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Abstract

The aim of this article is to establish the convergence and almost stability results of random
SP fixed point iterative scheme with errors using three asymptotically quasi-nonexpansive
type random operators in a real separable Banach space. The results presented in this paper
generalize several well known results in Banach spaces.
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1 Introduction and Preliminaries

Approximation of fixed points was studied by several authors in deterministic fixed point
theory[6-9,13,16,17,20,22-25,27,30,31]. A parallel development in random fixed point theory
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have attracted much attention during the last few years due to its increasing role in
mathematics and applied sciences. Some of the prominent references are noted in [1-4,5,10-
12,14,15,18,19,21,26,28,29]. Recently, several general iterative schemes have been
successfully applied for solutions of operator equations. The development of random fixed
point iterations was initiated by Choudhury in [10,11,12], where random Ishikawa iteration
scheme was defined and its strong convergence to a random fixed point in Hilbert spaces was
discussed. After that several authors [1,2,14,15,26] have worked on random fixed point

iterations to obtain fixed points in deterministic operator theory. Suppose (Q,Z ) denotes
a measurable space consisting of a set 2 and sigma algebra Z of subsets of Q, X stands
for a separable Banach space and C is a nonempty subset of X. We denote the nth iterate
T(t,(T(t, .......... ,T(t,x)))) of T:QXX — X by T"(t,x), the set of random fixed point of a

random operator T is denoted by RF(T) and identity random operator by 7:QxX — X
defined byI(f,x)=xand T°=17. A function f:Q—X is said to be measurable if

f 71(B)€ Z , for every Borel subset B of X. A single-valued operator7 :QxX — X is
called a random operator if for every xe X the functionT(.,x) :Q — X is measurable. A

random operator7 : QX X — X is continuous if for each t€ Q the function T(t,.) XX
is continuous. A measurable function p:Q — X is said to be a random fixed point of the
random operator 7 : Qx X — X if T(t,p(t)) = p(t) forall re Q.

The following iterative schemes are now well known:
Random Mann iterative scheme [7]:

X (w)=(1—ocn)xn(W)+Och(w,xn(w)), for n>0, we Q, (1.1)

ntl
where 0<o, <1 and x,:Q — F is an arbitrary measurable mapping.
Random Ishikawa iterative scheme [12]:
x,., (w)=0-a,)x,(w)+a,T(w,y,(w),

y, (w)=(1=-B,)x, (w)+B,T (w,x, (w)), for n>0, weQ, (1.2)
where 0< o ., <1 and x,:Q — F is an arbitrary measurable mapping.
Random SP iterative scheme [12]:

X (W) =(1=a,) y, (W) +0, T (w.y, (w)).
¥ (w)=(1-B,)z, (w)+B,T (w2, (w)),
z,(w)=(1-7,)x, (W) +7,T(w.x,(w)) for n>0, weQ, (1.3)
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where { &, }, { B, } and { 7, } are sequences of positive numbers in [0,1] and x,:Q — F is

an arbitrary measurable mapping.

Definition 1.1 Let C be a nonempty subset of a separable Banach space X and 7: QXC — C
be a random operator. Then T is said to be
(1) an asymptotically nonexpansive random operator if there exists a sequence of measurable

functions r, : Q —>[1,00) withlimr, (t)=1 such that

forallx,ye C,ne N and for eachre Q.

T (,x)=T" (1,y)| < 7, (1) [x= ¥

(i1) an asymptotically quasi-nonexpansive random operator if there exists a sequence of

measurable functions 7, : Q —[0,e0) withlimr, (£)=0 such that

[ (r.0(8)) = p ()| < (141, ()| (1) - p (1)

for eachte Q, where p:Q — C is a random fixed point of the operator T and 7:Q — Cis

any measurable map.
(iii) an asymptotically nonexpansive type random operator if for all x, ye C and

n—eo x,yeC

for eachre Q, hmsup{sup [HT" (t,x)=T"(t,y H—”x y||]}<0 neN.

(iv) an asymptotically quasi-nonexpansive type random operator if for allxe C

and for eachre Q, hm sup{sup[HT (2,x) H—”x plt ||]} <0, neN

where p: Q — Cis a random fixed point of T .

Definition 1.2 Let 7, : QxC — C,i =1, 2,3 be three random operators, where C is a nonempty

closed convex subset of a real separable Banach space X. Let &, :Q — C be any measurable

mapping. The sequence {f }of measurable mappings from Q to C, for n=0,12.......

n+1

generated by the certain random iterative procedure involving three random operators
T,,i=1,2,3 is denoted by {7,.7,.T;,&, ()} for eachte Q. Suppose that &, () =& (t) as

n — oo for eachte Q whereé* € RF = ﬂRF JEXB Let{7,} be any arbitrary sequence of

i=1

measurable mappings from Q to C. Define the sequence of measurable mappings k, : Q — R

n

by k, ( ( t){T.1,.T,.7 }) . If for eachte Q,k, (1) >0 asn— coimplies

n, (1)=& (t) asn — oo for eacht € Q, then the random iterative procedure is said to be
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stable with respect to the random operators 7,7,,7; . If for eachre Q,an () < oo, implies

n=1
n, (t) —¢& (t) asn — oofor eachte Q, then we say that the random iterative procedure is
said to be almost stable with respect to the random operators 7,,7,,7, . It is easy to see that an
stable random iterative process is almost stable, but the converse may not be true.

Lemma 1.3[5] Let(Q, Z )be a measurable space, X be a separable Banach space and

T :Qx X — X be a continuous random operator. Then for any measurable function

x:Q — X ,the functiont — T(t,x(t)) 1s also measurable.

<a,+b, forall

n+l —

Lemma 1.4[30] Let {a,} and {b,} be two sequences satisfying a

n = n,, where Zb < oo andn, is a positive integer. Then the limit lima, exists.

n—eo
n=l1

Now, for three random operators7, : QxC — C,i=1,2,3, we define the

following SP iterative scheme with errors as follows:

& () =am, (0)+ BT (t.1,(2))+ 7, (1)
n,()=a,¢,(t +ﬁT1( BIEIARORS (14)
£ ()=0a,¢()+B T (f & (1) +7,w,(r)

where {&,}.{8,} {7.}.{a. }{B8.} {7, } 1o, } . {B. } {7, } are sequences of real numbers in
[0,1] withe, +B8,+y,=a, +B, +y, =a, +B, +y, =1 and {u,}.{v,}.{w,}are bounded

sequences of measurable functions from Q to C.

The SP iterative scheme [13] is independent of Ishikawa [16] and Noor iterative schemes
[24] and has better convergence rate as compared to other iterative schemes. This is the main
reason for considering Random SP iterative scheme with errors in this paper.

Remark 1.5 Putting 7,=7,=T,=Tand y,=y, =y, =, =8, =0, (1.4) reduces to the
random Mann iterative scheme (1.1). Also, putting 7, =7, =T,=T and y, =y, =7, , (1.4)

n

reduces to the random SP iterative (1.3).

2. Main results

Theorem 2.1 Let X be a real separable Banach space and let7,: QxX — X ,i=1,2,3 be

three asymptotically quasi-nonexpansive type random operators. Suppose that RF=
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ﬂRF . Then the random SP iterative scheme with errors defined by (1.4) with

Z,Bn<oo Z;/n<oo Z,Bn < oo Z;/n < oo Z,B < oo Z}/ <o, converges strongly to a

n=0 n=0

common random fixed point of the random operators {'1:, i=1,2, 3} if and only if for all

te Q. liminf d(&,(1),RF)=0, where d (&, (1).RF) =inf{|&, ()= £(1)|: £€ RF}.

n—oo

Proof. The necessary part is obvious. To prove the sufficiency part, let pe RF. As
{u,}.{v,}.{w,} are bounded sequences of measurable functions fromQ to X, we can put for
eachte Q,

M (1) =sup

nzl

u, (1)=p ()] vsuply, (1) = p (1) w, (1) =p(1)] -

Obviously, M (t) <oo, foreach te Q. As T,: QxX — X ,i=1,2,3 are three asymptotically

quasi-nonexpansive type random operators, for any given £ >0, there exists a positive
integer n, such that for anyn > n, , we have

sl (.- b} <e

Since {ﬂn (t)} c X foreachte Q, it follows from above that for alln > n, and for eachte Q,

1 (t.1,(1) = p ()| =[n, (1) = p (1)) < € (2.1)
Similarly, we get that there exists a positive integer n,such that for any n > n,and for each
te Q, wehave |1y (., (1)) p(1)|-|¢. (1) - p (1) < (22)

and there exists a posmve integer n, such that for any n>n,and for eachte ©, we have

[ (1.6,(0) - ()] -, ()= (1) < (23)

Letn, =max{n,,n,,n,} . Then using (2.3), for any n >n, and for each 7€ Q, we have

|6, ()=p(1)]< e, & (1)-p (.8, (1))-p() (1)
<o) n+ﬂ[ |H+7M
<[& (e)=p(o)|+ B, e+, M (1) (2.4)

Again for anyn 2 n, and for each € Q, we have by using (2.2) and (2.4),
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7. ()= p (1) =] '€, ())+ BT (1.4, (1)) + 7,3, ()= p (1)
=Ha,;<¢n<z>—p<z))+ﬂ;(n"(r,g,l(r))—pm)w;<vn<z>—p<z))u
<a, ¢, ()= p O+ 8,1 (1. £, (0)) = p ()] + 7. [ ()= P (0)]
<[5, ()-p()|+ 8 [e+]¢. (1) ||}+7M(>
<a,[|¢.()-p r||+ﬁ,,e+nM(r>}

+8,[e+]&,()-p()|+ B e+ 3, M (1) ]+7,M (1)
=(@,+8)|& ()-p(1)|+ @, Be+a,7,M()+ Be
+ BB+ By, M (1)+7,M (1)
=(a, +8,)6. ()= p()|+[ @B, + 5.+ 5.5 Je
+[a,y, +By, +7, M) (2.5)

Again for any n>n, and for each r€ Q, by using (2.1) and (2.5), we have
1€, ()= p ()| =|ern, (1) + BT (1.1, (1) + 7,0, (1) = p (1)
=|am, (0)+ BT (6.2, (1)) + 7, (1) = p (1) (e, + B, +7,)|
<a,|n,()-p(t)|+ B |1 (.7, (1)) = p (1) + 7, |, (1) = p (1))
<a,|n, ()= p()|+ B, e+|m, (t)=p (&) ]+ .M (1)
=(a,+B,)|n. ()= p(t)|+ Be+y,M (r)
(@, +8,)|&. ()= p()|+(, B+ B, +B,B, )¢

=(@,+5,) +B,e+7,M (1)

+ (anjlnn +B,7, + %;)M (1)
=(a,+8)(@, +B)|& ()= p()|+(a,+B) (@B, +B, +B,B,)e
+(a,+B) a7, + By, +7, )M (t)+Be+y,M (1)
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a’lanlﬂnll+a’1ﬂnl+aﬂﬂnlﬂn"
E)-p)+| | e

+anﬁnﬂn +ﬂnﬁn +ﬁnﬁnﬂn
+[aﬂaﬂlyﬂ"+aﬂﬂﬂ'7/ﬂ"+aﬂ}/ﬂ'+aﬂ'ﬂﬂ7/ﬂ"+ﬂﬂﬂﬂl7/ﬂ"+ﬂﬂ%l']M(t)+ﬂﬂg+7/l1M (t)

<|é&.()-p()|+[aa, B +a,B +aB B +a BB +BB +BBB +8 ¢

=(a,+8,)(a, +8,)

+ [aﬂal;}/ll" + allﬂllvyﬂ" + aﬂ%l' + all'ﬂh}/n" + ﬂnﬂﬂ'%l” + ﬂﬂ?lllv + }/ll}M (t)

& (1)=p(1)|+0, (1), (2.6)

Where O-Il (t) = [aﬂaﬂ'ﬁn" + aﬂﬁﬂ' + aﬂﬁﬂlﬁﬂ" + anllgnﬁn“ + ﬁﬂﬁﬂ' + ﬁﬂﬁﬂlﬁﬂ" + an ] g

+laay, +a By +ay +a, By +BBy, +By, +v, M)
(2.6) further yields that for alln > n,,

d(&,(1).RF) < d(£,(1).RF) +0, (1 (27)

Using given conditions of the theorem it is easy to see that ZO'n (1) <o foreach te Q.
n=0

Hence Lemma 1.4 together with (2.7), yields that limd ({f (t),RF ) exists for each re Q.

n
n—oo

Therefore using the conditions of the theorem we have for all € Q,
limd (&, (¢),RF)=0 (2.8)

Also, from (2.6) it follows that for each t € © and for any natural numbers m and
forall n>n,,

| fn+m (t) - p(l’)” < | é:n+m—l (t) -P (t)” T0,m (t)
é:n+m—2 (t) -P (t)” T0 (t) T0,m (t)

<|
n+m—1

S e <[& (1)-p()]+ 3 0. (¢). (2.9)

k=n

Therefore for any pe RF we have for allre Q,

£ (0-& W<€ (- pO)+ S 0 () +E, ()= p(0)]

=n

& JORI0 EHWAD (2.10)

=n
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As ZO‘ <coandlimd (&, (¢),RF)=0, so there existsns (> n,)€ N such that for alln > n, ,

n—o0
n=0

we have d(fn(t),RF)<§ and ZO‘

k=n

Hence there existsge RF such that

éiﬂ—q0m<§fMaHn2@.

Therefore from (2.10), we have that for allz € Q, for alln > n, and for any positive
integer m,
E &

||+ _1 o, (1 )<24+5:8,

from which it follows that{fn (t)} is a Cauchy sequence for eachre Q. So, & (1) > &(1)as

n +m ll

n—ocofor eachre Q where £ : Q — X, being the limit of the sequence of measurable
functions is also measurable.

Now we prove that £ e RF . Since for eachte Q,& (1) — &(t) asn — oo, there existsn, € N
such that

|g4g_§om<§fmqunz%.
Also, igmmd(gl (t),RF)=0for eacht € Q ,implies that there existsn, € N such that
d(& (¢).RF) <§ forall n>n,.
Hence for eachte Q, there exists £ € RF such that
\@uyfq%sgﬁnmnzm.
Let n, = max{nﬁ,n7,nl}. Then for all € Q, we have
|76 ()=¢ O] <[ (¢ () =50
—W‘rf fuﬂ
Se+4¥7ﬂ—§hw
<e+2[]¢ ()& ()] +[¢, (- ()]

E(1)-&(1))

<e+2(£+szzg (2.11)
44
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which yields T, (¢,£(t))=£(t) foreachte Q . Again & is measurable, so £€ RF(7;).Ina
similar manner we can show that € RF (T,)and e RF (T,) . Hence we have £e RF . Thus

{&,} converges strongly to a common random fixed point of T;,T,,T,.

Remark 2.2 (i) As asymptotically quasi-nonexpansive type random operators are more
general than asymptotically quasi-nonexpansive random operators, result similar to
Theorem 2.1 holds for asymptotically quasi-nonexpansive random operators.

Now, we prove the almost stability of the random iterative procedure (1.4).
Theorem 2.3 Let X be a real separable Banach space and let 7,: QxX — X,i=1,2,3 be

three asymptotically quasi-nonexpansive type random operators. Suppose that RF' =

ﬂ RF(T)#¢. Let{é" } be the random SP iterative sequence with errors defined by (1.4)

satisfying Z,B < oo 27/ <oo Z,B < oo Z]/ < oo Zﬁ <oo 27/ <o.Let{x,} be any

n=0 n=0 n=0

arbitrary sequence of measurable function from € to C. Define the seqence of measurable
mappings k, : Q — Rby

k (1) =[x (1) =y, (1) = BT (1.3, (1)) = 7.1, (1)]
v (t)=a,z,(0)+ BT (t.2,(1))+7,8,(1) (2.12)

o (1)=a, 5, () + BT (13, (1) 47,1, (1) . n20.¥reQ

n n

where {f,}.{g,}.{h,} are bounded sequences of measurable functions fromQ to C. Then
(1) the random iterative process is almost stable with respect to the random operators7,,7,,T,

, provided for allze Q,liminf d (x, (¢),RF)=0.

(i) If{x, } converges to a common random fixed point of 7;,7,,7, then, limk, ()= 0for

n—oo

eachre Q.
Proof. Let pe RF . Since{f,}.{g,}.{h,} are bounded sequences of measurable functions

from Q to X, we can put for eachre Q,

M (1) =sup|£, ()= p 1)}V sup s, (1) = p (1)

()= p()-
Obviously M ( ) <oofor eachre Q. Similar to the proof of Theorem 2.1 for alln > n, and

for allt € Q, we have
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%, ()= p () +[ =2y, ()= BT (1.5,(6)) = 7,£,(1)]
+[ @y, (1) + BT (t.3,(1)+7.£,(1)]

%, ()=, ()= BT (1,3, (1) =75, (1)

+eny, (0)+ BT (3, (1) +7.1,(0) = p (1)

X1 (t) - p(t)” =

<

=k, (1) +] ey, (1) + B (1.3, (1) + 7.1, ()= p (1)

=k, (1) +]er,y, () + BT (1.3, (1)) + 7.1, ()= (1) (@, + B, +7,)|

<k, (1)+a, |y, ()= p()|+ B, |1 (1.5, (1) = ()| + %] £, () - p(1)]

=k, ()+a, [, (0)=p()+ B, £+, ()= p O] ]+ 7|1, ()= p ()]

<k, (1)+, |y, (1) = p ()] + B[ &+ ], ()= ()] ]+ 7.M (2)

=k, (1)+(a,+B,)|y, ()= p(t)|+ Be+y,M (1)

<k, (1) +|y. ()= p(1)|+ Bg+y,M (1)

=y ()= p ()] +k, (1) + Be+7,M (1)

=y, ()= p ()| +0, (t) where o, (t)=k,(1)+Be+y,M (r)  (2.13)
Clearly ik” (1) < o0 implies thaticrn' (1) <o So by Lemma 1.4, lim||y, (1)~ p(¢)] exists.

n=0 n=0

Now, (2.13)yields, foralln>n, and te Q,
d(x,,, (t).RF)<d(y,(t),RF)+o, (1)
Hence using Lemma 1.4, }}_}mﬂd(yn (1), RF ) exists. As lim inf d(y,(t),RF)=0, so we have
limd (y, (r),RF)=0.
Similarly as in the proof of Theorem 2.1, we have that{xn} converges strongly to a common

random fixed point of {Tl., ie{l,2, 3}} . This completes the proof of (i).
To prove (ii), let pe RF . Then for all 1€ Q, we have
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k, (1)=|
-
-
-

Then as in the calculation in (2.6), we have that for alln > n,, for all pe RF andte Q,

%, ()=a,y, ()= BT (6,3, (1) = 7.1, (1)
%, ()= p(0)+ p(0) =2,y ()= BT (1.3, (1) - 7,1, (1)
X, ()= p(0)+ p(0) (@, + B,+7,) =@,y (1) - BT (.3, (1)) - 7.1, (1)

x,., (t)-p ||+a'

v (t

(1.3, ) =p O+ 75 ()-p()]  (214)

ke, (1) <[ (1) = p ()] + &, |y, ()= p ()] + BT (2.3, (1) = p (D) + 7| £, (1) = 2 (1)
<[ (1) = p ()] + @, |3, (1) = p (1)) + B[ e+, (¢ ||]+7M
=5 ()= P ()] + @]y, (1) = p ()| + Be+ B, |y, (1) = p(¢)| +7.M (1)
=[x (1) = p (1) + (2, + 8,) yn(t)—p(f)||+ﬁn€+7nM'(t)
<[, (6) = p ()| + [ ()= p (1) + Be+ 7. (1)
= ()= p ()| + 5, ()= p ()| + 4, (1) where 4, (t)= Be+y,M (1) (2.15)

Using given conditions we have len' (f)<oo. Let {x,} converges to a common random
n=0

fixed point & (say) of 7,,7,,T, then (2.15) yields
k (1)< (=€ ()] + |, (=€ ()]+ 4, (1)
which implies thatlimk, (z) = Ofor eachte Q.
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