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Abstract

An LA-module over an LA-ring is defined in [19]. We define and
construct a tensor product of two LA-modules. Although, LA-groups
and LA-modules need not to be abelian, the new construction behaves
like standard definition of the tensor product of usual modules over a
ring. We then extend some simple results from the ordinary tensor to
the new setting.
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0 Introduction

The main motivation of the work in this paper is to generalize the concept of
tensor product from the commutative case to the non-commutative case. It
is well known that mathematicians define the tensor product for the vector
spaces as well as of modules. For algebras over a field, mathematicians have
done a lot of work in this direction (see page 229 in [5, Theorem 7.4, Chapter
4]). On the other hand, the definition of tensor product of non abalian groups
is another story and there are also a substantial work in this topic, see [1, 2, 6].

In literature, there are many attempts to generalize the concept of a group.
For old studies and survey on algebraic theory of semi-groups, the reader can
see the surveys [3]. One direction is the notion of LA-groups. The same thing
for the concept of a ring. As far as we know, the concept of LA-rings is well
known, see [19, 11].

People from Quaid-i-Azam university in Pakistan studied this notion. They
gave a substantial contributions for the concepts of LA-semigroups and LA-
groups. See the references [8, 9, 10, 12, 13, 15, 16, 18] for more details. In
fact, we have seen a good efforts and well organized materials in Muhammed
Sarwar’s thesis [14]. In [17], we have seen some investigations of special class
of semi-groups. Topological structures on LA-semi-groups appeared in [15].

However, the construction of tensor product of such algebraic structures is
not exist in the literature. Another motivation for our work is that we believe
that the non-commutative case occurs often in the applications of algebras in
sciences and the topic of LA-modules is close to the commutative case.

Now we shall use the the paper [19] which deals with the notion of LA-
modules. An LA-module over an LA-ring behaves like module and ring respec-
tively. These concepts are very close to the commutative case. Consequently,
we shall adapted the definition of the tensor product through the commutative
case.

However, we need to consider some parallel results such as basis, direct
sum decomposition and free modules. We have adapted standard approaches
such as in [7, Theorem 4.1, Chapter 3] as well as in [5, Theorem 2.1, Chapter
4]. For the parallel results for the tensor product, we follow, in a verbatim
way, the new book [4, Section 27, page 351].

We organize the paper as follows: In Section one, we recast the concept
of LA-module, LA-ring and the related definitions such as LA-bilinear maps.
Section 2 has been devoted to the new concept which we call it tensor product
or LA-Tensor product as well as some parallel results to the ordinary case.
The main result in this section is the existence of the tensor product of two
LA-modules over an LA-ring.



Tensor product of LA-modules 1311

1 LA-groups, LA-rings and LA-modules

Let us start by recalling some definitions.

Definition 1.1 A groupoid (M, · ) is called a left almost group (LA-group
for short) if the following hold:

1. there exists an element e ∈M such that e·m = m for all m ∈M .

2. for each m ∈M , there exists m
′ ∈M such that m

′·m = e.

3. for each m,n, k ∈M , we have (m·n)· k = (k·n)·m.

LA-groups exist and in general if (M, · ) is an abelian group then (M, ∗) is an
LA-group, where the operation ∗ is defined in term of ”· ” as follows: for all
m,n ∈ M , m ∗ n := n·m−1. So, the integers with usual subtraction is an
example of an LA-group.

The cancellation law holds in LA-groups and if N is a non empty subset
of an LA-group M then (N, · ) is an LA-subgroup of M if (N, · ) is itself an
LA-group. In particular, A non-empty subset N of an LA-group M is an
LA-subgroup of M if and only if for all n, n

′ ∈ N we have n·n′ ∈ N .

One can consider the left coset of an LA-subgroup N of an LA-group M .
There is an interesting property of LA-groups in such a way that if N is an
LA-subgroup of an LA-group M then for all x, y ∈ M , we have (x· y)·N =
N · (y·x). It follows that the set of all left coset of N in M namely M/N is an
LA-group. This holds without speaking of the concept of normal subgroup.

In general, an LA-group need not to be associative. There is a relationship
between being abelain or associative. In fact, an LA-group is associative if and
only if it is abelian. For more properties, see Chapter 5 in [14].

As in [19], we consider an LA-ring R and an LA-group M . Then M is an
LA-module if there is an action from R on M in such a way the following hold:

• For all m ∈M and r1, r2 ∈ R, we have (r1 + r2)m = r1m+ r2m.

• For all m1,m2 ∈M and r ∈ R, we have r(m1 +m2) = rm1 + rm2.

• For all m ∈M and r1, r2 ∈ R, we have r1(r2m) = r2(r1m).

• For all m ∈M we have 1Rm = m.

There are many examples which can be seen in the references mentioned above.
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2 The construction of LA-Tensor product

The aim of this work is to build the tensor product in the framework of LA-
modules and LA-rings. Before starting such construction, we need some tools.
One can see for non-abelian tensor product the crossed pairing maps as a tool.
Also, for the ordinary tensor product, we often use bi-linear maps. So, let us
define LA-bilinear map as follows.

The following definition is the cornerstone of our construction.

Definition 2.1 We consider an LA-ring R and M,N and X be LA-modules
over R. A map

B : M ×N −→ X

is said to be R-bilinear if and only if for every m,m′ ∈ M,n, n′ ∈ N and
r ∈ R, B satisfies the following conditions:

• B(m+m′, n) = B(m,n) +B(m′, n),

• B(rm, n) = r ·B(m,n),

• B(m,n+ n′) = B(m,n) +B(m,n′),

• B(m, rn) = r ·B(m,n).

Definition 2.2 Let R be an LA-ring. Let M and N be two LA-modules
over R. A tensor product of M and N over R is an LA-module M⊗RN which
is equipped with an LA-bilinear map :

τ : M ×N −→M ⊗R N

such that for each LA-module X over R and for each R-bilinear map

ϕ : M ×N −→ X,

there is a unique LA-homomorphism

Φ : M ⊗R N −→ X

such that the following diagram

-

6QQ
Q
Q
Q
QQs

M ⊗R N

τ

M ×N ϕ
X

Φ

commutes, that is ϕ = Φ ◦ τ.
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Now we would like to show that each or some properties of the usual tensor
product hold in the new setting.

Proposition 2.3 Let M and N be two LA-modules over an LA-ring R.
Tensor products of M and N over R are unique up to unique isomorphism.

Proof: Let T1, T2 two tensor products of M,N over R which are equipped,
respectively, with the R-bilinear maps

τ1 : M ×N −→ T1 , τ2 : M ×N −→ T2

that satisfy Definition(2.3).
Since T2 is an LA-module over R and τ2 : M ×N −→ T2 is an R-bilinear map,
then taking X = T2 and τ2 : M × N −→ T2 in place of ϕ : M × N −→ X in
Definition (2.3), there exists a unique LA-homomorphism Φ1 : T1 −→ T2 such
that the following diagram

-

6QQ
Q
Q
Q
QQs

T1

τ1

M ×N τ2
T2

Φ1

commutes, that is τ2 = Φ1 ◦ τ1 · · · (?).
Similarly, reversing the roles, we can find also a unique LA-homomorphism
Φ2 : T2 −→ T1 such that the following diagram

-

6QQ
Q
Q
Q
QQs

T2

τ2

M ×N τ1
T1

Φ2

commutes, that is τ1 = Φ2 ◦ τ2 · · · (??) .
From (?) and (??), we get the following diagram

�

?Q
Q
Q

Q
Q
Q

Q
Q
QQk

τ2

M ×N
τ1

Φ2

-

6Q
Q
Q
Q
Q
Q
Q
Q
QQs

T1

τ1

M ×N
τ2

T2

Φ1



1314 Ahmad M. Alghamdi and Fatiha Sahraoui

Since the maps Φ1,Φ2 are the unique maps that satisfy respectively (?) and
(??), then the maps Φ1 ◦Φ2, Φ2 ◦Φ1 are the unique maps that satisfy respec-
tively the following equalities:

τ1 = Φ2 ◦ Φ1 ◦ τ1 , τ2 = Φ1 ◦ Φ2 ◦ τ2.

But the identity map satisfies also the above equalities. Hence, the maps

Φ2 ◦ Φ1 : T1 −→ T1 , Φ1 ◦ Φ2 : T2 −→ T2

are necessarily equal to the identity map. Therefore, the maps Φ1 and Φ2 are
mutual inverses.

�

3 LA-Free modules and some parallel results

Let R be an LA-ring with left identity 1R. Let A be an LA-module over
the LA-ring R. Let X be a subset of A. Then we say that X is linearly
independent set over R or (LA- linearly independent over R) if for any choice
of distinct elements x1, x2, · · · , xn from X and r1, r2, · · · , rn from R it holds
that

∑i=n
i=1 rixi = 0 implies ri = 0 for all i. Now if A is generated by the set X

then we say that X spans A.
The following definition of LA-basis is the starting point to consider the

notion of LA-free module.

Definition 3.1 A linearly independent subset of the LA-module A that
spans A is called a basis of A or ( LA-basis).

The proof of the following proposition is similar to that in the ordinary
case in [5, Theorem 2.1, Chapter 4].

Proposition 3.2 Let R be an LA-ring with left identity and A be an LA-
module which is unitary ( that is 1Ra = a for all a ∈ A). Then the following
are equivalent:

1. A has a non-empty LA-basis.

2. There exists a non-empty set X and a function e : X → A with the
following universal property: Given any unitary LA-module B and a
function f : X → B there is a unique LA-homomorphism f̄ : A → B
such that f̄ ◦ e = f.

Definition 3.3 A unitary LA-module F over an LA-ring R which satisfies
any condition of the above proposition is called an LA-free module on the set
X.
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Proposition 3.4 Let M and N be two LA-modules over an LA-ring R.
The tensor product of M and N over R exists.

Proof: Let M and N be two LA-module over R and let F be an LA-free
module of M ×N with a canonical basis {e(m,n)}(m,n)∈M×N . We consider the
LA-submodule Y of F generated by all elements of F with form:

• V1(m+m′, n) = e(m+m′, n)− e(m,n)− e(m′, n),

• V2(rm, n) = e(rm, n)− r · e(m,n),

• V3(m,n+ n′) = e(m,n+ n′)− e(m,n)− e(m,n′),

• V4(m, rn) = e(m, rn)− r · e(m,n),

for all r ∈ R,m,m′ ∈M and n, n′ ∈ N .
We try to show that the tensor product M ⊗ N of M and N is exactly the
quotient module F/Y . According to our construction, F/Y is an LA-module
over R. Define the map π as follow:

π : F −→ F/Y
m 7−→ π(m) = Y +m

Then we deduce that π is a surjective LA-group homomorphism. So, the map

τ = π ◦ e : M ×N −→ F/Y

define a tensor product of M and N over R. In fact, depending to the structure
of the submodule Y defined above one can easily show that τ is an LA-bilinear
map.
Given now an LA-module X over R and an LA-bilinear map ϕ : M×N −→ X.
According to the universal property of LA-free modules, there exists a unique
LA-module homomorphism ψ : F −→ X such that ϕ = ψ ◦ e, that means the
following diagram commutes

-

6QQ
Q
Q
Q
QQs

F

e

M ×N ϕ
X

ψ

In the other hand, for all m,m′ ∈M and n, n′ ∈ N we have

ψ(V1(m+m′, n)) = ψ(e(m+m′, n)− e(m,n)− e(m′, n)).
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Since, ψ is a linear map and ϕ is bilinear, then

ψ(V1(m+m′, n)) = ψ(e(m+m′, n))− ψ(e(m,n))− ψ(e(m′, n))
= ψ ◦ e(m+m′, n)− ψ ◦ e(m,n)− ψ ◦ e(m′, n))
= ϕ(m+m′, n)− ϕ(m,n)− ϕ(m′, n))
= 0.

Following the same argument, we prove that

ψ(V2(rm, n)) = ψ(V3(m,n+ n′)) = ψ(V4(m, rn)) = 0,

that is

V1(m+m′, n), V2(rm, n), V3(m,n+ n′), V4(m, rn) ∈ kerψ

for all r ∈ R,m,m′ ∈ M and n, n′ ∈ N . But Y is an LA-submodule of F
generated by the elements of the set

{V1(m+m′, n), V2(rm, n), V3(m,n+n′), V4(m, rn) ; r ∈ R,m,m′ ∈M,n, n′ ∈ N},

thus Y ⊂ kerψ. According to the theorem of factorization of homomorphism,
ψ factors through F/Y , that is, there is an LA-homomorphism Φ : F/Y −→
X, such that ψ = Φ ◦ π : F −→ X. So, the uniqueness of ψ and the surjection
of π yield to the uniqueness of Φ. Indeed, for two maps Φ1 and Φ2 with
Φ1 ◦ π = ψ = Φ2 ◦ π, given x ∈ F/Y , since π is surjective, there exists y ∈ F ,
such that π(y) = x. Then,

Φ1(x) = Φ1 ◦ π(y) = ψ(y) = Φ2 ◦ π(y) = Φ2(x).

Thus, Φ1 = Φ2.
2

We remark that Proposition 2.3 guarantees the existence and the unique-
ness of the LA-tensor product.

Let M ⊗R N be the tensor product of two LA-modules M and N over an
LA-ring R defined by the map τ : M×N −→M⊗N . We denote by m⊗n the
image of (m,n) ∈M ×N under the map τ . Then, m⊗n is called a monomial
tensor. Through the behavior of the monomial tensors, we try to characterize
the LA-module M ⊗R N and we get the following result:

Proposition 3.5 Let M and N be two LA-modules over an LA-ring R.
The tensor product M ⊗RN of M and N over R is generated by the set of all
the monomial tensors m⊗ n with m ∈M and n ∈ N .

Proof: Let X be the LA-submodule of M⊗RN generated by the set of all the
monomial tensors m⊗n with m ∈M and n ∈ N . We prove that X = M⊗RN .
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Put Y = M ⊗R N/X and let π : M ⊗R N −→ Y be the canonical surjection.
We consider the map ϕ defined as follow:

ϕ : M ×N −→ Y
(m,n) 7−→ ϕ(m,n) = 0̄.

Since ϕ is R-bilinear, then according to Definition(2.3), there exists a unique
LA-homomorphism Φ : M ⊗N −→ Y such that

ϕ = Φ ◦ τ, (1)

where τ : M ×N −→M ⊗N is the map that defined the tensor product of M
and N . It is clair that the 0-map π : M ⊗RN −→ Y satisfies the equation(1).
On the other hand, for any (m,n) ∈M ×N , we have

τ(m× n) = m⊗ n ∈ X.

Therefore
π ◦ τ(m,n) = π(m⊗ n) = 0 = ϕ(m,n).

That means, the map π satisfies also the equation(1). Then, by the uniqueness
of the map Φ, we get Φ = π = 0. But π is surjective, then we have Y =
π(M ⊗N) = {0}. That is M ⊗N = X.

2

Proposition 3.6 Let M and N be two LA-modules over an LA-ring R
generated respectively by the sets {mα ∈ M ;α ∈ A}, {nβ ∈ N ; β ∈ B}. Then,
the tensor product M ⊗R N of M and N over R is generated by the set

{mα ⊗ nβ ∈M ⊗N ; (α, β) ∈ A×B}.

Proof: Since monomial tensors generate the tensor product, it suffices to
show that every monomial tensor is expressible in terms of mα ⊗ nβ. Let
m ∈M,n ∈ N , then

m =
∑
α∈A

rαmα and n =
∑
β∈B

sβnβ,

where rα, sβ ∈ R for all (α, β) ∈ A × B. Since the tensor product is defined
by a bilinear map, then we have:

m⊗ n =

(∑
α∈A

rαmα

)
⊗

(∑
β∈B

sβnβ

)
=

∑
(α,β)∈A×B

rαsβmα ⊗ nβ.

2
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4 Functorial properties of LA-modules

Now we discuss the tensor product of LA-module homomorphisms:
Let f : M →M

′
and g : N → N

′
be two LA-module homomorphisms over

an LA-ring R. We would like to define and study the tensor product map

f ⊗ g : M ⊗N →M
′ ⊗N ′

.

The natural definition for the above map is by the rule:

f ⊗ g(m⊗ n) = f(m)⊗ g(n),

for all m ∈M and all n ∈ N.
Now it is not difficult to show that f⊗g is well-defined. In fact, this map is

the unique LA-module homomorphism which is compatible with the definition
of the LA-tensor product M ⊗N .

Let us parallel some results in the ordinary tensor product in the case of
LA-module homomorphisms.

Proposition 4.1 Let f : M → M
′

and g : N → N
′

be two LA-module
homomorphisms over an LA-ring R. Then we have:

• If f and g are onto then f ⊗ g is onto.

• If f and g are onto then we have

kernel(f ⊗ g) = kerenl(f)⊗N +M ⊗ kernel(g).

• If R is commutative LA-ring and I and J are ideals of R. Then there is
an LA-module isomorphism R/I ⊗R/J ∼= R/(I + J).

The proof of the following theorem is straightforward from the definition.

Theorem 4.2 If R is an LA-ring with identity and M is a unitary LA-
modules over R. Then there is an LA-isomorphism M ⊗R ∼= M .
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