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Abstract 
 

This work has to do with cognition and learning processes based on 
original and simple definitions for concepts and operations between them. 
Concept Theory corresponds to the human mind as it forms and manipulates 
knowledge. Logo language does the same: it is a tool to construct knowledge with 
a simple and natural way step by step. Logo was created not only for pupils of the 
primary school but for everyone, based on Piaget’s psychological theories. 
Besides, imagination is absolutely included in both Logo and Concept Systems. 
Discovering by Logo is the same with constructing all possible concepts, all 
possible worlds, from which different scenarios can be selected. There are no 
restrictions, no mistakes, all objects are free to exist. Concept Systems and their 
Logo - like environment are not only for Mathematicians and Informatics 
specialists but, mainly, for scientists working on Psychology, Education, 
Pedagogics, Didactics.  

What is a concept? Some objects and their (common) attributes. An object 
without attributes cannot exist (there is no object). To the empty set we can 
assign whatever attributes we like. A set (of, called, attributes) “creates” an object. 
The object exists, because we observe the attributes. So, a concept is, in all cases, 
a couple (O,A) of sets: O is a set of objects and A is a set of common attributes of 
the objects of O. O and A are the well-known extension and intension of a 
concept, respectively. Concepts are constructed from other concepts. 
Combinations of unions, intersections and symmetric-differences create the 
(free, unrestricted) lattice of concepts. 
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            A. Mathematical structure of concepts 
 
Definition 1. Concept is every assignment of a prototype to an icon, whatever may 
be the prototype and the icon. We call the prototype “object” and the icon 
“attributes”. We symbolize a concept with a couple whose left part is the object 
and right part the attributes. 

Definition 2. (O1, A1) 
•

∪  (O2, A2) = (O1 ∪  O2, A1 ∩ A2), where ∪ and ∩  are the 
usual operations between sets, union and intersection, respectively. We call this 
operation "union of concepts". 

Definition 3. (O1, A1) •
∩

 (O2, A2) = (O1 ∩  O2, A1 ∪ A2). We call this operation 
"intersection of concepts".  
With  the above  two operations, for every two concepts, there exist a “higher” 
and  a “lower” concept. 

Definition 4. (O1, A1) 
•⊆  (O2, A2) ⇔ (O1 ⊆  O2 and A1 ⊇  A2), where ⊆  and ⊇  

denote the usual subset and superset, respectively. The subordinated concept (O1, 
A1) are the species and the superordinated concept (O2, A2) is the genus. 
Definition 5. Two concepts (Ο1, Α1) and (O2, A2)  are equivalent if, and only if, 
A1=A2. In symbols, (O1, A1) ≈  (O2,A2) ⇔A1 = A2. 
Since ≈  is an equivalence relation, we have classes of concepts. As we know, 
the classes are disjoint sets and their union makes the set of reference. So, in our 
case, we have a partitioning of the set  C of all concepts (neither of the set Ω of 
isolated objects nor of the potential set P (Ω) of objects). 
Definition 6. The complement of the concept (O, A) is the concept (OC, AC), 
where OC and AC are the usual set-theoretic complements of O and A, 
respectively. 
Definition 7. The symmetric-difference of two concepts (O1, A1) and (O2, A2), is 

the concept D= (O1 •
+

 O2, (A1 •
+

 A2)C), where O1 •
+

 O2  ,  A1 •
+

 A2 are the usual 
set-theoretic symmetric-differences of O1 and O2  ,  A1 and A2, respectively. 

The set C of all concepts, with the two operations intersection ( •
∩

) and 
symmetric-difference D is proved to have the order of a Lattice, which is 
equivalent to the structure of a Boolean Algebra . 
Definition 8. We call distance d(X,Y) of two sets X and Y, the non-negative 

integer expressing the number of elements of the set X •
+

 Y, that is of their 

symmetric-difference (in symbols n(X •
+

 Y)). So, d(X,Y) = n(X •
+

 Y). 
The three properties for the mathematical definition of a “distance” hold. 

Let's go, now, to the concepts. We can take d(O1, O2)=n (O1 •
+

O2), which is a 
distance between objects, but it does not say many things, since it is quantitative 
but not qualitative: two sets of objects may have many different elements, coming 
from the same homogenous population (Biometry, Psychometry, students' and  



 

The mathematics of the cognition and of the brain                                           399 
 
 
teachers' evaluation ....). Besides, we are not working with objects or attributes, but 
with both of them, that is concepts. Consequently, if the distance of the attributes is 
increasing, the distance of the objects is, accordingly, decreasing. The explanation 
comes naturally: if we have a large range of attributes, this range can fit only to a 
small range of objects (larger intension, smaller extension). How can we succeed to 
have small distance between two objects? If it is large, then d(O1, O2) is small, maybe 
d(O1, O2) ≈0, which means, not that O1=O2 (on the contrary!...), but that O1 and O2 
can be easily confused and considered as equal! In many applications, we do not 
know exactly O1 , O2 , A1 , A2, but only their common elements and their 
differences. The more attributes two objects have in common, the more they are 
alike, or almost equal, that is d(O1, O2) ≈0. 
The complement of a concept (O, A) is the concept (Oc, Ac). Attention: (Oc, Ac) has 
the meaning of the assignment (as all concepts have), but it just says that the common 
attributes (if any) of the elements of Oc must be found (detected) inside the set Ac. It 
is not known which of them are exactly. It is, now, obvious that the situation is 
stochastic, or, even more, fuzzy. What does the symmetric - difference   say? That the  

non - common objects O1 •
+

 O2 have the common attributes A1 ∩ A2, but they may 
have, also, others «out of» A1∪ A2 (that is, in the complement of A1∪ A2). This 
means that, for foreign sets of objects, we cannot be sure for their common attributes: 
except of the known ones A1∩ A2, there may exist other unknown (because they 
belong to the complement of A1∪ A2). 
Conclusions: 1.  two concepts can be: a. interrelated either by having common objects 
or by having common attributes, b. discriminated by discriminating both objects and 
attributes…  2. The symmetric-difference shows us the dissimilarities   and  the 
intersection the similarities among our objects. 
 
            B. Cognitive Application 
 
Concept theory corresponds to human mind as it forms and manipulates knowledge. 
Logo language of computers does the same: it is a tool for constructing 
knowledge with a simple and natural way step by step. Logo was created not only 
for pupils of the primary school but, also, for everyone, based on Piaget’s 
psychological theories. Besides, imagination is absolutely included in both Logo and 
Concept Systems. Discovering by Logo is the same with constructing all possible 
concepts. When we consider an object, we can gradually “add” new attributes. In 
fact, it is the set A of their common attributes, that defines the objects of the same 
kind. E.g., the set O of chairs of a house consists of different chairs but all of them 
have the same common attributes by which the set of chairs is defined. So, the word 
“common” of the attributes comes naturally, even if we do not start with common 
attributes. What is very important is that the concepts are constructed from other 
concepts. What we have presented up to now about concepts is immediately 
connected with Logo. Pupils can learn so many things by “playing” with concepts: 
prototype, icon, assignment, attribute, object, construction of knowledge, no 
mistakes- everything is useful, relativity of objects (if we change the set of attributes, 
then we create another object and so we must find another name for it), intersection of 
sets, “is-rule”, “has-rule”, differentiation of kinds, definition of an object, imagina-  
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tion and others. Very good examples are the following geometrical figures and non-
geometrical icons, created, with the use of Logo, in the School Computer Laboratory.   

 

 
                              

 
                       

Figures 1-2, 3-4-5, 6-7 
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  C. Application to concepts’ formation 
 

Logo is a tool  for learning and learning is achieved only through concepts. 
Let’s see, now, some instructions of  Logo which can be used to express concepts: 
1. To square output [sides equal angles equal] 
end 
? Pr square 
 sides equal angles equal 
2. To flag: colour 1: colour 2 
Output sentence: colour 1 :colour 2 
end 
? Pr flag 
blue white. 
3. Make <object> <attributes> 
Make “today Monday. 
Make “parents [father mother] 
Make “rhomb [sides equal] 
One realizes that, by using the instruction Make, an assignment is made of the 
objects to the attributes (which is a classification, too, e.g., a rhomb belongs to the 
four- sided figures with all sides equal). 
4. Fput and Lput: in order to create, step by step, a list (set) of attributes. 
5. In this way, we obtain the icon (attributes) of the object (thing) parents. 
? Pr thing “parents 
father mother 
6. Name an object. A standardization can be made, to a certain extent, so that we 
know the concept that is hidden under this term. Imagination is, also necessary, 
so that, for new concepts, we find new terms (names), without suppressing new 
concepts under old names. E.g., our imagination has created the concept of 
Pegasus. 
If we have the concept of an area on which we work, e.g., the four-sided figures of 
one level, then, using the two operations, we can create all the possible concepts 
showing similarities. It is the lattice of concepts discovered experimentally by 
Piaget, but this time expressed by the mathematical theory of concepts. 
Very important is the fact that the lattice in not only an hierarchy but 
contains, also, links. Pupils, students and, generally, people, must get accustomed 
with links, because hierarchies are, most of the times, an oversimplification of real 
life. An “object” may be involved in different concepts. Consequently, what really 
exist are the concepts (assignments), by which we can make only comparisons 
between objects. E.g., the structure of the four- sided figures of one level is not 
a tree… 
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parallelogram

rhomb

squere

rectangle

 
 

Figure 8: Parallelograms 

A rectangle with equal sides becomes a square, but, also, a rhomb, with equal 
angles becomes a square. A square can be considered as a descendant of the 
rectangle, but also, of the rhomb. The four concepts (parallelogram, rectangle, 

rhomb, square) form a lattice: {rectangle} 
•

∪ {rhomb} = {parallelogram} and 
{rectangle}  

•
∩ {rhomb} = {square}. 

 

            D. Application to Multimedia 
 
One main point of this work is that, what really exists (or plays role) in our world, 
is the assignment (the function) of the prototypes to the icons (of the objects to the 
attributes). Any prototype is an object, any icon is a set of attributes, any set of 
attributes gives rise to an object, any object is expressed by its attributes, any 
object “is equal” to its set of attributes. Real equality does not exist, objects and 
attributes cannot be absolutely defined. Our world is relative and dynamic, not 
sure and static. An object does not exist by itself, but by its attributes. That’s why 
we say that an object “is equal” to its attributes. Other set of attributes creates 
another object.  

       
Figure 9: “Children” from two “parents” 

 
 D is the symmetric-difference of (O1, A1) and (O2, A2). The arrows give the 
subordinated concepts. (O1, A1), (O2, A2) and D are located on the same level and, 
consequently, there is no order among them. 
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So, objects are evolving from the one to the other. The question, now, is how? Is 
there any connection, any rule? The answer is yes: obeying the laws of thought, 
which means not only the laws of formal (…) logic, but something much more: 
the laws of concepts. Everything in our mind is a concept, so everything in our 
world is a concept. 
Do objects have memory? Of course: they can be expressed with pre-existing 
concepts by using the operations on concepts. Is it possible for new objects to 
emerge? Yes, again, by the operations on concepts. So, concepts are being 
transformed continuously in our mind. An algebra of concepts is being carried out 
every time, every second in our mind. 
Exactly, as in Multimedia! Files, icons, sounds are being connected continuously, 
in the one way or the other, inside the computer. What is really important is the 
connection, how it is carried out and what sequence is followed. The question is: 
what comes after what? What is connected to what? Are there many choices, a 
few or one? It is obvious, now, that the “Multimedia way of thinking” is just a 
matter of concepts. Old and new concepts are connected, there in an order among 
them, not an hierarchical one but the more complex of a lattice. The connections 
are not only the classic ones (superordinated- subordinated), but there are, also, 
dissimilarities, varieties, fantasy. There are links and freedom of choice- exactly 
as Multimedia are constructed. 
 

 
 

Figure 10:  Conceptual structure of a multimedia - information product. 

 

Is there an optimum path in order to treat a subject we are interested in? We can 
go “surfing” but, in any case, inside the frame of the Multimedia Design of this 
subject. Files, icons and sounds are connected “properly” when the connection has 
a meaning, which is equivalent to the conceptual context of the subject. Concepts 
are connected by their nature, from their “birth”. The sequence or, better, net of 
files, icons and sounds has the meaning that is imposed by the concept- only 
concepts give a meaning to them. The conceptual sublattice, created by the 
concepts of this subject, is the optimum path!… 
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Figure 11: Constructivism-Geometry-Concepts 
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