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Abstract

In this note we derive the explicit, non-recursive form of the coeffi-
cients of the polynomial associated with the sums of powers of the first
n odd integers. As a by-product, we deduce a couple of new identities
involving the Bernoulli numbers.
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1 Introduction

In this note we deal with the sums of powers of the first n odd integers
Or(n) =1"+3"4+5"+---+(2n—1)",

where r =1,2,3,... . As we can learn from Theorem V in a paper by Witmer

[4], it turns out that, for odd r = 2p — 1 (p = 1,2,3,...), Ogy_1(n) can be
expressed as the even polynomial in n:

p
Op1(n) =Y Eppn®™, (1)
k=1
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where the coefficients F, ; are rational numbers independent of n that satisfy
E,, = 2%72/p, and the recursion formula

1227 9
E,,=—— E k < p.
P 2p (27' - 1) " Y

Note that, for the case p = 1, from (1) we retrieve the well-known identity
I+3+5+--+(2n—1)=

On the other hand, from Theorem VI in [4], it follows that, for even r = 2p
(p=1,2,3,...), Og(n) can be expressed as the odd polynomial in n:

OQp Z F, ,kn2k+17 (2)

where the coefficients F}, ;, are rational numbers independent of n that satisfy
F,,=2%/(2p+1), and the recursion formula

p—1
2p+1
< > gk /{:<p.

j =0

Moreover, Guo and Shen [2] gave recently the following factorized forms
for Oy,—1(n) and Ogy(n):

ng 1 —n ZC 7’L2p 2k (3)

p
Ogp(n) =n(2n —1)(2n + 1) Y " Dyy(2n — 1P (2n + 1)P 7, (4)
k=1
together with the corresponding recurrence formulae to compute the rational
coefficients Cp,, and D, (k=1,2,...,p).

However, as far as the present author is aware, there exist no explicit
(recurrence-free) formulae for either E,;, F,x, Cpi, or D, in the current
literature. The purpose of this note is to provide an explicit formula for these
coefficients.

2 Determination of the coefficients F,; and
F,

To obtain E, ;, we employ, on the one hand, the easily confirmed relation

Op(n) = S,(2n) — 2°S,(n), (5)
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where S,(n) = 1P + 2P + 3P 4 - .- 4+ nP is the ordinary power sum of the first n
positive integers. On the other hand, we use the well-known Bernoulli formula
according to which (e.g. see [3])

1 p+1 —
Sp(n) = m < ; )Bm”“ ’ (6)

where the B;’s are the Bernoulli numbers, namely By = 1, By = 3, By = ¢,

Bs =0, By = etc. Thus, using (5) and (6), we have

N

30’

12 /9
Oap-1(n) = — Z ( P) (277 = 2%7) Bin™”

2p — \1

1 (2}9) (2j B 22p—1)B2p_jnj

2p J

2p—2 2p—2
= 27 nzp + i Z (2p> (2] — 22p—1)ng_j7’Lj.

p 2p = \J

Since B; = 0 for all odd ¢ > 3, this can be written as

1 p
O2p 1 = 2_ g < > 22k — 22”71)327),%71%
k=

Comparing this expression with (1), we deduce that

L (2p _
E,i= o (%) (2% — 2" By, oy, k=1,2,...,p. (7)

Proceeding the same way with Og,(n), we get

On(n) = 1 Xp: 2p+1 (22k+1 _ 22p)B 2kt
2 2p+ 14 \2k+1 2 ’

and then, from (2), we deduce that

1 2p+1 okt 1 9
F, . = 9+l _92\pB, k=0,1,2,....,p. 8
pk 2p+1(2k:+1>( ) 2p—2k> > ) (8)

Let us note the relationships

F,

p,O - (2 — 22[)) sz,
4p >

Fp,k:—2k+1 ok, for k=12 ...,p.
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Furthermore, since Oap,_1(1) = Ogy(1) = 1, wehave that > 7 _ Epp = > 4o Fpr =
1, from which we obtain the identities

Zp: 2p (22k - 22p—1>B =2
£ ok 2p—2k )

and

> (21 — 2%") By, op = 2p + 1.

" op+1
‘ 2k+1

3 Determination of the coefficients C,; and
Dy x

In view of equations ( ) and (

1), it ollows that the coefficients C, ; and £,
are related by Cpr = Eppr1- (k=

,p). Thus from (7) we get

),
k
22p 2
Cp,k’ - D (2k—2) 23 2k _ BQk’—Qa k= 172a"'7p'

On the other hand, in order to determine the coefficients D, ;, we rely on
the following two pieces of information:

1. By Corollary 2.2 in [2], it holds that D, = 2**7'B,, (k = 1,2,...,p),
where the B, ;’s are the (unspecified) coefficients of the polynomial for

Szp(n)I
Sgp( )—227’L+1 Sl ZBpk 251 s (9)
where Si(n) =n(n+1)/2.
2. In [1], Sy,(n) is expressed as

p—1

1 9 ;
Sapl(n) = (n+ 5)S1(n) D FF7 (Si(n)’, (10)
=0
where!
p 2m~+1-2
, 2p m \ 2 P—1
F-(zp) =&/t ————Bo om. 11
J mzzl om ) \j+1) 22m(2m +1) *? (11)
IStrictly speaking, in [1] the summation appearing in the formula for Fj@p ) starts at

m = 0. However, nothing changes if the summation starts at m = 1 because the term
corresponding to m = 0 does vanish for all values of j =0,1,2,...,p— 1.
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Therefore, by equating the polynomials in (9) and (10), it is readily seen that
By = Fﬁlzﬂi””*k, and then from (11) we obtain

1 /2 m 2 — 22p—2m
B, = = Bopoom.
PE T k-l 2 (Qm) (p +1-— k) om+1 P

m=1

To get the desired coefficients D, ;, we simply have to multiply this expression
by 22k—1:

p 2p—2m
2p m 2—2°
D,y = E —— Bsy, o, k=1,2,...,p. 12
Pk o (2m><p+1—k) om+1 PP b (12)

=1

From formula (12) we quickly find that D,; = 1/(2p + 1), a result already
given in [2].

However, by using (12) we can directly evaluate the factorized form (4)
of Oy,(n) without resorting to any recurrence formulae. As a simple exam-
ple, next we give explicitly the polynomial for O14(n) whose coefficients are
obtained from (12):

M43 45 2n -1

1 2 44 281
=nN (—N6 — —8N5 + —8N4 — ﬁN3 +

91904 28672
15 15 15 9 45 ’

N? — 7T168N + 3

where N is shorthand notation for (2n—1)(2n+1). Note that the obtained co-
efficients D7y, k =1,2,...,7, alternate in sign in accordance with the general
rule sgn D, = (—1)* k=1,2,...,p, conjectured in [2].

Further, we observe that O,,(n) can alternatively be expressed as

p
Ogp(n) = nz D;),ka,
k=1
where
p 2p—2
2p\ [m)\ 2 — 2°P~°™
D, = ————— By o, k=1,2,...,p. 13
Pk Z(Qm)(k) om4+1 P b (13)

m=1

Finally, we note the relationships between the coefficients Fj, ; of the poly-
nomial (2) and the coefficients Dy, ,:

p

Fpo = Z(‘l)kD;,ka

k=1

p
Fpp=2%) (-1)"* (Z) D, fork=12,...,p.
s=k
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From the above relationships, we can deduce a couple of new identities in-
volving the Bernoulli numbers. Indeed, using (13), and recalling that F,, =
(2 — 2%) By, from the first relationship we obtain

p p 2p—2m
2p\ (m)\ 2 — 2P
200 (Qm) (k> By = (2-27) By,

k=1 m=1

Likewise, using (8) and (13), from the second relationship we obtain

S () () (1)

s=k m=1
1 (2p+1 2p—2k
— 2 — 2%\,
2p+1<2k‘+1>( ) Bap-ak

which holds for k =1,2,...,p.
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