled fixed point.

If we put ϕ(t) = t − tϕ̃(t) for all t ≥ 0 in Corollary 2.2, then we get the
following result:
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Corollary 2.3. Let (X, d) be a metric space, F : X ×X → CB(X) and
g : X → X be two mappings. Assume there exist some ψ ∈ Ψ and ϕ̃ ∈ Φ such
that

ψ (H(F (x, y), F (u, v))) ≤ ϕ̃ (ψ (M(x, y, u, v)))ψ (M(x, y, u, v)) ,

for all x, y, u, v ∈ X and the pair {F, g} is occasionally w−compatible. Then
F and g have a common coupled fixed point.

If we put ψ(t) = 2t for all t ≥ 0 in Corollary 2.3, then we get the following
result:

Corollary 2.4. Let (X, d) be a metric space, F : X ×X → CB(X) and
g : X → X be two mappings. Assume there exists some ϕ̃ ∈ Φ such that

H(F (x, y), F (u, v)) ≤ ϕ̃ (2M(x, y, u, v))M(x, y, u, v),

for all x, y, u, v ∈ X and the pair {F, g} is occasionally w−compatible. Then
F and g have a common coupled fixed point.

If we put ϕ̃(t) = k where 0 < k < 1, for all t ≥ 0 in Corollary 2.4, then we
get the following result:

Corollary 2.5. Let (X, d) be a metric space, F : X ×X → CB(X) and
g : X → X be two mappings satisfying

H(F (x, y), F (u, v)) ≤ kM(x, y, u, v),

for all x, y, u, v ∈ X, where 0 < k < 1 and the pair {F, g} is occasionally
w−compatible. Then F and g have a common coupled fixed point.

Example 2.1. Suppose that X = [0, 1], equipped with the usual metric
d : X ×X → [0, +∞). Let F : X ×X → CB(X) be defined as

F (x, y) =

[
0,

x4

8

]
, for all x, y ∈ X,

and g : X → X be defined as

gx = x2 for all x ∈ X.

Define ψ : [0, +∞)→ [0, +∞) by

ψ(t) = ln(t+ 1), for all t ≥ 0,

and ϕ : [0, +∞)→ [0, +∞) by

ϕ(t) = t− ln

(
t

2
+ 1

)
, for all t ≥ 0,
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and θ : [0, +∞)→ [0, +∞) by

θ(t) =
t

4
, for all t ≥ 0.

Now, for all x, y, u, v ∈ X, we have

d(F (x, y), F (u, v)) =

∣∣∣∣x48 − u4

8

∣∣∣∣
≤ 1

2
ln
(∣∣x2 − u2∣∣+ 1

)
≤ 1

2
ln (|gx− gu|+ 1)

≤ 1

2
ln (d(gx, gu) + 1)

≤ 1

2
ln(M(x, y, u, v) + 1),

which implies that

ψ (d(F (x, y), F (u, v)))

≤ ln (d(F (x, y), F (u, v)) + 1)

≤ ln

(
1

2
ln (M(x, y, u, v) + 1) + 1

)
≤ ln (M(x, y, u, v) + 1)

−
[
ln (M(x, y, u, v) + 1)− ln

(
1

2
ln (M(x, y, u, v) + 1) + 1

)]
≤ ψ (M(x, y, u, v))− ϕ (ψ (M(x, y, u, v))) + θ (N(x, y, u, v)) .

Thus the contractive condition (2.1) is satisfied for all x, y, u, v ∈ X. In
addition, all the other conditions of Theorem 2.1 are satisfied and z = (0, 0)
is a common coupled fixed point of hybrid pair {F, g}.
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