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Abstract

In a recent note, we proved a Fuglede-Putnam commutativity theorem for almost
normal operators with finite modulus of Co-quasitriangularity modulo the Hilbert-
Schmidt class. In this note we show how our proof can be adjusted to the case of
normal operators to obtain an optimal norm estimate obtained by G. Weiss. The
result is also reviewed in the case of almost normal operators with zero modulus of
Ca-quasitriangularity for the operator and its adjoint and an example is provided.
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Let H be a separable, infinite dimensional, complex Hilbert space, and
denote by L(H) the algebra of all bounded linear operators on H and by
Ci(H) and Cy(H) the trace class and Hilbert-Schmidt class, respectively. For
an operator T € L(H), let Dr denote its self-commutator, that is 77T — T'T*.
An operator T' € L(H) for which Dy € C; is called almost normal. We will
denote the class of almost normal operators on H by AN (H).

The classical Fuglede-Putnam theorem states if M, N € L(#) are normal
operators and X € L(#) is such that M X = XN, then M*X = XN*. G.
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Weiss (see [8,9]) extended this result by proving that if M, N € L(H) are
normal operators and X € L(H) such that M X — XN € Cy(H), then M*X —
XN* € Cy(H) and

IM"X — XN¥[|s = [|MX — XN|.

T. Furuta ([1]) and F. Kittaneh (]2]) extended the above result to subnor-
mal operators (a subnormal operator is the restriction of a normal operator to
an invariant subspace) by proving that if M, N* € L(H) are subnormal opera-
tors and X € L(H) such that M X — XN € Co(H), then M*X — X N* € Co(H)
and

IM*X — XN*||y < [|MX — XN},

Kittaneh [2] provided some result that suggested that it would be interest-
ing to investigate Fuglede-Putnam generalizations in which operators M, N
are almost normal. For instance, he proved that if S € L(#) is an almost
normal subnormal operator and SX — XS € Cy(H) for some X € L(H), then
S*X — XS* € Co(H).

In [3] we extended Fuglede-Putnam theorem to operators that are almost
normal operators that have finite modulus of Cy-quasitriangularity modulo
Hilbert-Schmidt class.

Let P(H), (or simply P) denote the set of all finite rank orthogonal pro-
jections on H. Recall (see [4]) that the modulus of Co-quasitriangularity of an
operator 7' € L(H) is

02(T) = liminf||(1 = P)TP|2.

where lim inf is with respect to the natural order on P.
Recall that if m(7T") denotes the rational cyclicity of T', then ([6])

¢ (T) < (m(T))= [|T|l,

that is, operators of finite rational cyclicity have finite modulus of Co-quasitriangularity.
According to [7], if T € AN(H) and ¢(T) < oo, then ¢(T*) < oo and
there exists a sequence P, € P, n > 1, with P, T I strongly, so that

Jim [[(1 — B)TP,ly = go(T) and lim [|(1 — P)T* Plly = go(T"),
and
¢ (T) = ¢;(T*) + Tr(Dr).

We will use the following idea that was first used by T. Furuta [1], namely
if 71, Ty € L(H), then the operator Aq 1,(X) = 71X — XT), defined on the
Hilbert space Co(H) (with inner product (X,Y)s = Tr (XY™)) has its adjoint
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given by A% 7, (X) = Ty X — XT; and thus the self-commutator of Ay :=
AT17T2 is
Dy (X) =D X — XDr, = Apy, pr, (X).

Using operator theoretic concepts, we proved in [3] the following.

Theorem 1. Let S € AN(H) with ¢2(S) < oo and let X € L(H) such that
R:=SX — XS e€Cy(H). Then Q:=S*X — XS* € Co(H).

The proof of Theorem 1 provided the estimate
QI < 4[IRIIZ +[1X|* (81/Ds| i + 3045(S) + 26 45(S7)),

which implies that for a normal operator S € L(H), ||Q]]2 < 2||R||2, (since for
a normal operator S, ¢2(S) = ¢2(S*) = || Ds||1 = 0.)

The purpose of this note is to review the proof given in [3] and show that in
the case of a normal operator S € L(H), it gives the optimal estimate, namely

15X — X 5[]z = [|[SX — XS][2.

The proof depends only operator theoretic concepts rather than using gener-
ating functions defined by G. Weiss.

Proposition 2. Let S € L(H) be a normal operator and let X € L(H)
such that R := SX — XS € Co(H). Then Q := S*X — XS* € Co(H) and
Q12 < [|R]l2-

Proof. Let P, € P, n > 1, such that P, T I and

nh_)nolo /(I = P,)SP,||l2 = q2(95) and#i_}n;o [|(I = P,)S*P,||l2 = ¢2(5%) < 0.

It is known now ([5]) that for a normal operator S, ¢2(S) = ¢2(S*) = 0.
Then |[|QP,|]3 = Tr (P.Q*QP,) T Tr(Q*Q). We need to prove that the
sequence {||QPF,||2}» is bounded above. Write

_ Sln SQn _ Xln X2n
5= (S?m S4n) and X = (X?m X4n> ’
relative to the decomposition of H as P,H & (I — P,)H. Thus

Q _ anXln -+ S;:nX3n — Xlnan — Xgnsgn * _ Qll —+ Q32 *
SanXin + St,Xan — X3,57, — XunS;,  * Qu + Qa2 *

where Q11 = ST, X1, — X0,.57,, @s2 = 95, X3, — X0p55,, Qa1 = S5, Xsn —
X3nSTn7 and QQQ = S;nXln - X4n5;n Consequentl.Y7 ||QP7L||% = ||Q11 +
Q3|3 + [|Qu + Q22]3.
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Next we estimate the Hilbert-Schmidt norm of each of the @)’s. We begin
with (Q32, namely

1Qully = 115X, — XauSialls < (1XI1115 1+ 11X]] 1155, 12* <
< 2| (113011 +1155,1) — 211X (63(5) + (7).

and thus
||Q32]2 — 0, (1)

(recall that all s depend on n.)
Denote A1 (X) = 51, X — XSy, defined on Co(P,H); therefore

Qll = AT1<X1n) = anXln - XlnS*

1n>

and thus
(AT}, An](Xin) = Ds,, Xin — X1 D,

and then

A1 (X1n)I13 = AT (Xi)l[3 = ([Afy, An](Xin), Xin)2 =
= Tr (Ds,, X1n X7,) — Tr (X1n Dy, X7,,) =
= Tr (X7, Ds,, X1n) — Tr (X1, Ds,, X7,).

A matrix calculation shows that P,DgP, = Dg,, + 55,53, — 52,55, and thus

XiknDSthln - Xik DSXln - ansgnsimel" + XianZnS;nXln

n

and

XlnDslnXikn — XlnDSXikn - XlnSEJ,anZSnXikn + XlnS2nS;nX*

In>

respectively. Therefore

187, (X1a) 3~ 1802 (X1a)|3 = ~Tr (X7, Dsy, X1n) + T (X1,Ds,, X7,) =
Tr (X1, Ds X)) — Tr (X155, 30 X5) 4 Tr (X150, 55 X5 ) —
—Tr (anDSXln) + Tr (XiknsgnSanln) —Tr (XianQnS;nxln) S
< Tr(X1,DsX},) — Tr (X7, DsXin)+
+TI' (XlnSQHS;nXTn) + Tr (anSg‘nSanln) S
< 2| X2 1D |y + (155,57, [ + 150X 1] 3 —
S X2 211Dslh + 63(S) + g3(57),

and consequently
1Quill2 < [[Rull2, (2)

where Ry; = 51, X1, — X151, = A11(X1n), and < means that the difference
between right hand side and left hand side is bounded above by a non-negative
sequence that converges to 0. Combining (1) and (2), one obtains

Q11 + Q2|2 < [|Quill2 + [|@s2]l2 S [ Ruxll2 (3)
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The operator Qq = S}, X3, — X3,57

1. can be viewed as A} (X3,), where
A}, is the adjoint of

Ayt : Co(PyH, (I — P)H) — Co(P/H, (I — P)H)
defined by Ay (V) =S4, Y — Y Sy,. Denoting Ay (X3,) by Ryr, we have

[[Ral[3 = [1Qall3 = [|Au1(Xsn)|[5 — | A% (Xsn)][5 =
= ([Al, Aul(X3zn), X3n)2 = Tr (Ds,, X3,X3,) — Tr (X3, Ds,, X3,) =
= Tr (X3, Ds,, X3,) — Tr (X3, Ds,, X3,).

Since X3, = (I — P,)X P,, and thus X}, = P, X*(I — P,), and using again the
matrix representation of Dg relative to the decomposition of H into P,H &
(I — P,)H, that is P,DgP, = Dsg,, + S5, — S2,553,, we obtain

X3nD51nX§n - X3TZ(DS - Sékns?m + SQnS;n)X;’:n -
= X35, D5 X3, — X3,55%,53, X5, + X3,.52,55, X3,

On other hand (I — P,)Ds(I — P,) = Dg,, + 55,52, — S3,5%,, which implies

XgnDS4nX3” - Xékn(DS - S;nSQTL + S3nS§n)X3n -
= X;,Ds X3, — X5,55,52,Xan + X3,55,.55, Xsn.

Thus

1Qul3 = l|Rarl 3 = =T (X3, D, Xan) + Tr (Xgo Ds,, X,) =
=Tr <X3nDSX§n) —Tr (XgnsgnS:an;n) + Tr (X3n52nS§nX§n>+
—Tr (X2, DgXan) + Tr (X2, S5 Son Xan) — Tt (X2 S305% Xan) <
< Tr (X3, DsX%,) — Tr (X2, DsXan)+
+1r (X3nS?nS;nX§n) + Tr (XgnSSnSQnXi;n) <
< 2|1XI2 | Dslls + 1155, X5l + || S20 Xsal =

n

= [|X[]* (211 Dsll +243(5")),

SO

|Qarll2 < |[Raxl]2- (4)
Finally, Q9 = 55, X1, — X4,55, can be handled similarly to ()32, namely

Qa2 < 11525l 1 Xan]| + [ Xanl [ [[55,]1; < 2[[X ({15202,

and thus
||Q22[]2 — 0. (5)

According to (4) and (5),

Qa1 + Q]2 < ||Quill2 + ||Q22]]2 S || Ratll2s (6)
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and consequently,

QP2 S [|Ruxll2 + || Rarl]2- (7)

The proof will be finished after we establish that ||Ryi|l2 + ||Ra1ll2 is
bounded. Since R € Co(H), ||RP,||3 1 Tr (R*R), and thus ||RP,]||3 is bounded
above by ||R||3.

The representation of R relative to the decomposition of H into P, H&® (I —

P,)H is
Ri1 + Raz
Ry + Rz %)’
where R23 = Sangn - X2n53n and R33 = S3nX1n - X4ns3n7 and therefore

|RP,|[3 = [|R11 + Rasll5 + ||Ra + Rasl[3. (8)

On other hand,
[|R11]l2 < ||R11 + Rasll2 + || Rasl|2

and
|| Rasll3 < 21| X|* (45(S) + ¢3(S)) — 0,
and thus
[Ri1[l2 S [[Ra1 + Ras|lo. (9)
Similarly
[Rarll2 < [[Ra1 + Rasll2 + |[ R |2
and
|| R3]z = 0,
and therefore
[Rar[l2 S [[Ra1 + Ras|l2. (10)
According to (9) and (10),
[Rirll2 + [[Rarll2 S [[Ri1 + Ros|l2 + [|Rar + Ras|l2, (11)
and thus
[[Ri1ll2 + [[Rarll2 S [|RP|]2- (12)

Finally, according to (7) and (12),
QB2 S [[BP]2;

and thus
Q]2 < ||R]]2,

which ends the proof. O

Applying Proposition 2 to S*, one obtains the following.
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Corollary 3. If S € L(H) is a normal operator and X € L(H) is such that
R:=5X — XS €Cy(H), then Q := S*X — XS* € Co(H) and ||Q||2 = || R]]2-

It is an elementary step to extend the above Corollary to two normal oper-
ators and to deduce the Hilbert-Schmidt norm equality obtained by G. Weiss.
A careful reviewing of the proof of Proposition 2 leads to the following.

Theorem 4. Let S € AN(H) satisfy q2(S) = ¢2(S*) = 0 and let X € L(H)
such that R := SX — XS € Co(H). Then Q := S*X — XS* € Co(H) and

Q2 < [[R[l2 + c|IX]] - [|Ds|f, where ¢ > 0.
This implies, by a standard argument, the following.

Theorem 5. Let Sy, Sy € AN(H) satisfy q2(S1) = ¢(S2) = q(S7) =
02(S5) = 0 and let X € L(H) such that R := S1X — XSy € Co(H). Then
Q = 51X = X55 € Co(H) and [|Ql2 < |[R]l2 + c||X][| - (I[Dsy ||y + [[Ds, [[1)2,
where ¢ > 0.

Proof. Set S = S; @& Sy and observe that S € AN(H) and ¢2(S) = 0 since
@3 (S) < ¢3(S1) + ¢3(S2) and Tr(Dg) = Tr(Dg,) + Tr(Dg,) = 0, and thus
¢2(S*) = 0, and apply Theorem 4 to get the desired conclusion. O

The following is an example of a subnormal operator that is almost normal
with modulus of C-quasitriangularity and the trace of its self-commutator
equal zero, such that the Hilbert-Schmidt norm of R and () are not equal.

Example 6. Let H = [*(N), and Sy be the weighted (unilateral) shift with
weights %, ﬁ, ..., let S be a block-weighted shift defined on 1>(N)(>) in which
the nonzero blocks are S1, Sy, . ... Let X € L(I>(N)(*)) be the also a block-shift
with all nonzero blocks equal to the identity, that is X = Sy ® I, where Sy is
the standard (unilateral) shift.

It is an entertaining exercise and is left to the reader to see that the operator
S satisfies the above properties and that ||[SX — X S||2 # |[|S*X — X S5].
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