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Abstract

The aim of this paper is to introduce new classes of closed sets and
discuss the relations with other types of closed sets in topological spaces.
The first class called tgr-closed sets. This class contains all dense sets,
regular closed sets and is contained in the class of rg-closed sets and
rwg-closed sets. The second is called t∗gr-closed sets. It contains all
regular closed sets and is contained in the class of gr-closed sets and
swg-closed sets.
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1 Introduction

Generalized closed sets in a topological spaces were first introduced by Levine
in 1970. In 1990, N Palaniappan introduced regular generalized closed sets (rg-
closed). In 2007, a new class of closed sets called regular weakly closed sets (rw-
closed) was introduced by Benchalli S.S and Wali.R.S.In 2011, Bhattacharya
introduced generalized regular closed sets (gr-closed) which is stronger than
regular generalized closed sets. Sayed Ali Fathima introduced the concept of
rg-closed sets in 2011. In 2012, Jeyanthi V and Janaki C studied gr-closed
sets.
In this paper we introduce two independent classes of closed sets in topological
spaces called t-generalized regular closed sets (briefly tgr-closed sets), and t∗-
generalized regular closed sets (briefly t∗gr-closed) and study the realations
with other different classes of closed sets.

2 Preliminaries

Through this paper, X denotes a topological space with no separation axioms
assumed unless other wise stated. If A ⊆ X, the interior and the closure of A
will be denoted by int(A) and cl(A) respectively.

Definition 2.1 [4] , [1] Let X be a topological space, a nonempty subset A
of X is called:
(i) semi-open if A ⊆ cl(int(A)).
(ii) semi-closed if int(cl(A)) ⊆ A.
(iii) regular closed if A = cl(int(A)).
(iv) regular open if A = int(cl(A)).

Definition 2.2 [3] The regular closure of a subset A ⊆ X is the set rcl(A) =⋂
{F ⊆ X : F is regular closed and A ⊆ F}.

Definition 2.3 [2] Let X be a topological space, a subset A of X is called :
(1) A generalized closed set (briefly g-closed) if cl(A) ⊆ U whenever A ⊆ U
and U is open in X.
(2) A regular generalized closed set (rg-closed) if cl(A) ⊆ U whenever A ⊆ U
and U is regular open in X.
(3) A generalized regular closed set (gr-closed) if rcl(A) ⊆ U whenever A ⊆ U
and U is open in X.
(4) Pre-closed if cl(int(A)) ⊆ A.
(5) α-closed if cl(int(cl(A))) ⊆ A.
(6) Semi pre-closed set if int(cl(int(A))) ⊆ A.
(7) Weakly-closed (w-closed) if cl(A) ⊆ U whenever A ⊆ U and U is semi
open.
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(8) Weakly generalized closed (wg-closed) if cl(int(A)) ⊆ U whenever A ⊆ U
and U is open.
(9) Semi weakly generalized (swg-closed) if cl(int(A)) ⊆ U whenever A ⊆ U
and U is semi open.
(10) Regular weakly generalized (rwg-closed) iff cl(int(A)) ⊆ U whenever A ⊆
U and U is regular open.
(11) Regular weakly closed (rw-closed) if cl(A) ⊆ U whenever A ⊆ U and U is
regular semi open.
(12) πgr-closed iff rcl(A) ⊆ U whenever A ⊆ U and U is π-open.

Definition 2.4 [6] Let (X, τ) be a topological space, let A ⊆ X then :
(i) A is called t-set iff int(A) = int(cl(A)).
(ii) A is called t∗-set iff cl(A) = cl(int(A)).

Proposition 2.5 [6] Let (X, τ) be a topological space, let A ⊆ X, then :
(i) A is a t-set iff A is semi closed set.
(ii) A is a t∗-set iff A is semi open set.

T.Indira and K.Rekha had proved in proposition (2.5) that the notation
of t-sets and semi closed sets are equivalent, also t∗-sets are equivalent to semi
open sets. In this paper we will use the notation of t-sets, t∗-sets instead of
semi closed, semi open sets respectively.

3 tgr-closed sets in topological spaces

In this section a new class of closed sets called tgr-closed sets is introduced
and we study their realations with other closed sets.

Definition 3.1 Let (X, τ) be a topological space. A subset A ⊆ X is called
tgr-closed iff rcl(A) ⊆ U whenever A ⊆ U and U is t-set.

Example 3.2 let X = {a, b} be the Sierpinski space by setting τ = {φ, {a} , X}.
The only regular closed sets are X,φ, so rcl {a} = rcl {b} = rcl(X) = X, and
the t-sets are X,φ and {b} . The set {a} is tgr-closed set since the only t-set
that contains {a} is X. However, the set {b} is not tgr-closed set since it is a
t-set contains itself but does not contain rcl {b} = X.

Example 3.3 Let (X, τ) be an infinite set with the cofinite topology. The
t-sets are X , φ and the finite subsets,while the tgr-closed sets are X, φ and the
infinite sets. To prove this, notice that the only regular closed sets in (X, τ) are
X,φ so rcl(A) = X for any nonempty set in X. Now, if A is nonempty finite
set, then A is a t-set that contains itself but does not contain rcl(A) = X, so
A is not tgr-closed. If A is infinite, then the only t-set that contains A is X
and so it contains rcl(A), hence A is tgr-closed set.
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Theorem 3.4 Let (X, τ) be any topological space. If A is dense in X, then
A is a tgr-closed set.

Proof. Suppose that A is dense in X, let U be any t-set such that A ⊆ U . Then
int(cl(A)) ⊆ int(cl(U)), this implies that X ⊆ int(U) and therefor U = X and
rcl(A) ⊆ U = X. Hence, A is a tgr-closed set. 2

Remark 3.5 If A is a tgr-closed set, A need not be dense. As a counterex-
ample, the empty set is a tgr-closed set but not dense.

Theorem 3.6 Let (X, τ) be a topological space, if A ⊆ X is tgr-closed set,
then rcl(A) = cl(A).

Proof. Suppose that A is tgr-closed set, then any t-set that contains A must
contain rcl(A), but cl(A) is a closed set that contains A, so cl(A) is a t-set
that contains A, hence rcl(A) ⊆ cl(A) and we have cl(A) ⊆ rcl(A), therefor
cl(A) = rcl(A). 2

Example 3.7 Consider the real line with the usual topology, we will show
that the only intervals that are tgr-closed sets are the closed intervals.
case(1) : If I=[a,b] . Note that [a, b] is a regular closed set, so rcl[a, b] =
[a, b], therefor if U is any t-set that contains [a, b], it contains rcl[a, b] = [a, b]
and [a, b] is tgr-closed set in R.
case(2) : If I is an infinite closed interval, ie I = (−∞, a] or I =
[a,∞). Then I is regular closed set, so it is tgr-closed set.
case(3) : If I = (a,b) . Note that [a, b] is a regular closed set that
contains (a, b), then we have : cl(a, b) = [a, b] ⊆ rcl(a, b) ⊆ [a, b], hence
rcl(a, b) = [a, b]. However,(a, b) is a t-set that contains it self but it does not
contain rcl(a, b) = [a, b], hence (a, b) is not tgr-closed set.
case(4) : If I=(a,∞). Note that [a,∞) is a regular closed set that con-
tains (a,∞), then we have : cl(a,∞) = [a,∞) ⊆ rcl(a,∞) ⊆ [a,∞), hence
rcl(a,∞) = [a,∞). However, (a,∞) is a t-set that contains itself but it does
not contain rcl(a,∞) = [a,∞), hence (a,∞) is not tgr-closed set. Similarly if
I = (−∞, a).
case(5) : If I = (a,b]. Note that [a, b] is a regular closed set that contains
(a, b], then we have : cl(a, b] = [a, b] ⊆ rcl(a, b] ⊆ [a, b], hence rcl(a, b] = [a, b].
However, (a, b] is a t-set that contains it self but it does not contain rcl(a, b] =
[a, b], hence (a, b] is not tgr-closed set. Similarly if I = [a, b).

Theorem 3.8 The union of two tgr-closed sets is tgr-closed.

Proof. Suppose that both A and B are tgr-closed sets. Let U be any t-set such
that A∪B ⊆ U , then A ⊆ U and B ⊆ U , so rcl(A) ⊆ U and rcl(B) ⊆ U (since
both A and B are tgr-closed sets), but rcl(A ∪ B) = rcl(A) ∪ rcl(B) ⊆ U ,
hence A ∪B is tgr-closed. 2
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Remark 3.9 The intersection of two tgr-closed sets need not be a tgr-
closed set. Consider the real line with the cofinite topology, from example
(3.3) for any a ∈ R we have: (−∞, a] and [a,∞) are both tgr-closed sets but
(−∞, a] ∩ [a,∞) = {a} which is not tgr-closed set in the cofinite space.

Theorem 3.10 Let (X, τ) be a topological space, if A ⊆ X is a tgr-closed
set, then it is rg-closed set.

Proof. Suppose that A is a tgr-closed set and U is a regular open set such
that A ⊆ U , then U is a t-set, so rcl(A) ⊆ U (since A is a tgr-closed set), but
cl(A) ⊆ rcl(A), hence cl(A) ⊆ U and A is rg-closed set. 2

Remark 3.11 rg-closed sets need not be tgr-closed sets as shown in the
following example.

Example 3.12 Let X be an infinite set with the cofinite topology. Let A
be any nonempty finite set, then A is closed and cl(A) = A, hence whenever
A ⊆ U and U is regular open in X, then cl(A) = A ⊆ U , so A is rg-closed set
but it is not tgr-closed set.

Proposition 3.13 If A is regular closed set in any topological space, then
A is a tgr-closed set.

Proof. Straight forward from the definition. 2

Remark 3.14 tgr-closed sets need not be regular closed set as shown in the
following example.

Example 3.15 Consider the set of rational numbers Q in the usual topol-
ogy,then Q is tgr-closed set from Theorem (3.4) but it is not regular closed,
since cl(int(Q)) = cl(φ) = φ 6= Q.

Theorem 3.16 Every tgr-closed set is rwg-closed.

Proof. Suppose that A is tgr-closed. Let U be any regular open set such that
A ⊆ U , so U is t-set that contains A, hence rcl(A) ⊆ U , but cl(int(A)) ⊆
cl(A) ⊆ rcl(A) ⊆ U . Hence, A is rwg-closed. 2

Remark 3.17 rwg-closed sets need not be tgr-closed sets. Consider the
real line with the cofinite topology, then {1} is rwg-closed set but it is not
tgr-closed.

Theorem 3.18 If A is tgr-closed set and t-set, then A is closed set.
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Proof. Suppose that A is both tgr-closed and t-set, then A is a t-set that
contains itself, so it must contain rcl(A), therefor we have A ⊆ rcl(A) ⊆ A,
hence A = rcl(A), but rcl(A) is a closed set, so the result follows. 2

Remark 3.19 The following examples show that tgr-closed sets are inde-
pendent of closed sets, pre-closed sets, semi closed sets, α-closed sets, semi-pre
closed sets, w-closed sets, g-closed sets, wg-closed sets, swg - closed sets.

Example 3.20 tgr-closed sets and closed sets are independent. In R with
the usual topology, the set of rationals Q is a tgr-closed set but not closed.
On the other hand, in any infinite space X with the cofinite topology, any
nonempty finite set is closed set but not tgr-closed set.

Example 3.21 tgr-closed sets and pre-closed sets are independent. Con-
sider R with the cofinite topology, then R−{1} is tgr-closed set, but cl(int(R−
{1})) = R, so R − {1} is not pre-closed set. On the other hand, consider
X = {a, b} with the Serpinski space, let τ = {X,φ, {a}}, then {b} is pre-closed
since int {b} = φ and cl(int {b}) = φ ⊆ {b}, but {b} is not tgr-closed.

Example 3.22 tgr-closed sets and semi closed sets are independent. Con-
sider R with the cofinite topology, Z is tgr-closed set but int(cl(Z)) = R, hence
Z is not semi closed set. On the other hand, {1} is not a tgr-closed set, but
int(cl {1}) = int {1} = φ, hence {1} is semi closed set but not tgr-closed set.
In general, any proper nonempty infinite set in the cofinite topology is tgr-
closed but not semi closed, on the other hand any nonempty finite set is semi
closed but not tgr-closed.

Example 3.23 tgr-closed sets and α-closed sets are independent. Consider
R with the cofinite topology, then R−Z is tgr-closed set but cl(int(cl(R−Z))) =
R, hence it is not α-closed set. On the other hand, {1} is α-closed set but not
tgr-closed set.

Example 3.24 tgr-closed sets and semi pre closed sets are independent.
Consider R with the cofinite topology. R − {1} is tgr-closed but not semi pre
closed since int(cl(int(R − {1}))) = R is not contained in R − {1}. On the
other hand, the interval [0, 1) is semi pre closed set in the usuall topology since
int(cl(int[0, 1))) = (0, 1) ⊆ [0, 1), but it is not tgr-closed set.

Example 3.25 tgr-closed sets and g-closed sets are independent. Consider
R with the cofinite topology. R−{1} is tgr-closed but not g-closed since R−{1}
is open set contains it self but does not contain cl(R−{1}) = R. On the other
hand, any nonempty finite set in the cofinite topology is closed, so it is g-closed
but it is not tgr-closed set.
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Example 3.26 tgr-closed sets and wg-closed sets are independent. Con-
sider R with the cofinite topology. R − {1} is tgr-closed but not wg-closed
since cl(int(R−{1})) = R. On the other hand, any nonempty finite set in the
cofinite topology is not tgr-closed but it is wg-closed.

Example 3.27 tgr-closed sets and swg-closed sets are independent. Con-
sider R with the cofinite topology. If A is any nonempty finite set, then
int(A) = φ, hence cl(int(A)) = φ ⊆ U whenever A ⊆ U and U is semiopen in
X , therefor A is swg-closed but it is not tgr-closed. On the other hand, let
A = R− {1}, then A is tgr-closed set but it is not swg-closed since A is semi
open set contains it self but does not contain cl(int(A)) = cl(A) = R.

Theorem 3.28 Let A ⊆ B ⊆ rcl(A), and A is tgr-closed subset in a topo-
logical space (X, τ), then B is also tgr-closed.

Proof. If A ⊆ B ⊆ rcl(A), then rcl(A) ⊆ rcl(B) ⊆ rcl(A) therefor, rcl(A) =
rcl(B). Now, if V is any t-set such that B ⊆ V , then A ⊆ V this implies that
rcl(B) = rcl(A) ⊆ V , hence B is tgr-closed set. 2

4 t∗gr-closed sets in topological spaces

In this section we introduce and study a new class of closed sets called t∗gr-
closed sets. This class is independent of the class of tgr-closed sets.

Definition 4.1 Let (X, τ) be a topological space, let A ⊆ X then A is called
t∗gr-closed set iff rcl(A) ⊆ U whenever A ⊆ U and U is a t∗-set.

Example 4.2 Let (X, τ) be an infinite set with the cofinite topology. The
open sets are the only t∗-sets. Now suppose that A is not open, then X − {a},
where a /∈ A is a t∗ set that contains A but does not contain rcl(A) = X, so
any non-open set is not t∗gr-closed set. However, if A is nonempty proper open
set, then A is a t∗-set that contains itself but it does not contain rcl(A) = X,
so it is not a t∗gr-closed set. Hence, the only t∗gr-closed sets are φ,X.

Example 4.3 Consider the real line with the usual topology. As in example
(3.7), we can show that the only intervals that are t∗gr-closed are the closed
intervals.

Example 4.4 let X = {a, b} be the Sierpinski space by setting τ = {φ, {a} , X}.
The only regular closed sets are X,φ, so rcl {a} = rcl {b} = rcl(X) = X, the
t∗-sets are X,φ and {a}. The set {b} is t∗gr-closed set but {a} is not.

Remark 4.5 t∗gr-closed sets and tgr-closed sets are independent, see the
following example.
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Example 4.6 Consider the real line with the cofinite topology, then R −
{1} is tgr-closed but it is not t∗gr-closed. On the other hand, consider the
Sierpinski space where X = {a, b} and τ = {φ, {a} , X}, then {b} is t∗gr-
closed set but not tgr-closed set.

Theorem 4.7 The union of two t∗gr-closed sets is t∗gr-closed.

Proof. Suppose that both A and B are t∗gr-closed sets. Let U be any t∗-set
such that A∪B ⊆ U , then A ⊆ U and B ⊆ U , so rcl(A) ⊆ U and rcl(B) ⊆ U
(since both A andB are t∗gr-closed sets), but rcl(A∪B) = rcl(A)∪rcl(B) ⊆ U ,
hence A ∪B is t∗gr-closed. 2

Remark 4.8 The intersection of two t∗gr-closed sets need not be a t∗gr-
closed set. Consider X = {a, b, c} and τ = {X,φ, {a} , {b, c}}. The set {b, c}
is t∗gr-closed since it is regular closed, also {a, b} is t∗gr-closed since the only
t∗-set that contains it is X. However, {a, b} ∩ {b, c} = {b} is not t∗gr-closed
since {b} is a t∗-set but it does not contain rcl {b} = {b, c}.

Theorem 4.9 Every t∗gr-closed set is gr-closed set.

Proof. Suppose that A is t∗gr-closed set, let U be an open set such that
A ⊆ U , then U is t∗-set so, rcl(A) ⊆ U (since A is t∗gr-closed set ). Hence, A
is gr-closed set. 2

Remark 4.10 gr-closed sets need not be t∗gr-closed sets as shown in the
following example.

Example 4.11 Let X = {a, b, c},τ = {X,φ, {a} , {b, c}}, A = {b} is gr-
closed but not t∗gr-closed. To show this, notice that the regular closed sets
that contains {b} are X and {b, c}, so rcl {b} = {b, c} and any open set that
contains {b} also contains {b, c}, therefor A = {b} is gr-closed. On the other
hand, the t∗-sets that contains {b} are X and {a, b}, so {a, b} is t∗-set contains
{b} but it does not contain rcl {b} = {b, c}. Hence, {b} is gr-closed set but it
is not t∗gr-closed set.

Corollary 4.12 Every t∗gr-closed set is πgr-closed set.

Proof. The result follows from theorem (4.9) and the fact that every gr-closed
set is πgr-closed set. 2

Theorem 4.13 Every t∗gr-closed set is w-closed.

Proof. Suppose that A is a t∗gr-closed set in a topological space X. Let U be
a semi open set such that A ⊆ U , then U is t∗-set. since A is a t∗gr-closed, we
have rcl(A) ⊆ U , but cl(A) ⊆ rcl(A), this implies that cl(A) ⊆ U whenever
A ⊆ U and U is semi open set, therefor A is w-closed set. 2
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Remark 4.14 The converse of this theorem need not be true. Consider
X = {a, b, c, d} and τ = {X,φ, {a} , {b} , {a, b} , {a, b, c}}. The set {d} is w-
closed since it is closed, but it is not t∗gr-closed since rcl {d} = {c, d} and
{a, b, d} is a t∗-set that contains {d} but it does not contains rcl {d}.

Corollary 4.15 Every t∗gr-closed set is g-closed set.

Proof. The result follows from theorem (4.13) and the fact that every w-closed
set is g-closed set. 2

Corollary 4.16 Every t∗gr-closed set is rg-closed set.

Proof. The result follows from theorem (4.13) and the fact that every w-closed
set is rg-closed set. 2

Corollary 4.17 Every t∗gr-closed set is wg-closed set.

Proof. The result follows from theorem (4.13) and the fact that every w-closed
set is wg-closed set. 2

Corollary 4.18 Every t∗gr-closed set is rw-closed set.

Proof. The result follows from theorem (4.13) and the fact that every w-closed
set is rw-closed set.See [2]. 2

Corollary 4.19 Every t∗gr-closed set is rwg-closed set.

Proof The result follows from theorem (4.13) and the fact that every w-closed
set is rwg-closed set. 2

Theorem 4.20 Every t∗gr-closed set is swg-closed set.

Proof. Suppose that A is a t∗gr-closed set in a topological space X. Let U
be a semi open set such that A ⊆ U , then U is t∗-set. Since A is a t∗gr-
closed, we have rcl(A) ⊆ U , but cl(int(A)) ⊆ cl(A) ⊆ rcl(A), this implies
that cl(int(A)) ⊆ U whenever A ⊆ U and U is a semi open set, therefor A is
swg-closed set. 2

Remark 4.21 The converse of this theorem need not be true. Consider
X = {a, b, c, d} and τ = {X,φ, {a} , {b} , {a, b} , {a, b, c}}. The set {d} is swg-
closed set since cl(int({d})) = φ, but it is not t∗gr-closed since rcl {d} = {c, d}
and {a, b, d} is a t∗-set that contains {d} but it does not contain rcl {d}.

Theorem 4.22 Every regular closed set is t∗gr-closed set.

Proof. Straight forward from the definition. 2

Remark 4.23 t∗gr-closed sets need not be regular closed set. Consider the
Sierpinski space where X = {a, b} and τ = {φ, {a} , X}, then {b} is t∗gr-closed
set but not regular closed set since cl(int {b}) = φ 6= {b}.

Theorem 4.24 Let A ⊆ B ⊆ rcl(A), and A is t∗gr-closed subset in a
topological space (X, τ), then B is also t∗gr-closed.

Proof. The proof is similar to the proof in theorem (3.28). 2
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