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Abstract

We consider a singular differential operator /A on the real line .we
establish Miyachi’s theorems for the generalized Fourier transform on R
tied the Differential-difference operator .
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1- Introduction

There are many theorems known which state that a function and its clas-
sical Fourier transform on R cannot both be sharply localized . That is, it is
impossible for a non-zero function and its Fourier transform to be simultane-
ously small. Here a concept of the smallness had taken different interpretations
in different contexts. Hardy[6], Cowling and Price[2],and Miyachi[9],for exam-
ple, interpreted the smallness as sharp pointwise estimates or integrable decay
of functions. Hardy’s theorem|[6] for the usual Fourier transform F on R as-
serts that f and its Fourier f = F (f) can not both be very small. More
precisely, let a and b be a positive constants and assume that f is a measur-

able function on R such that |f (z)] < Ce™*’ a.e . and ’f(y)’ < Ce " for

some positive constant C' .Then f =0 a.e. if ab > i , f is a constant multiple

of e=®” if ab = i, and there are infinitely many nonzero functions satisfy-
ing the assumptions if ab < i .Considerable attention has been devoted to



208 R. Daher and H. Lahlali

discovering generalizations to new contexts for Hardy’s theorem. In particu-
lar,Cowling and Price[2] have studied an L? version of Hardy’s theorem which

eaac2 f

< 00 ,then f =0 a.e. Ifab> i . Another generalization of Hardy’s
q

< o0 and
p

states that for p,q € [1, 00| ,at least one of them is finite, if

ey’ f’

theorem is given by Miyachi[9] where it is proved that , if f is a measurable
function on R such that

" f e L' (R) 4+ L™ (R)

and
/R log™ ’f@%df < o0

for some positive constants a and A , then f is a constant multiple of e~
As a generalisation of these Euclidean uncertainty principles for F recently
Mourou[10] have proved Hardy’s theorem and Cowling Price’s theorem for the
Differential-Difference transform F many authors have established the anal-

(11‘2

ogous of Cowling-Price’s and Hardy’s theorems in other various settings of
harmonic analysis

(see for instance [1,4,5,8,12,10]).The purpose of this paper is a generali-
sation of Miyachi’s theorem for F

The structure of this paper is as follows. In Section 2,we deal with harmonic
analysis associated with the Differential-Difference operator.

The third section, is devoted to Miyachi’s theorem for the Differential-
Difference transform. We establish that for all p,q € [1,+00] and f is a
mesurale function on R such that :

) (y) e
A

F
e fe L'(R)+ L™ (R) and /log+ dy < o0

for some constants a,b,A > 0 , If ab > i then f = 0 a.e ; If ab = i

then f = CE, with |C] < X and if ab < } the function having form f = CE,
then F (f) (y) = Ce ¥’ and f and F (f) satisfying these conditions for all
t e ](z, 4%) [

Throughout this paper , the letter C' indicates a positive constant that is
not necessarily the same in each occurrence.
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2- Differential-Difference transform

In this paper; we consider the first-order singular differential - difference
operator on R

* 2

ap= &4 40 (1))

where: Az) = |z B(z) a>—1

B being a positive C'*° even function on R .We suppose in addition that :

(i) A is increasing on [0, col;

(ii) There exists a costant § > 0. such that the function e* B( ) is bounded
for large = € [0, oo[ together with its derivatives

The generalized Fourier transform related to A is defined for a suitable
function f on Rby F f(N) =[x f(x)P_in () A (x) de.Where ®_;, (x) is the

solution of the differential -difference equation Au = —idu , u (0) =1
The intention of this paper is to establish an analogue of Miyachi’s theo-
rems for the generalized Fourier transform F .

Preliminaries:

In this section we recall some facts about harmonic analysis related to the
differential-difference operator A

We cite here ,as briefly as possible ,only those properties actually required
for the discussion .For more details we refer to[7]

If A € C, it is know that the differential-difference equation Au = Au ,
u (0) = 1, admits a unique C* solution on R, denoted ®, given by:

() + Loy (x ifA#£0
cp)\(l,):{l 90)\() )\dmgO)\() if?i\zo

®, (x) is entire in .

Notation:

For a Borel positive measure p on R, and 1 < p < oo, we write L” (R, u)
for the Lebesgue Space equiped with the norm |||, , defined by

£, = (Ja|f (@) dp ()7 if p < 0o, and || fll,,,, = esssup,er | f (2)]
When v = w (z )dw , with w a nonnegative function on R, we replace the

44 in the norms by w.
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The generalized Fourier transform of a function f € L' (R, A(z)dz) is
defined by:

FFO :/f(x) KD (1) A(x)dr , AER
R
a Plancherel type for the transform f is as follows.

Theorem 1 1. There is an even positive tempered measure o (and only
one) on R .such that for all .f € L' N L? (R, A (x) dz)

/R @) A(2) dz = / I F )P do ()

2. The generalized Fourier transform [ extends uniquely to a unitary iso-
morphism from :L* (R, A (z) dx) onto L* (R, o). The inverse transform is
given by :

Frlg@) = [ g% B a)do ()

where the integral converges in L? (R, A (x) dz) .

The measure o is called . the spectral measure associated with the differential-
difference operator A.under our assumptions on the fuction A it is known
(see[7,11] ) that the spectral measure o takes the form

o
e (ADP”

where ¢ (s) is a cotinuous function on |0, co[ such that :

o (N) AeR

c(s) ™V kis®T2 as s — o0
c(s) T kps®2  as s — 0

for some ki, ko € C.
The generalized Gaussian kernel E,, a > 0,is defined by:

E. (2) :/Reii% (@)do(\), z€R.

From[ 3] we know that E, is a positive even function on R,and belongs
to the Schwartz space . Moreover,there are two positive constants ¢; and ¢y
depending on a such that:

cie_, < E, < coe_y, (2.1)

where e_, (2) = e 2z € R
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3-Miyachi’s theorems
The proofs of this paper depends on the folowing lemmas

Lemma 1 [10]Let g € [1,00] ,a > 0 and A = £ +in with £, € R. Then there
exists a positive constant C such that

2042 52

le-a® il 4 < C (14 ) el

(ZIQ

e_q(x)=r¢€"

Lemma 2 If f(z) is an entiere function of z € C ,if there exist constants
A, B > 0 and a positive integer m such that

[ (2)] < AL+ [2])" exp (B (Rez)?)
and if

1.

l £ (®)]
/Oo 10g+ Wdt < 00

then f(z) is a polynomial in z of degree at most m
Corollary 1 If in LemmaZ2 ,the assumption (1) is replaced with

1.

/+°°10g+yf(t)|dt<oo

then f (z) is a constant.
Lemma 3 Let p,q in [1,00] and f a measurable function on R such that:
e fe L' (R,A) + L™ (R, A)

for some a > 0.then for all z € C,the integral

F(f) (V) = / f(2) ®_ip (2) A () da

is well defined .F (f) (z) is entire and there exists C > Osuch that for all
¢,nin R

F () (C+ i) < C(1+ )2 el
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From analyticity theorem under the integral sign, we deduce that the func-
tion defined on C by [13] is well defined and entire on C

Fro) = / f(2)®_ix (2) A () da

2

_ / % [ (2) x e D (2) A (2) da
R

- / (h (@) + fo (2)) X €% B 4 (2) A () da

N

m 2
(C1 + Cy) x C (1 + |[Tm)|)2*+2 2
C (14 [ImA|)>* 2 5

IA

IN

_ / F (@) % "0 () A () da + / fo (2) %
R R

= HleLA X ||e_“<I>,MHOO,A + ||f2|\oo7A X He_afILMHLA by Holder’s inequality

(e“f=fi+ foe L' (R, A) + L™ (R, A))

e T P4y (x) A (z)dx

by Lemma 1

Theorem 2 f is a mesurable function on R such that:

1.

e fe L' (R, A) + L™ (R, A)
2.

/Jroolog+ %)eb/\g d\ < 00

for some constants a,b,\ >0 and 1 < p,q < 400
(2) If ab > i then f =0 almost everywhere
(i0)If ab = § then f = CE, with |C| < A

(3.1)

(3.2)

(i11) If ab < fthen the function having forme f = CE, then F (f) = Ce ¥’

and f and F (f) satisfy (3.1) and (3.2) for allt € |a

Proof:
Let

¥l
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2
Ih(\)| = |Ff(\)] x |eia| with A= ¢+ in
= |Ff(\)| x |efa| x |e¥a

2 2 2
< (et x (1+ |7]|)20‘Jr2 X efs x ¢~ 1a
2

< COx (1472 x el

We will divide the proof into three cases.
(i) ab > 1 (i) ab> 1 .

e 2
B <C 1+ )22 xe i (3.3)

we note that

/logﬂh(y)\dy = /log+
R R

B /1og+ )ebyQFif) (y)) e
< /R log* |or if )

because log™ (cd) < log™ (¢) +d for all ¢,d > 0,since ab > 1, (3.2) implies
that

dy+/>\e(41ab)y2dy
R

/Rlog+ |h (y)| dy < 400 (3.4)

then it follows from (3.3) and (3.4) that h satisfies the assumptions in
Lemma 2,and thus, h is a constant and

)y

&=

F(f)(y) = Ce(

Since ab > i, (3.2) holds whenever C' = 0 and the injectivity of F' implies
that f = 0 almost everywhere.

(i1) ab = 1,As in the previous case, it follows that F (f) (y) = Ce~% then
(3.2) holds whenever |C| < .
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then f(z) = [L F(f)(A) x & (2)do (N) = [, Ce i,y (z)do (\) =
CE, (z)

(i4i) ab < 1,if f = CEy, then F (f) (y) = Ce~i¥" and for all t € Ja, %

e f = e’ CE, < CelvD"* ¢ LV (R) € L' (R) + L® (R) by (2.1) and

because a —t < 0
2

‘F(f)(y)ebyQ‘ Ce(b—ﬁ)y
fR log™ —dy = flogJr ————dy < oo because b — 4% <0
then f and F (f) satisfy (3.1) and (3.2) for all ¢ € |a, [

References

[1] N.B. Andersen, Hardy’s theorem for the Jacobi transform. Hiroshima Math.
J., 33 (2003), pp. 229-251

[2] M.G. Cowling, J.F. Price, Generalizations of Heisenberg’s inequality.
Lect. Notes Math., 992 (1983), pp. 443-449

[3]C. F. Dunkl, Integral kernels with reflection group invariance, Can. J.
Math. 43 (1991), pp: 1213-1227.

[4] M. Ebata, On the Cowling—Price theorem for SU(1,1). Hiroshima Math.
J., 31 (2001), pp. 409-423

[5] A. Fitouhi, N. Bettaibi, R.H. Bettaieb ,On Hardy’s inequality for sym-
metric integral transforms and analogous. Appl. Math. Comput., 198 (2008),
pp. 346354

[6] G.H. Hardy, A theorem concerning Fourier transforms J. Lond. Math.
Soc., 8 (1933), pp. 227-231

[7] S. Kamefuchi and Y. Ohnuki, Quantum Field Theory and Parastatistics,
University of Tokyo Press, Springer-Verlag, (1982).

[8] E.K. Narayanan, S.K. Ray, The heat kernel and Hardy’s theorem on
symmetric spaces of noncompact type. Proc. Indian Acad. Sci. Math. Sci.,
112 (2) (2002), pp. 321-330

[9] A.Miyachi, A generalisation of theorem of Hardy, Harmonic Analysis
Seminar held at Izunagaoka,Shizuoka-Ken, Japon 1997 ;| pp.593-606

[10]M. A. Mourou, Hardy and Cowling-Price Theorems associated with a
Dunkl type Differentiak-Difference Operator on the real line,Conf. 02, pp.
56-62 (2008)

[11] M. Rosenblum, Generalized Hermite polynomials and the Bose like os-
cillator calculus,In Operator Theory : Advances and Applications, Birkh“auser
Verlag, Vol. 73,(1994), pp. 369-396.



Miyachi’s theorems 215

[12] S. Thangavelu, Hardy’s theorem for the Helgason Fourier transform
on noncompact rank one symmetric spaces .Colloq. Math., 94 (2) (2002), pp.
263280

[13] K. Trimeche, Cowling—Price and Hardy theorem’s on Chébli-Trimeche
hypergroups .Glob. J. Pure Appl. Math., 1 (3) (2005), pp. 286-305

Received: March 28, 2013



