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Abstract

In this paper some properties of almost perfectly continuous func-
tions defined by Dontchev, Ganster and Reilly are investigated.Also
its relations with completely continuous,strongly continuous and totally
continuous functions is studied.Separation axioms in terms of regular
open sets is defined.Preservation of separation axioms under almost
perfectly continuous functions,totally continuous functions etc.,are stud-
ied.Also regular totally open functions between topological spaces are
introduced and studied.
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1 Introduction

In this paper,properties of almost perfectly continuous functions and its rela-
tion with other types of functions are studied.These types of functions were
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discussed in paper [2].The paper is organized as follows.Section two is devoted
to basic definitions and preliminaries.In section three,we study the properties
of almost perfectly continuous functions and their relation with other types
of functions.Section four deals with preservation of separation axioms.Section
five is devoted to regular totally open functions and their properties.

2 Preliminary Notes

Throughout this paper by space we mean a topological space on which no
separation axioms are assumed unless otherwise stated.For a space X and a
subset A of X,the closure and interior of A are denoted by Cl(A) and int(A)
respectively.A subset A is said to be regular open if A=int(Cl(A)) and regu-
lar closed if A=Cl(int(A)).A set which is both open and closed is known as
clopen.The collection of all regular open sets of X is denoted by RO(X).

Definition 2.1 A function f : X → Y is said to be
(1) Almost perfectly continuous (regular set connected)[9] if f−1(V ) is clopen
in X for every regular open set V in Y.

(2)Almost completely continuous (R maps)[6] if f−1(V ) is a regular open
set in X for every regular open set V in Y.This is equivalent to f−1(F ) is a
regular closed set in X for every regular closed set F in Y.

(3)Completely continuous[1] if, f−1(V ) is a regular open set in X for every
open set V in Y.

(4)Totally continuous[4] if the inverse image of every open subset of Y is
Clopen in X.

(5)strongly continuous[7] if f(Cl(A))⊂ f(A) for all A ⊂ X.

(6)regular open if f(U) is regular open in Y for open set U in X.

(7)regular closed if f(F) is regular closed in Y for each closed set F in X.

Definition 2.2 A topological space X is said to be
(1)δT0[5] if for each pair of distinct points x and y in X ∃ a regular open

set containing one of the points x and y but not the other.
(2)δT1 (respectively Clopen T1) ([5],[3]) if for each pair of distinct points x

and y in X ∃ regular open sets (respectively clopen) U and V containing x and
y.

respectively 3x ∈ U ,y6∈U and x6∈V,y∈ V.
(3) r-T2 (respectively ultra Hausdorff or UT2)if every two distinct points of

X can be separated by disjoint regular open (respectively clopen)sets.
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(4)r-normal (respectively ultra normal) if each pair of non empty disjoint
closed sets can be separated by disjoint regular open (respectively clopen) sets.

(5)r-regular (respectively ultra regular ) if for each closed set F of X and a
point x 6∈ F,∃ disjoint regular open sets (respectively clopen sets) U and V 3 F
⊂ U and x ∈ V.

(6)ro-normal (respectively clopen normal ) if for each pair of disjoint regular
closed (respectively Clopen) sets U and V of X ∃ two disjoint regular open
(respectively open ) sets G and H 3 U ⊂ G and V⊂ H.

(7)ro-regular (respectively Clopen regular ) if for each regular closed (respec-
tively clopen )set F of X and each x 6∈ F ,∃ disjoint regular open (respectively
open)sets U and V 3 F⊂ U and x∈ V.

(8)locally indiscrete[8] if every open set of X is closed in X.

(9)r-connected if X is not the union of two non empty disjoint regular open
sets of X.

Definition 2.3 Let X be a topological space and x ∈ X.Then the set of all
points y in X such that x and y cannot be separated by regular separation of X
is said to be quasi regular component of x.

A Quasi regular component of a point x in a space X means the intersection
of all regular clopen sets containing x.

3 Main Results

Theorem 3.1 A function f: X → Y is almost perfectly continuous iff the
inverse image of every regular closed subset of Y is clopen in X.

Proof :Let f: X→ Y be almost perfectly continuous.Let F be a regular closed
subset of Y.Then Y-F is regular open.Since f is almost perfectly continuous
f−1(Y − F ) = X − f−1(F ) is clopen in X. That is,f−1(F )is clopen in X.That
is inverse of regular closed subset of Y is clopen in X.
Conversely suppose that inverse of every regular closed subset of Y is clopen
in X.Let V be a regular open subset in Y.Then Y-V is regular closed.Since
inverse of regular closed set is clopen in X ,f−1(Y − V ) is clopen in X.That is
X−f−1(V ) is clopen in X.So f−1(V) is clopen.That is inverse of regular open
set is clopen.So f is almost perfectly continuous.

Theorem 3.2 Every completely continuous function is almost completely
continuous.
Proof :Let f: X→ Y be completely continuous.Let V be regular open in Y.Then
V is open in Y.Since f is completely continuous f−1(V ) is regular open in
X.That is inverse of regular open set is regular open.Therefore f is almost
completely continuous.
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Converse of theorem 3.2 need not be true.
Example
Let X={a,b,c},Y={a,b,c},τ={X,φ,{a},{b,c}},σ={Y,φ,{a},{c},{b,c}}
Let f:( X,τ) → (Y,σ)be the identity function.Then f is almost completely con-
tinuous.But not completely continuous.

Theorem 3.3 Let f: X → Y be almost completely continuous where Y is
locally indiscrete.Then f is completely continuous.
Proof ;Let V be open in Y.Since Y is locally indiscrete by defn 2.2 (8) V is
closed in Y.Therefore V is clopen in Y.Hence it is regular open in Y.Since f
is almost completely continuous,f−1(V )is regular open in X.That is inverse of
open set is regular open in X.Therefore f is completely continuous.

Theorem 3.4 Every strongly continuous function is almost perfectly con-
tinuous.
Proof :Let f: X → Y be strongly continuous.Let V be regular open in Y.Since
f is strongly continuous f−1(V ) is clopen in X.That is inverse of regular open
set is clopen .Therefore f is almost perfectly continuous.

Converse of theorem 3.4 need not be true.

Example
Let X={a,b,c},Y={a,b,c},τ={X,φ,{a},{b,c}},σ={Y,φ,{a},{c},{b,c}}.
Let f:( X,τ) → (Y,σ)be the identity function.Then f is almost perfectly con-
tinuous.But not strongly continuous.

Theorem 3.5 Every almost perfectly continuous function into a discrete
space is strongly continuous.
Proof :Suppose f: X → Y is almost perfectly continuous.Let A be a subset of
Y.Since Y is a discrete space every subset of Y is clopen.So A is clopen.Hence
it is regular open.Since f is almost perfectly continuous f−1(A) is clopen.ie for
A⊂ Y ,f−1(A) is clopen.Therefore f is strongly continuous.

Corollary

Every almost perfectly continuous function into a finite T1 space is strongly
continuous.

Theorem 3.6 Every almost perfectly continuous function is almost com-
pletely continuous.

Proof :Follows from clopen sets are regular open.
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Converse of theorem 3.6 need not be true.

Example

Let X={a,b,c,d},Y={a,b,c,d},τ={X,φ,{b},{a,c,d},{a,c}},
σ={Y,φ,{b},{a,c},{a,c,d}}.Let f:(X,τ) → (Y,σ)be the identity function.Then
f is almost completely continuous.But not almost perfectly continuous.

Theorem 3.7 Let f: X → Y be almost completely continuous and X be
locally indiscrete.Then f is almost perfectly continuous.
Proof :Let V ⊂ Y be regular open in Y.Since f is almost completely continuous,
f−1(V ) is regular open in X.Hence open.Since X is locally indiscrete f−1(V )
is closed also.Therefore f−1(V ) is clopen in X.That is inverse of regular open
set is clopen.Therefore f is almost perfectly continuous

Theorem 3.8 Every strongly continuous function is almost completely con-
tinuous.
Proof :Follows from clopen sets are regular open.

Converse of theorem 3.8 need not be true.
Example
Let X={a,b,c},Y={a,b,c}τ={X,φ,{a},{b,c}},σ={Y,φ,{a},{c},{b,c}}.
Let f:( X,τ) → (Y,σ)be the identity function.Then f is almost completely con-
tinuous.But not strongly continuous.

Theorem 3.9 Every almost completely continuous function from a locally
indiscrete space into a discrete space is strongly continuous
Proof :Let A be a subset of Y.Since Y is a discrete space every subset of Y is
clopen . So A is clopen.Hence it is regular open.Since f is almost completely
continuous f−1(A) is regular open.Since regular open sets are open and X is
locally indiscrete it is closed .So clopen.ie for A⊂ Y ,f−1(A) is clopen.Therefore
f is strongly continuous.

Theorem 3.10 Let f: X → Y be almost perfectly continuous where Y is
locally indiscrete.Then f is completely continuous.
Proof :Follows from open sets are clopen in Y and clopen sets are regular open.

Theorem 3.11 If f is completely continuous and X is locally indiscrete then
f is almost perfectly continuous.
Proof :Let f: X→ Y be completely continuous.Let V⊂ Y be regular open.Hence
it’s open.Since completely continuous f−1(V ) is regular open.Since X is locally
indiscrete f−1(V ) is clopen.Hence almost perfectly continuous.
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Theorem 3.12 Every totally continuous function is almost perfectly con-
tinuous.

Proof : Let f: X → Y be totally continuous.Let V⊂ Y be regular open.Then
V is open.Since totally continuous f−1(V ) is clopen.That is inverse of regular
open set is clopen.Therefore f is almost perfectly continuous.

Converse of theorem 3.12 need not be true.

Example

Let X={a,b,c},Y={a,b,c}
τ={X,φ,{a},{b,c}},σ={Y,φ,{a},{c},{b,c}} Let f:( X,τ) → (Y,σ)be the iden-
tity function.Then f is almost perfectly continuous.But not totally continuous.

Theorem 3.13 Let f: X → Y be almost perfectly continuous and Y be lo-
cally indiscrete.Then f is totally continuous.

Proof : Let V⊂ Y be open.Since Y is locally indiscrete V is closed also.So V
is clopen and hence regular open.Since f is almost perfectly continuousf−1(V )
is clopen.That is inverse of open is clopen.So f is totally continuous.

Theorem 3.14 Every totally continuous function is almost completely con-
tinuous.

Proof :Follows from clopen sets regular open.

The following diagram shows the relationship between different weak forms
of continuous functions and almost perfectly continuous functions.

Strongly continuous
↓

Totally continuous → Completely continuous
↓ ↗ ↓

Almost perfectly continuous → Almost completely continuous

Theorem 3.15 Let f: X → Y be a function where X and Y are topological
spaces.Let X be finite.The following are equivalent.

1. f is almost perfectly continuous

2. For each x∈ X and each regular open set V in Y with f(x)∈ V ∃ a clopen
set U in X 3 x ∈ U and f(U) ⊂ V
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Proof :
(1)⇒(2)
Follows by taking U=f−1(V )
(2)⇒(1)
Suppose (2)holds.Let V be a regular open set in Y.Let x ∈ f−1(V ) be any
arbitrary point.Then f(x)∈ V.By (2) ∃ clopen set Ux in X 3 x∈ Ux and f(Ux)
⊂ V.That is Ux ⊂ f−1(V ).ie f−1(V ) is a clopen neighbourhood of x.Since x
is arbitrary it implies f−1(V ) is a clopen nbhd of each of its points.X finite
implies f−1(V ) is clopen.Therefore f is almost perfectly continuous.

Theorem 3.16 Let f: X → Y be an almost perfectly continuous function
from a space X into a δ T1 space Y.Then f is constant on each quasi component
of X.
Proof:Suppose f is not constant on each quasi component of X.Let a,b be two
points of X that lie in the same quasi component of X such that f(a) 6= f(b).Then
f(a) and f(b) are elements of Y.Since Y is δ T1 ∃ regular open sets U & V such
that α =f(a)∈ U and β =f(b)∈ V and α =f(a) 6=f(b)=β. Since Y is δ T1 ,{α}
is regular closed in Y.Therefore Y-{α} is regular open.Since f: X → Y is
almost perfectly continuous ,f−1{Y-{α}} and f−1{α} are disjoint clopen sets
of X.Further a∈ f−1{α}and b ∈ f−1{Y-{α}} which is a contradiction to the
fact that b belongs to the quasi component of a.Therefore f is constant.

Theorem 3.17 Let f: X → Y be an almost perfectly continuous function
from an r-connected space X onto any space Y.Then Y is an indiscrete space
Proof :Suppose f: X → Y is almost perfectly continuous.Suppose Y is not
indiscrete.Let A be a proper non empty regular open subset of Y.Since f is
almost perfectly continuous f−1(A) is a proper non empty clopen and hence
regular clopen subset of X.This is a contradiction to the fact that X is r-
connected.Therefore Y is an indiscrete space.

Theorem 3.18 If f: X → Y is almost perfectly continuous and A is a
clopen subset of X,then the restriction f/A : A → Y is almost perfectly contin-
uous.

Proof :Consider f/A : A → Y.Let V be a regular open set of Y.Since f is
almost perfectly continuous f−1(V ) is clopen in X.
Since A is clopen (f/A)−1(V )=A∩f−1(V ) )is clopen in A.That is for regular
open set V in Y, (f/A)−1(V ) is clopen in X.Therefore f/A is almost perfectly
continuous.

Theorem 3.19 The Composition of two almost perfectly continuous func-
tions is almost perfectly continuous.
Proof :Let f: X → Y and g: Y → Z be almost perfectly continuous.Let V⊂
Z be regular open.Since g is almost perfectly continuous g−1(V ) is clopen and
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hence regular open.Since f is almost perfectly continuous f−1(g−1(V )) is clopen
in X.That is (gof)−1(V ) is clopen in X.Therefore gof is almost perfectly con-
tinuous.

Theorem 3.20 If f: X→ Y is almost perfectly continuous and g: Y→ Z is
an almost completely continuous then gof:X→ Z is almost perfectly continuous.
Proof:Let V⊂ Z be regular open.Since g is an R-map, g−1(V ) is regular open
in Y.Since f is almost perfectly continuous, f−1(g−1(V )) is clopen in X.That
is (gof)−1(V ) is clopen in X.Therefore gof is almost perfectly continuous.

Theorem 3.21 If f: X → Y is almost perfectly continuous and g: Y → Z
is completely continuous, then gof:X → Z is totally continuous.
Proof:Let V⊂ Z be open.Since g is completely continuous, g−1(V ) is regular
open in Y.Since f is almost perfectly continuousf−1(g−1(V )) is clopen in X.That
is (gof)−1(V ) is clopen in X.That is inverse of open set is clopen.Therefore f
is totally continuous.

Theorem 3.22 Let f: X→ Y be almost perfectly continuous and g: Y→ Z
be any function.Then gof:X → Z is almost perfectly continuous iff g is almost
completely continuous.

Proof:Let f be almost perfectly continuous and g be almost completely con-
tinuous.Then gof is almost perfectly continuous.
Conversely suppose gof : X → Z is almost perfectly continuous.Let V⊂ Z be
regular open.Then (gof)−1(V ) is clopen in X.Since f is almost perfectly contin-
uous this is possible only if g−1(V ) is regular open.That is for regular open set
V⊂ Z,g−1(V ) is regular open in Y.Therefore g is almost completely continuous.

Theorem 3.23 Let X1 and X2 be topological spaces and X=X1×X2 be the
topological product space.Let A1 ∈RO(X1),A2 ∈RO(X2).
Then A1×A2 ∈RO(X1×X2).

Definition 3.24 Let f: X → Y be a function.Then the graph function of f
is defined by g(x)=(x,f(x)) ∀ x ∈ X.

Theorem 3.25 A function f: X → Y is almost perfectly continuous if its
graph function is almost perfectly continuous.
Proof:Let g: X → X×Y be the graph function of f: X → Y.Suppose g is almost
perfectly continuous.Let V⊂ Y be regular open in Y.Then X×V is regular open
in X×Y.Since g is almost perfectly continuous g−1(X × V)=f−1(V ) is clopen
in X.Thus inverse of regular open set V⊂ Y,is clopen in X.Therefore f is almost
perfectly continuous.
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Theorem 3.26 If a function f: X → ∏
Yλ is almost perfectly continuous.

Then
∏
λ ◦f : X → Yλ is almost perfectly continuous for each λ ∈ Λ where

∏
λ

is the projection of
∏
Yλ onto Yλ

Proof : For λ ∈ Λ supposeVλisregularopeninYλ.Then
∏−1
λ (Vλ) is regular open

in
∏
Yλ.Since f is almost perfectly continuous f−1(

∏−1
λ (Vλ) is clopen in X.ie

(
∏
λ ◦f)−1(Vλ)is clopen in X.Therefore

∏
λ ◦f is almost perfectly continuous.

4 Preservation of Topological Properties

Theorem 4.1 If f: X → Y is almost perfectly continuous injection and Y
is δT1 , then X is clopen T1.

Proof: Let x ,y be any two distinct points in X.Since f is injective f(x) 6=f(y).
Since Y is δT1 for distinct points f(x),f(y) ∃regular open sets U and V contain-
ing f(x) and f(y) respectively such that f(x)∈U,f(x)/∈ V,f(y)∈V,f(y)/∈U.Then
x∈f−1(U),y∈f−1(V ).Since f is almost perfectly continuous f−1(U) and f−1(V )
are clopen sets containing x and y respectively.So X is clopen T1.

Theorem 4.2 If f: X → Y is almost perfectly continuous injection and Y
is δT0 then X is ultra Hausdorff.
Proof : Let a,b be any pair of distinct points in X.Since f is injective f(a) 6=f(b).
Since Y is δT0 there exists a regular open set U containing f(a),but not f(b).So
we have a∈f−1(U) and b/∈f−1(U).Since f is almost perfectly continuous f−1(U)
is clopen in X.Also a∈f−1(U) and b∈X-f−1(U).This implies every pair of dis-
tinct points of X can be separated by disjoint clopen sets in X.Hence X is ultra
Hausdorff.

Theorem 4.3 If f: X → Y is almost perfectly continuous injection and Y
is r-T2 then X is ultra Hausdorff.
Proof:Let x1,x2 ∈ X and x1 6=x2.Since f is injective f(x1)6=f(x2)in Y.Since Y is
r-T2 ∃ V1,V2∈ RO(Y)3 f(x1)∈V1 and f(x2)∈V2 with V1∩ V2=φ.This implies that
x1 ∈f−1(V1) and x2 ∈f−1(V2).Since f is almost perfectly continuous f−1(V1)and
f−1(V2) are clopen in X.Also f−1(V1)∩f−1(V2)= φ.So X is ultra Hausdorff.

Theorem 4.4 If f: X → Y is almost perfectly continuous closed injection
and Y is r-normal then X is ultra normal.
Proof: Let F1,F2 be disjoint closed subsets of X.Since f is closed and injective
f( F1)6=f( F2) and they are closed.
Since Y is r-normal ∃ disjoint regular open sets V1, V2 3 f( F1)⊂ V1 and f(
F2)⊂ V2.ie.F1⊂f−1(V1) and F2⊂f−1(V2).Since f is almost perfectly continuous
f−1(V1) and f−1(V2) are clopen sets.Also f−1(V1)∩f−1(V2)=φ.Thus each pair
of non empty disjoint closed sets are separated by disjoint clopen sets in X.So
X is ultra normal.
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Theorem 4.5 If f: X → Y is almost perfectly continuous surjection and X
is connected then Y is r-connected.
Proof:Suppose Y is not r-connected.Let A and B be 2 disjoint regular open sets
in Y such that Y=A∪B.Also X= f−1(Y)= f−1(A∪B)
=f−1(A)∪f−1(B).f is almost perfectly continuous implies ,f−1(A) and f−1(B)are
clopen in X.Also f−1(A)∩ f−1(B)=f−1(A∩B)=φ.That is X is not connected,a
contradiction.So Y is r-connected.

Theorem 4.6 If f: X→ Y is totally continuous injective regular open func-
tion from a clopen regular space X onto a space Y,then Y is r-regular.

Proof:Let F be a closed set in Y and y/∈ F.Take y=f(x).Since f is to-
tally continuous f−1(F) is clopen in X.Let G=f−1(F).Then x/∈G.Since X is
a clopen regular space ∃disjoint open sets U and V 3 G⊂U and x∈V.This im-
plies f(G)⊂f(U) and y=f(x)⊂f(V).
Since f is injective and regular open, f(U) and f(V) are regular open in Y.Also
f(U)∩f(V)=φ.Thus for each closed set F and a point y/∈ F there exists dis-
joint regular open sets f(U) and f(V) 3 F⊂f(U) and y∈ f(V).Therefore Y is
r-regular.

Theorem 4.7 If f: X → Y is almost perfectly continuous injective regular
open function from a clopen regular space X onto a space Y,then Y is ro-
regular.
Proof: Let F be a regular closed set in Y and y/∈ F.Take y=f(x).Since f is al-
most perfectly continuous f−1(F) is clopen in X.Let G=f−1(F).
Then x 6 inG.Since X is a clopen regular space there exists disjoint regu-
lar open sets U and V 3 G ⊂U and x∈V.This implies F=f(G)⊂f(U) and
y=f(x)⊂f(V).Since f is injective and regular open f(U) and f(V) are regular
open in Y.Also f(U)∩f(V)=φ.Thus for each regular closed set F and a point
y/∈ F there exists disjoint regular open sets f(U) and f(V) such that F⊂f(U)
and y∈ f(V).So Y is ro-regular.

Theorem 4.8 Let f: X → Y be a totally continuous closed injection.If Y
is r-regular ,then X is ultra regular.
Proof:Let F be a closed set not containing x.Since F is closed,f(F) is closed
in Y and does not contain f(x).Since Y is r-regular,∃ disjoint regular open
sets A and B such that f(F)⊂ A and f(x)∈ B.f(F)⊂ A ⇒ F⊂f−1(A).A and
B are open also.Since f is totally continuous f−1(A)and f−1(B)are clopen in
X.Since f is injective f−1(A)∩f−1(B)=φ.Thus for a point x and a closed set
F not containing x there exists disjoint clopen sets containing each of them
separately.So X is ultra regular.

.
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Theorem 4.9 Let f: X → Y be an almost perfectly continuous regular
closed injective function.If Y is ro-regular ,then X is ultra regular.

Proof: Let F be a closed set in X not containing x.Since f is regular closed
injection f(F) is a regular closed set not containing f(x).Since Y is ro-regular
∃ regular open sets U and V containing f(F) and f(x) 3 U∩ V=φ.
Also F⊂f−1(U)and x∈f−1(V).Since f is almost perfectly continuous ,f−1(U)
and f−1(V) are clopen in X.Since f is injective f−1(U)∩f−1(V)=φ.Thus for a
point and a closed set not containing it ∃ disjoint clopen sets containing each
of them separately .So X is ultra regular.

Theorem 4.10 If f: X → Y is a totally continuous ,injective regular open
function from a clopen normal space X onto a space Y ,then Y is r-normal.
Proof:Let F1, F2 be two disjoint closed subsets of Y.Since f is totally continuous
f−1(F1) and f−1(F2) are clopen in X.Since X is clopen normal ∃ open sets V1
and V2 such that f−1(F1)⊂ V1 and f−1(F2)⊂ V2 andV1 ∩ V2=φ.Then F1⊂f(V1
),F2⊂f(V2 ).Since f is regular open ,f(V1 )and f(V2) are regular open in Y. f
is injective implies f(V1 )∩ f(V2)=φ.ie for 2 disjoint closed sets F1, F2 there
exists disjoint regular open sets f(V1 ) and f(V2) such that F1⊂f(V1 ),F2⊂f(V2
).So Y is r-normal.

Theorem 4.11 If f: X → Y is an almost perfectly continuous injective
regular open function from a clopen normal space X onto a space Y,then Y is
ro-normal.
Proof: Let F1, F2 be two disjoint regular closed subsets of Y.Since f is almost
perfectly continuous f−1(F1) and f−1(F2) are clopen in X.Since X is clopen
normal ∃ open sets V1 and V2 such that f−1(F1)⊂ V1 and f−1(F2)⊂ V2 andV1
∩ V2=φ.Then F1⊂f(V1 ),F2⊂f(V2).
Since f is regular open ,f(V1 )and f(V2) are regular open in Y.Since f is injective
f(V1 )∩ f(V2)=φ.ie for 2 disjoint closed sets F1, F2 there exists disjoint regular
open sets f(V1 ) and f(V2) such that F1⊂f(V1 ),F2⊂f(V2 ).So Y is r-normal.

5 Regular totally open function

Definition 5.1 A function f: X → Y is said to be regular totally open if
the image of every regular open set in X is clopen in X.

Let X={a,b,c},Y={a,b,c}τ={X,φ,{a},{b,c}},σ={Y,φ,{a},{b,c}}
Let f:( X,τ) → (Y,σ)be the identity function.Then f is regular totally open
function.



154 N. Anuradha and Baby Chacko

Theorem 5.2 If a bijective function f: X → Y is regular totally open, then
image of each regular closed set in X is clopen in Y.
Proof :Let F be a regular closed set in X.Then X-F is regular open in X.Since
f: X → Y is regular totally open,f(X-F) is clopen in Y.Since f is bijective,
f(X-F)=f(X)-f(F)=Y-f(F).ie Y-f(F) is clopen in Y.That is f(F) is clopen in
Y.That is image of each regular closed set in X is clopen in Y.

Theorem 5.3 A surjective function f: X → Y is regular totally open iff for
each subset B of Y and for each regular closed set U containing f−1(B),there
is a clopen set V of Y 3 B⊂V and f−1(V)⊂U.

Proof:Suppose f: X → Y is a surjective regular totally open function.Let
B⊂Y.Let U be any regular closed set of X 3 f−1(B)⊂U.
Then B⊂f(U).Since f is regular totally open,f(X-U) is clopen.
So

V = Y − f(X − U)

is a clopen subset of Y.Also it contains B and f−1(V)⊂ U.

Conversely let F be a regular open set of X.Let B=Y-f(F).
Thenf−1(B)=f−1(Y-f(F))⊂ X-F and X-F is regular closed.By hypothesis ∃
clopen set V of Y containing B=Y-f(F)3 B=Y-f(F)⊂V and f−1(V)⊂U=X-
F.Therefore F⊂X-f−1(V).Now Y-V⊂f(F)⊂f(X-f−1(V))⊂Y-V.That is f(F)=Y-
V is clopen.So f is regular totally open.

Theorem 5.4 For any bijective function f: X→ Y the following statements
are equivalent.

1. Inverse of f is almost perfectly continuous

2. f is regular totally open

Proof: (1)⇒ (2)
Suppose (1) holds.That is f−1:Y → X is almost perfectly continuous.Let U be
regular open in X.Since f−1 is almost perfectly continuous ,(f−1)−1(U)=f(U)
is clopen in X.That is for regular open set U in X,f(U) is clopen in Y.Therefore
f is regular totally open.so (2) holds.

(2)⇒ (1)
Suppose f is regular totally open.Consider f−1:Y → X .Let U be a regular
open set in X.Since f is regular totally open,f(U) is clopen in Y.But f(U)=
(f−1)−1(U).That is inverse of regular open set U in X is clopen in Y.So f−1

is almost perfectly continuous.
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Theorem 5.5 The composition of two regular totally open functions is
again regular totally open.

Proof: Let f: X → Y and g:Y → Z be two regular totally open func-
tions.Consider the composition gof : X→ Z.Let V⊂X be regular open.Since f is
regular totally open, f(V) is clopen in Y.Since clopen sets are regular open ,f(V)
is regular open in Y.g:Y → Z is also regular totally open.Therefore g(f(V)) is
clopen in Z.ie for regular open V⊂ X,(gof)(V) is clopen in Z.Therefore gof :
X → Z is regular totally open.

Theorem 5.6 If f: X → Y is an almost perfectly continuous regular totally
closed surjection from an r-normal space X to a space Y ,then Y is ro-normal.

Proof:Let A,B be two disjoint regular closed subsets of Y.Since f: X → Y
is an almost perfectly continuous function, f−1(A)and f−1(B) are clopen in
X.Hence they are closed.Since X is an r-normal space ∃ disjoint regular open
sets U and V 3 f−1(A)⊂U,f−1(B)⊂V.Then A⊂f(U) and B⊂f(V).By thm 5.3
∃ clopen sets G and H 3 A⊂G and B⊂H and f−1(G)⊂U,f−1(H)⊂V.
Also f−1(G)∩f−1(H)⊂U∩V=φ. f−1(G)∩f−1(H)=f−1(G∩H)=φ⇒G∩H=φ.G
and H are regular open also.Thus disjoint regular closed sets are separated by
disjoint regular open sets.Hence Y is ro-normal.

Theorem 5.7 Let f: X → Y and g:Y → Z be two functions such that
gof : X → Z is regular totally open .Then following holds.

1. If f is almost completely continuous and surjective g is regular totally
open

2. If g is totally continuous and injective, f is regular totally open

Proof:(1)Let U be a regular open set in Y.Since f is almost completely con-
tinuous f−1(U) is regular open in X. Since gof : X → Z is regular totally
open,(gof)(f−1(U)) is clopen in Z.Since g is surjective (gof)(f−1(U))=g(U) is
clopen in Z.ie for regular open set U in Y g(U)is clopen in Z. So g:Y → Z is
regular totally open.
(2)Let U be a regular open set in X.Since gof is regular totally open (gof)(U)
is clopen in Z.Hence open.Since g is totally continuous ,g−1(gof)(U)is clopen
in Y. Since g is injective g−1(gof)(U)=f(U).ie f(U) is clopen in Y.ie image of
regular open set is clopen under f.So f is regular totally open.
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