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Abstract

Let X be a Banach spaces with X∗ is separable. In this short note
we prove that if f ∈ L1(µ,X) is not a smooth point, then f is not a
multismooth point of any finite order.
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1 Introduction

For a unit vector x in a Banach space X, consider the state space Sx = {x∗ ∈
X∗ : ‖x∗‖ = 1 = x∗(x)}. The point x is a smooth point if Sx consists exactly
of one point. The set of all smooth points is denoted by smoothB(X). It is
characterized in many classical function spaces and spaces of operators; see
[1],[2],[3],[4],[5],[7] and [10].

In [6] the authors generalize the notion of smoothness by calling a unit vec-
tor x in a Banach spaceX a k− smooth point, or a multismooth point of order k
if Sx has exactly k linearly independent vectors, equivalently, if dim (sp Sx) =
k. For a natural number k, the set of k- smooth points in X is denoted by
k − smoothB(X). Note that Sx is a weak∗- compact convex set and hence
It’s easy to see that x ∈ k − smoothB(X) if and only if dim (sp ext Sx) = k.
For more results on multismoothness in Banach spaces see [8].
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2 Multismoothness In L1(µ,X)

Let X be a Banach space and (Ω,A, µ) be a measure space. Let L1(µ,X)
denotes the Banach space of all equivalence classes of µ- Bochner integrable
functions on Ω with values in X, equipped with the Bochner norm: ‖f‖ =∫

Ω
‖f(t)‖ dµ. Let f ∈ L1(µ,X). In this short note we show that if X∗ is

separable and µ is nonatomic then if f is not a smooth point, then f is not a
multismooth point of any finite order.

Recall that for f ∈ L1(µ,X) with ‖f‖ = 1, f ∈ smoothB(L1(µ,X)) if and
only if µE1 = µE2 = 0, where E1 = {t ∈ Ω : f(t) = 0} and E2 = {t ∈ Ω\E1 :
f(t)
‖f(t)‖ /∈ smoothB(X)}.

We now state and prove our result.

Theorem 2.1. Let X be a Banach space with X∗ is separable, (Ω,A, µ)
be a nonatomic measure space and let f ∈ L1(µ,X) with ‖f‖ = 1. If f /∈
smoothB(L1(µ,X)), then f /∈ r − smoothB(L1(µ,X)) for all r ∈ N.

Proof. Let E1 = {t ∈ Ω : f(t) = 0} and E2 = {t ∈ Ω\E1 : f(t)
‖f(t)‖ /∈

smoothB(X)}. Since f /∈ smoothB(L1(µ,X)) then either µE1 > 0 or µE2 >
0. We will handle both cases:
case 1: µE1 > 0:
Write E1 as a countable union of disjoint measurable sets:E1 = ∪∞n=1En, with
µEn > 0 for all n ∈ N.

Choose any unit functional x∗ ∈ X∗ and define gn;n ∈ N, as follows:

gn : Ω→ X∗, gn(t) =


0, if t ∈ E1\En

x∗, if t ∈ En
f(t)
‖f(t)‖ , if t ∈ Ω\E1

Since X∗ is separable , gn(t) ∈ S f(t)
‖f(t)‖

∪ {x∗} and S f(t)
‖f(t)‖

∪ {x∗} is closed in

X∗, then gn is measurable for all n ∈ N; see [9], p. 289.
Note that gn ∈ (L1(µ,X))∗ = L∞(µ,X∗) (X∗ is separable), with ‖gn‖ = 1,
where L∞(µ,X∗) is the Banach space of all equivalence classes of µ- essentially
bounded measurable functions on Ω with values in X∗, equipped with the norm
‖g‖ = ess sup t∈Ω‖f(t)‖.

Now, < gn, f >=
∫

Ω
< gn(t), f(t) > dµ =

∫
Ω\E1

< f(t)
‖f(t)‖ , f(t) > dµ =∫

Ω\E1
‖f(t)‖ dµ =

∫
Ω
‖f(t)‖ dµ = ‖f‖ = 1.

We claim that {gn : n ∈ N} is linearly independent. Indeed, if
∑m

i=1 aigni
=

0 then
∑m

i=1 aigni
(t) = 0 for all t ∈ Ω. Choosing t ∈ Eni

and noting that
t /∈ Em;m 6= ni, we get aix

∗ = 0; 1 ≤ i ≤ m. Since x∗ 6= 0 then ai = 0 for all
i = 1, 2, ...,m. This proves that f is not a multismooth point in L1(µ,X) of
any finite order.

case 2: µE2 > 0:
Again, we write E2 as a countable union of disjoint measurable sets:E2 =
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∪∞n=1En, with µEn > 0 for all n ∈ N. Now for all t ∈ E2, choose any

x∗(t) ∈ S f(t)
‖f(t)‖

⊆ X∗ such that {x∗(t), f(t)
‖f(t)‖} is linearly independent, noting

that f(t)
‖f(t)‖ /∈ smoothB(X), and define gn;n ∈ N, as follows:

gn : Ω→ X∗, gn(t) =


0, if t ∈ E1

x∗(t), if t ∈ En
f(t)
‖f(t)‖ , if t ∈ [Ω\(E1 ∪ E2)] ∪ [E2\En]

As in case 1, we see that gn ∈ L∞(µ,X∗), with ‖gn‖ = 1.

Also, < gn, f >=
∫
En
< x∗(t), f(t) > dµ+

∫
[Ω\(E1∪E2)]∪[E2\En]

< f(t)
‖f(t)‖ , f(t) >

dµ =
∫
En
‖f(t)‖ dµ+

∫
[Ω\(E1∪E2)]∪[E2\En]

‖f(t)‖ dµ =
∫

Ω
‖f(t)‖ dµ = ‖f‖ = 1.

To prove that {gn : n ∈ N} is linearly independent, suppose
∑m

i=1 aigni
=

0. Fix j ∈ {1, 2, ...,m} and choose any t ∈ Enj
⊆ E2. Then ajgnj

(t) +∑
i 6=j aigni

(t) = 0. Hence, ajx
∗(t) +

∑
i 6=j ai(

f(t)
‖f(t)‖) = 0. Since {x∗(t), f(t)

‖f(t)‖} is
linearly independent, then aj = 0 for all 1 ≤ j ≤ m. This, again, proves that
f is not a multismooth point in L1(µ,X) of any finite order.
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