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Abstract

This paper firstly generalizes a kind of new operator, i.e. convex-power
condensing operator, which was obtained by Sun Jingxian in paper [1], and
defines a new class of operator, i.e. P —convex-power condensing operator in
locally convex space. Also, a new fixed point theorem of this new operator is
proved. Finally we apply the results obtained to investigate the existence of
solutions for nonlinear \olterra type integral equations in locally convex
spaces.
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Introduction

The theory of differential equations, integral equations and integral-
differential equation in abstract space, developing in the first half of the
twentieth Century, is a very active research area. Combining the theory of
differential equations and functional analysis, using theory and methods of
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functional analysis to study differential equations, integral equations and
integral-differential equation in abstract space, it provides a powerful tool for
studying the existence of solutions to nonlinear problems in chemistry, physics,
biology, economics and other systems.

At present, most of these researches are concentrated on studying the
existence of solutions for differential equations, integral equations and
integral-differential equations in Banach space. Thus, it has achieved a richer
and more exhaustive result. Note worthily, there are much fewer studies about
these problems relatively in locally convex spaces, such as [2, 3, 4, 5, 7]. As
everyone knows, locally convex space is a class of much wider abstract space
and its theory is one of the main contents of nonlinear functional analysis.

Paper [1] defines a new class of operators in Banach space, namely the
convex power condensing operator. It also obtains the new fixed point theorem
of the operator, which will be applied to solve the existence of global mild
solution and positive mild solution, a class with non-compactly,
semi-groupedly and semi-linearly developed Equation in space E of Banach.

Inspired by the literature above, the paper firstly generalizes a kind of new
operator, i.e. convex-power condensing operator, which was obtained by Sun
Jingxian in paper[1], then it defines a new class of operator, i.e.
P — convex-power condensing operator in locally convex space. Also, a new
fixed point theorem of this new operator is proved. Finally, we apply the
results obtained to investigate the existence of solutions for nonlinear Volterra
type integral equations in locally convex spaces.

1 Definition and Lemma

Before providing the main result, we need to introduce some basic facts
about locally convex spaces. We give the definitions as following.

Paper [8] introduced Kuratowski’s measure of non-compactness and basic
properties of the bounded set in the Banach space.

Definition 1.1 Let E be a Banach space and S is a bounded set in E,

then «(S)=inf{6 >0|S can be expressed as a finite number of sets

and$ = JS, , making

i=1

diam (S;,) <} (1.1)
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as the Kuratowski’s measure of non-compactness, non-compactness measure

for short, this indicates the diameter of S, for diam (S;) . Obviously,

0<a(S) < +wx.

Paper [2] gives Kuratowski’s measure of non-compactness, determined by
the half of its range in locally convex space.
Definition 1.2 Let X be a locally convex space, whose topology

generated by these mi-norm family P ={p_} noted by (X,P), Q is a

ael !

bounded setin X , called

n
Q) can be expressed as a finite collection union : Q =UQJ
j=1

H,, (©Q)=infd >0
making diam, (Q;) <d, j=12,---,n

(1.2)

as Q’s non-compactness measure about half of the range of p, . Here,
diamp, (©2;) meansQ; ’s diameter, determined by the half of the range of p,, .

Obviously,0 < z, () <.

Paper [3] explains in detail about Kuratowski’s measure of
non-compactness in the locally convex space.

As we all know, the famous Schauder fixed point theorem is an important
conclusion, extremely widely applied. This conclusion, however, requires
operator to be completely continuous, which is a very hard condition. To
weaken this condition, we have proposed condensing operator concept. We
turn the condition from the completely continuous operator condensing
operators to condensing operator, which defined by condensing operators with
non-compact measure in the Schauder fixed point theorem.

Definition 1.3 Let E be real Banach space, D is a bounded set of
operators in E , operator A:D — E is called condensing operator. If
A:D — Eis continuous and bounded, and for any non-relatively compact

bounded set S in D, thereis always a(A(S)) < a(S).

Paper [1] proposed the new concept of convex-power condensing operator
and basically generalizes it. We also apply the Sadovskii fixed point theorem
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to condensing operators further. First, we give you a mark.
Let E be real Banach space, Dc E is a convex closed set,

A:D—> D,x, e D.ForanygivenS c D, let

A(l,xo) (S) = A(S), A(n,Xo) (S) — A(&{ A(n—l,Xo) (S), X, })’ n=223,-

(1.3)
Definition 1.4 Let E be real Banach space,D — E is a convex closed
set, A:D — D, we calls A the convex-power condensing operator. If A is

continuous and bounded, and it has x, € D and positive integer n,, allowing

for any non- relative compactness bounded sets S <D with

a(A™*)(S)) < a(S), of which A" (S) is defined as (1.3).

Note 1 According to the definition, if a(A™(S))=a(S), S is a

relatively compact set in E . Clearly, the condensing operator must be
cohesive by convex power. What’s more, paper [1] establishes a new fixed
point theorem about the newly defined convex-power condensing operator,
namely the following lemma 2.6 and Lemma 2.7.

Lemma 1.2" Let D be a nonempty bounded closed convex set of the
Banach space, A:D — D is convex-power condensing operator, there must
be fixed points of A in D.

Lemma 1.3" Let E be real Banach space, D c E is a bounded convex

closed set, A:D — D is continuous. If thereisx, e D,0<k <1, as well as a

positive integer n,, making a(A™*)(S)) <ka(S),VS c D, there must be

fixed pointsof A in D.

Like the notation and definitions of convex-power condensing operator in
Banach space of in the paper [1], we give the definition of P —convex-power
condensing operator in locally convex space.

Let (X,P) be complete Hausdorff locally convex space, Dc E is a

convex closed set, A:D — D,x, € D, forany given Sc D, let

A(l,xo)(s) — A(S), A(n,xo)(s) — A(C_O{ A(n—l,xo) (S), X, })’ n=23-- . (14)
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Definition 15 If (X,P) is complete Hausdorff locally convex

space,D c E is a convex closed set, A:D — D, so Ais P —convex-power

condensing. If A is continuous and bounded, and there is x, e D and a
positive integer n,, which makes any non- P — relative compactness of

bounded sets S D have a(A™*)(S))<a(S).A™*) and(S) in it are

defined by (1.3).

With the convex Banach space power condensing operators fixed point
theorem obtained by paper [1], namely Lemma 2.6, we can get
P — convex-power condensing operator’s fixed point theorem in locally
convex spaces. Because they are proved similarly, the progress is omitted here.

Lemma 1.4 Let D be a non-empty bounded closed convex set in a

complete Hausdorff locally convex spaces (X,P) , if A:D—>D is

P — convex-power condensing operator, there must be fixed point of A in
D.

2 Existence of \olterra Integral Equations in Locally

Convex Spaces Nonlinear

This section examines the existence of

t
y(t) =ht)+ [ 9(t.;s)f (s, y(s))ds,t e I =[0,a] (2.1)
Nonlinear Volterra integral equations in locally convex spaces. Among them,

heC(J,X), f eCJxX,X) , (X,P)isacomplete Hausdorff locally convex

space , R>0, mark D={(t,s)eR*:0<s<t<a}, geC(D,R), C(J,X)
is a collection of continuous images of all slaves from J to X .
If, Vvpe P, {p.},.r is the family of semi- Fan of C(J,X) . Here,

p.(u) = max p(u(t)) and C(J,X) is locally convex spaces by the family of

semi- norm. They are noted with «,, &, , which means the measure of
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non-compactness of X, C(J, X) respectively.
Lemma2.1® (a)Let H be abounded set of C(J,X), then
s;ujpap(H M) <a,(HJ))<2a, (H), (2.2)

Ofit, H(t) ={x(t)|x e H} H(J) = LKx(t)| x € H}.

ted
(b) Let H be a bounded equicontinuous set in C(J,X), we can

conclude that
apC(H)=s;ujpap(H(t))=ap(H(J)) (2.3)

Similar to the proof of Lemma in the paper [1], it is easy to prove the
following lemma.

Lemma 2.2 Let B be a bounded equicontinuous subset in C(J, X),
U, € C(J, X), so the same as cof{H,u,}.

Lemma 2.3 Let Be C(J,X) be a bounded and equicontinuous, then we
can conclude that «(B(t))eC(J,R"), and

a({_[;u(s)ds lueB)) < jt:a({u(s) lueBpds,ted.

Lemma 2.4 For any given R>0 , f in the JxB; (of which
B; ={xe E: p(x) <R, p e P}) is bounded equicontinuous, H < C(J, X) is
bounded and uniformly continuous, D ={(t,s)eR*:0<s<t<a} ,
geC(D,R) , we can conclude that g(t,s)f(s,H(s)) is also the

equicontinuous setin C(J, X).

With the above lemma and obtained fixed point theorem in
P — convex-power condensing operator, Lemma 1.3, we can give the existence
results of integral equation (2.1).
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Theorem 2.1 Let f meet:
(H,) For any givenR>0, fis in the same row inJxB;,peP,

B; ={x e X : p(x) <R}, and there is a continuous function a(s)>0 and real

numbers b >0 making

p(f(s,u(s))) <a(s)p(u)+b,vselJ,Vue X, (2.4)

and M joaa(s)ds <1.Here, M =max{| g(t,s)|:(t,s) e D}.
(H,) Ifthere is a constant L >0, making for any bounded equicontinuous
set B and teJ in C@J,X), a well as VpeP , there is

a(f(t,B(t)) < La(B(t)). Then the integral equation (2.1) has at least one

existent solution.

Proof: Let integral operators A:C(J,E) —» C(J,E) as follows

(Au)(t) = h(t) +J‘; g(t,s) f(s,u(s))ds,t € J. (2.5)

It is easy to prove A:C(J,E) —> C(J,E) continuous and bounded, and its

solution of integral equation (2.1) is equal to the fixed point of operator

a -1
equations A . Let rz[pc(h)+Mab](l—J'0 a(s)ds) ,  mark

B, ={ueC(J,E): p,(u) <r}, then forany u e B,, we can conclude that

P (Au)(®) [l p(hﬁ))+J:Ig(LS)I-p(f(&LKSD)dS

< p.(h)+ j; M (a(s)p, (u) +b)ds < p,(h)+Mr jo""a(s)ds+ Mab
<r.

With the condition (H,) and the definition of A. Then, p.(Au)<r, or

Au € B, . Therefore, A:B, — B, is continuous and bounded.
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Further is the evidence of A(B,) being the equicontinuous sets in

C(J,E). Infact,vue B, 0<t, <t, <a, we can conclude by the definition of
A that
p((Au)(t,) - (Au)(t,))

< p(h(t,) ~h(t,) + ([ 9(t,,5) f (s.u(s)ds - [ g(t,.5) F (5,u(s))ds)

< p(h(t) ~h(t,)) + p(J 19 5) ~ 9t T (5,u()ds) + p([* 9(t,,5) F (s,u(s)ds)

ty * *
< |0(h(t1)—h(t2))+f0 |9(t,s)-g(t;,s)[(@ar+b)ds+M(ar+b)|t, -t |
Of which, a” =sup{a(t)|teJ}. And known by the continuity of h(t)

andg(t,s), when |t, —t, |> 0, the right side of the formula above tends to

zero, so A(B,) is equicontinuous. Let F =coA(B,), it is obvious that A
mapped to F,and A is continuous bounded. Known by Lemma 2.4, F is

equicontinuous bounded sets in C(J,E).

Then we prove that: A: F — F is convex-power condensing operator. Take

u, € F, we can prove there is positive integer n,, which for any
non-relatively compact set B < F,a,(A™"(B)) <, (B)is right. For any
B — F, we can conclude that A™*)(B) = B, is also bounded equicontinuous
from the definition of A™")(B) and Lemma 2.2, Lemma 2.4. So for any
fixed n=12,---, with Lemma 2.1, we know that

a, (A" (B)) = max /(A (B)(1)),n =12, . (2.6)

Because of B being a bounded equicontinuous set in F and Lemma
2.1, we know that «(B) = rrtw}Xa(B(t)). and with the condition (H,) and
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Lemma 2.4, we also know that g(t;,s)f(s,B(s)),Vt,seJ,t>s is the

equicontinuous sets in C(J,E). So added with the condition (H,) and

Lemma 2.3, we can conclude that

(A (B)(D) = a(AB)®) = a@h() + [, 9(t,5) (5, B(s))ds})
= a({[ 9(t,5)F (5, B))ds}) < [ (g (t,5) (5, B(s)))ds
< j;| g(t,s) | a(f (s, B(s)))ds < MLt (B). 2.7)

Then due to the degree of continuity and consistency of A®**)(B) = A(B),

Lemma 2.2 and Lemma 2.4, we can know that

9(t,5) f (5, CO{(A™” (B))(5).Uy(s)}) (¥, 5 J,t25) is equicontinuous too.
With Lemma 2.3 and condition (H,) and (2.7), we conclude that
a((A®) (B))(1)) = ar(n(t) + [ 9(t,5) (5, CO{(A“* (B))(5). Uy (5)D)ds)
= a([ 9(t,5) f (5, CO{(A™ (B)))(s), U (5)})ds)
< [La(g(t.9) f (s, CO{(A™ (B)))(s), U (5)})ds
< [ 9(t.5) | Lar(cof(A“* (B)(S). Uy ()D)ds

<ML J:a((A(l'“‘)) (B))(s))ds

t t2
< MLJ.O MLsa, (B)ds = M ZLZEap(B). (2.8)
k
Suppose k> 2, a(A(k‘“")(B))(S)):MkL"tk—Iap(B),VteJ . then for

Vteld,
a((A“™ (B))(t) = a(j; g(t,s) f (s,co{(A“*) (B))(s), U, (5)})ds)
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< [ a(g(t,5) 1 (5, CO{(A“* (B)))(S). Uy (5)}))ds
< [ g(t.5) | Lar(cof(A“") (B)))(s).uy ()})ds

<M j; La((A%™ (B))(s))ds

k k+1
< MLrM kLK S—ap(B)dS =M k+1|_k+1t—ap(B)

Therefore, by the induction shows that forany n=12,---, thereis

(AP (B)®) <M"L"E a (B)
n! . (2.10)

Thus by the (2.6), (2.10), we know that

n

(A" (B))(D) = maxa((A™ B)E) <ML Lo, (B) .

n

With M”L”a—'ap(B)—>0(n—>oo), we know that there must be a
n!

positive integer to make M ™L" a—lap(B) <1, which proves A:F - F s
n,!

a P — convex-power condensing operator. According to Lemma 1.4, there is

a fixed point u” of A in F, which is the solution of u”, the integral

equation (2.1) inthe C(J,E). Thus the proof is completed.
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