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Abstract

In this paper we give a sufficient condition for the existence and con-
struction of a symmetric nonnegative matrix with prescribed spectrum,
and a sufficient conditon for the existence and construction of a 4 x 4
symmetric nonnegative matrix with prescribed spectrum and diagonal
entries. This last condition is independent of the sufficient condition
given by Fiedler [LAA 9 (1974) 119-142]. We also give some partial
answers on an open question of Guo [LAA 266 (1997) 261-270] about
symmetric nonnegative matrices.
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1 Introduction

The nonnegative inverse eigenvalue problem (NIEP) is the problem of finding
necessary and sufficient conditions for the existence of an entrywise nonnega-
tive matrix with prescribed complex spectrum A = {\;, A, ..., A\, }. A complete
solution to this problem is only known for lists of n < 4 numbers. If there
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exists a nonnegative matrix A with spectrum A, we say that A is realizable
and that A is the realizing matrix. If the nonnegative matrix A is required to
be symmetric we have the symmetric nonnegative inverse eigenvalue problem
(SNIEP). The first results related with the SNIEP were obtained by Fiedler
2] in 1974. Sufficient conditions for the problem to have a solution have been
obtained, among other, in chronological order, in [2, 11, 8, 9, 5]. In [12], Spec-
tor gives a necessary and sufficient condition for the SNIEP, in the case n =5
with 327 A\ =0

Theorem 1.1 Spector [12] Let A = {\1, Xa,... , A5} be a list of real numbers
with Z?:1 Ai = 0. Then A is the spectrum of a symmetric nonnegative matrizc
if and only if

i) Si(0) = Y7, A =0,

i) Sy(A) =37, AP >0,

i1i) Ao + A5 < 0.

Based in a result of Horn [4] we give, in section 2, a new constructible sufficient
condition for the existence of a symmetric nonnegative matrix with prescribed
spectrum.

The following result, which has been exploited with success in connection with
the NIEP, is a rank-r perturbation result, due to Rado and introduced by
Perfect [6], which shows how to modify r eigenvalues of an n X n matrix, via a
rank—r perturbation, without changing any of the remaining n—r eigenvalues.

Theorem 1.2 Rado [6] Let A be an n X n arbitrary matriz with spectrum

A= {\, Ao, ) Let X =[xy |-+ | x,] be such that rank(X) = r and
Ax; = \x;, 1 =1,...,r,r <n. Let C be an r x n arbitrary matriz. Then A+
XC' has eigenvalues piy, ... ey Aps1, .. Ap, where py, ..., @, are eigenvalues

of the matriz Q + CX with Q = diag{\, ... , A\ }.

The case r = 1 in Theorem 1.2, constitutes a well known theorem of Brauer |1,
Theorem 27], also exploited with success in connection with the NIEP. In [9]
the authors introduce a symmetric version of Rado’s Theorem 1.2, that is, if
A and C are symmetric, and X1, Xs, ... , X, are orthonormal eigenvectors of A,
then A + XCX7 is also symmetric with eigenvalues ji1, ... , fr, Mgty - -+ s s
where p1, ... , p, are eigenvalues of the matrix (24-C' To applied this symmetric
version, we need to guarantee the existence of an r X r symmetric nonnegative
matrix B = () + C with prescribed eigenvalues and diagonal entries. This is a
difficult open problem, for which some conditions are known [2]. In section 3
we give an independent sufficient condition for n = 4.

In [3] Guo shows that if a list of complex numbers A = {A;, \g, ..., A\, }, with
A1 > |Ni|,i=2,...,n, and Ay being real, is realizable, then the perturbed list
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Ac={M + € 26 A3, ..., A\, } is also realizable. Guo set the question: if A is
symmetrically realizable, is A. symmetrically realizable? This is still an open
question, which we consider in section 4. We shall need the following result
due to Fiedler:

Lemma 1.1 Fiedler If the lists of real numbers {aq, aq, ..., ay} and
{B1,Ba, ..., Bn} are symmetrically realizable and oy > By, then for any 6 > 0,

A:{a1+5,ﬁ1—5,a2,... 7am7527"' 7571}

15 also symmetrically realizable.

We observe that Lemma 1.1 is a particular case (r = 2) of the Rado result.

The paper is organized as follows: In section 2 we give a sufficient condition
for the existence of a symmetric nonnegative matrix with prescribed spectrum.
This condition generates an algorithmic procedure to compute a solution ma-
trix. In section 3, we introduce a sufficient condition for the existence of a 4 x4
symmetric nonnegative matrix with prescribed spectrum and diagonal entries.
This condition is independent of the Fiedler’s sufficient condition given in |2,
Theorem 4.4]. In section 4 we discuss about an open question of Guo [3] for
symmetric nonnegative matrices and we give some partial answers. We also
show some exemples to illustrate the results.

2 A sufficient condition for SNIEP

Let A = {\1, Ao, ..., A\, } be alist of real numbers with \; > \;11,i=1,...,n—1
and Ay > |\, i = 2,...,n. We shall say that A is symmetrically realizable, if
there exists a symmetric nonnegative matrix A with spectrum A. The origin
of this section is the following result, due to Horn [4]:

Theorem 2.1 Horn [4] Let {u;}1, and {\;}!4]' be two sequences of real num-
bers such that \y > p1 > Ao > pig > -+ > iy > Ay Let
D = diag{, pi2, .-, fin }- Then there exists a real number a and a vector’y € R™

such that {1, Ao, ..., Ans1} is the spectrum of the symmetric matriz
Dy
N

Next, we give the following sufficient condition, for the existence and construc-
tion of a symmetric nonnegative matrix with prescribed spectrum.
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Theorem 2.2 Let the lists of real numbers A = {1, Ao, ..., A\py1} and
[ = {1, pa, o pin} be satisfying

AL > A > g > >y > At

with 7N — S0 > 0. Let P be an orthogonal matriz and
D = diag{p1, 2, ..., i }. If T' is symmetrically realizable by the nonnegative
matriz B = PDPT andy = (y1, Y2, -, yn)? € R" is such that Py > 0, where

2 _ __ILi(ei=Xg) ; ; ;
Yi = T o) then A is symmetrically realizable.

Proof. Let a = Y11\, — 3% ;> 0.

Consider the orthogonal matrix

P 0
=5 1)
From Theorem 2.1, the matrix
— [ Dy
4= l y' oa }
has the spectrum A = {A;, Ay, ... , \ys1}. Since B is nonnegative and Py > 0,

it follows that the matrix

A P 0 D,y PT 0 _ B Py
0 1 y' a 0 1 (Py)T a
is nonnegative with spectrum A. m
Although the above result is not easy to apply, it allow us to decide about the
realizability of certain lists, for which other criteria give no realizability infor-

mation. The following examples show the usefulness of the sufficient condition
given by Theorem 2.2

Example 2.1 Consider the lists A = {6,1,1,—4,—4}. According to the Spec-
tor condition [12], A is symmetrically realizable. According to Lemma 1 in
[10], A is also the spectrum of a 5 X 5 nonnegative symmetric circulant matriz,
but as far as we know, no other criterion in the literature about the problem
allow us to decide about the symmetric realizability of this list. To construct
a realizing matriz we take the auziliary list T = {4,1, —1,—4}, interlacing the
list \. Then a = 0. T is realized by

0 3 0 0
2,/
B = Pdiag{4,1,—1,-4}PT = 50 03 414 ;
0o 0 o 4
0 2V14 3 0
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where
2V15 —v/210 —55v210  2V15
P SV15 V210 &£v210 —24V15
| V210 2V15 —EV1E —5v/210
V210 ZV16 2V15 55v/210

We compute y = (4/ 4—;,0, —

,0)T. Then the matrix

4 - [P 0] {diag{4,1,—1,4} y} {PT 0}
-0 1 yr 0 0 1
0 3 0 0 3
3.0 0 2v14 3
= 0 0 0 i V14,
0 2v14 4 0 0
3% 214 o0 0

18 symmetric nonnegative with spectrum A.

Example 2.2 Let us consider the list A = {9,8,—3,—5,—7}. The Spector
necessary condition iii), in Theorem 1.1, is not satisfied for the shifted list
A—% (zero trace). We show that A is the spectrum of a symmetric nonnegative
matriz: Let I' = {9,3,-3,—7}. Then D = diag{9,3,-3,—7}, a =0,y =
(0,4/40,0,0)7,

1 1
0 % -7 O
o L+ L 0
-’3:1\65\6i 1,Py>0,
2 K
n 003
and
0300
B r 13000
B_PDP_0018
00 8 1
Thus,
0 3 0 0 V20
3 0 0 0 V20
A= 0 0 18 0
0 0 81 0
V20 V20 0 0 0

is symmetric nonnegative with spectrum A.
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The procedure in the above examples requires to find a 4 x 4 orthogonal matrix
P such that PDPT is nonnegative whith D = diag{ju1, ... ,us}, and Py > 0.
Then we have

Corollary 2.1 Let A = {A,; Ao, A3, Ay, As ), T = {pa, po, ps, pa} be such that
N > g > g1, 0= 1,000,482 N =X >0,y € RYIf any of the
following statement is true:

1. Py 20 A p3 20> py,

2. Py > 0N g > 0> pg Ao >| pis |,

3. Py > 0N pg > 0> pug A po <| pi3 |,

4. Piy 2 0N py1 20> pg,

where
L 00 —L 0 % -5 0
V2 V2 V2 V2
1 00 4L o L L 0
Pl - V2 V2 ) P2 - 1 V2 V2 1
0 1.0 0 ? 0 0 —175
0 01 0 7 0 0 7
[ s Vet ]
Vi VaJhiia V2
Viites N —(p2tps) 1
Py = V2 —p2 V21 —p2 V2
—(p2+pis) ViEm . _ L
NeNIT NEN T V2
v/ —(p2413) N 1 0
| V2Vii—he V21— 12 2 ]
VELV 1t p2 . V=21t pe . V—u3 1
V21 Tz — 3/ — Rz V2 e — i/ — V2 e —ps V2
VLV 1 F 2 _ V=2t _ V—=I3 1
P4 — V2 12— 3/ 11 — 2 V212 —pa v/ —pe V22 —ps V2
VLY =3 N Viatpg 0 ’
Vi tp2—p3y/p—p2 Viitp2—p3/p—p2 Viitpz—ps
NET Vit 0 0
Vi —pz Vi —pz
then A is symmetrically realizable.
Proof. We recall that y € R* is defined by 3? = —M We shall
3 H],]#@(MZ p’j)

consider only the case 1. The proofs for the other cases are similar
1. Pry > 0 and p3 > 0 > py. Then we define the symmetric matrix

1 1 1 1
?Oo_lﬁo g 0 0 0 y 5 75 000
5 00 5 0 0 o 0 0 0 0 100
A=10 10 0 0 0 0 ps 0 ys 0 0 010
001 0 0 0 0 0 s ya ~% 75 000
0 00 0 1 Yi Y2 Yz Ys @ 0 0 001
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%/h + %,uz; %,ul - %/M 0 0 %\/im — %\/iyzi

SH1 — SHa st im0 0 5vV2u 4 5v2u
A= 0 0 p2 0 Y2
0 0 0 ps Ys
W2y — IV2ys W2y +1V2u e s a

It is clear that py > |w|, ¢ = 2,3,4. Thus u1 £ 244 > 0. As pz > 0, then
o > 0. Finally, since (Pyy)? > 0, A is symmetric nonnegative with spectrum
A =

3 Symmetric matrices with prescribed spec-
trum and diagonal entries

A perturbation result, due to Rado, Theorem 1.2, has been very useful for both
problems, the NIEP and the SNIEP. To apply this result, we need conditions
for the existence of an r X r, r < n, matrix with prescribed eigenvalues and
diagonal entries. This is the problem we consider in this section: Given two
lists of real numbers A = {A;; Ay, ..., A\, }, and D = {dy, ds, ..., d,,}, satisfying
M> N, i=2,n, M > > >N\, anddy >dy > -+ > d, > 0, respec-
tively, find sufficient conditions for the existence of a symmetric nonnegative
matrix A with spectrum A and diagonal entries d; € D. Since we are given the
diagonal entries dy, ds, ..., d,, and we look for a symmetric nonnegative matrix
A with spectrum A, this problem is also a completion problem. This is a dif-
ficult open problem, for which necessary and sufficient conditions are known
only for the cases n = 2 and n = 3 [2]. For n > 4 Fiedler gave the following
sufficient condition [2]:

Theorem 3.1 [2] Let \y > Ao > -+ > Ny and dy > dy > --- > d, >0 be
gien. If

S N> dit=1,2... ,n—1,

Z?:l Ai = Z?:l d;

M < dp_1,k=2,...,n—1,
then there exists a symmetric nonnegative matriz with spectrum {1, Aa, ... , Ay}
and diagonal entries dy,dso, ... ,d,.

Next we give the following sufficient condition for the case n = 4. Since we
consider the case Ay > di, our condition is independent from the condition of
Theorem 3.1. In orden to simplify the statement of this result let Ay > Ay >
A3 > M and dy > dy > d3 > dy be lists of real numbers, with Z?Zl A =
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S . di, and Ay > dy > 3. Then we define

b= (A —di)he — di)(di — As3)(dy — A\s)
¢ = (dy — d3)*(dy — da)* + 4b

=2 + % 41 \/2\/ + (dy — d2)? + (dy — d3)?
_ dl
I3 = ds + ds _ —\/2\/_+ dy — d3)? + (dy — d3)?,
and
a= /(1 — dz) (11 — ds)
)2 = (k1 = M) (1 = A2) (g = As)(pa — M)
' (11 — )(Ml 113)
yz__(M:a—)\l)( A2) (3 — As)(ps — Ad)
’ (1s = 1) (s — pi2)

m = 4&2 + (dg — d3)2.

Theorem 3.2 Let \y > Ao > A3 > Ay and dy > dy > d3 > dy be lists of real
numbers with Zle A = Z?Zl d;, and Ny > dy > Ns. If the inequalities

i) (A —da) (M — d3)? — (M — d3)(dy — da)(dy — d3) >
(A2 —di)(dr — A3)(di — A4)

i1) (M —di)( A2 —dy)(dy — A3)(dy — A\y) >
(A2 = d2) (A2 — d3)((A2 — d2) (A2 — d3) — (dy — da)(d1 — d3))

i11) (M —di) (A —di)(di — A3)(dy — \y) 2>
(ds — A3)(d2 — A3)((ds — A3)(da — A3) — (di — da)(d1 — d3))

Z"U) (d3 — )\4)2(612 — )\4)2 — (dl — dg)(dl — d3)(d3 — /\4)(d2 — /\4) Z
(M —di) (A2 — di)(di — A3)(di — M\a)

v) |vs|| (de — d3 + Vm)y > |vi|l (ds — da + \/E)y&

where
0 1 0
Vi = d2_d23:\/m , Vo = 0 , V3 = d2—d23a—\/7’71 )
1 0 1

are satisfied, then there exists a symmetric nonnegative matrix with eigenvalues
A1, Ag, Az, Ay and diagonal entries dy, ds, ds, dy.
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Proof. Let
d 0 0
B = 0 dg a
0 a dg

be a matrix with eigenvalues 1, o, pt3. Then dy = py and
a = /(i1 — d2) (1 — d3). Now we show that the pls interlace the Ajs. From
inequality 7) we have

A4(A —dy) (Ao —dy)(dr — N3)(dy — N\y) >
4(/\1 — dl)(/\g — dl)(dl — /\3)(d1 — /\4) ’

that is,

2(\1 —d3)( M\ — do) — (dy — d3)(dy — dy) > /¢

200 (A1 — d3) — da(M — d3)) + do(dy — d3) — di(dy — d3) > /e

2N — My — Mds + dods) — dods + dids + dids — & > /2
AN} — AN (dy + d3) + 2dads + 2dydy + 2dydy — 2d7 > 2+/c

and
(2A1 — (dy + d3))? > 2v/c + d? — 2dydy + d2 + d? — 2d,ds + d>
2N — (dy + dg) > \/2v/e + (dy — do)? + (dy — do)?

dy +d
2 L2V (o (- do)?

A >
AL > .

In the same way, from inequality i) we have

Ve > 200 — do) (s — dy) — (dy — do)(dy — dy)
Ve > 22 = Nady — Nods + dods) + dido + dydy — d% — dod

and
2v/c+ d3 — 2dydy — 2dyds > 4N5 — 4Xo(do + d3) + 2dads
V2VE+ (= do)? + (dy — do)? = 20 — (d + dy)

1
V2Vt (= o)+ (= )2 >
f1 > Ag.

d2+d3

In a similar way we have from inequalities 7i7) and iv) that A3 > s > g,
and since d; = s, then
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AL 2 = Ag > g 2> A3 2> i3 > Ay

Now, let

P [L v | A] |
(Nl [ v]|

where

1
N N T

[vall =1

1
HV3H = \/4—a2(d2 — d3 — \/E)2 + 1.

P is orthogonal and B = PDPT where D = diag{ 1, yi2, 3 }. Thus we have

A= {P 0} ldiag(uhumus) y } {PT 0}

0 1 yT d4 0 1
_| B Py
(PY)T da

Finally, from v) we may see from straightforward calculation that Py > 0,
where the entries of the vector y are computed as in Theorem 2.2. Thus, A
is a 4 X 4 symmetric nonnegative matrix with eigenvalues A, Ao, A3, Ay and
diagonal entries dy, ds,d3,d,. ®

Example 3.1 Consider the lists 5,4,0,—3 and 3, 3,0,0. These lists satisfy all
inequalities of Theorem 3.2. Then we may compute the symmetric nonnegative
matrix

3 0 0 6
A_03\/60
10 v6 0o 2 |

V6 0 2 0

with the desired eigenvalues and diagonal entries. Note that, since Ay > dy,
the Fiedler’s sufficient conditions does not work here.

Example 3.2 Consider the lists 7,5,0,—4, and 4,4,0,0. We compute the in-
terlacing numbers pi1 = 6, po = 4, us = —2, and a = 2v/3. Then we have
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0 1 0 60 0 0 3vV3 3
PDP"=| V3 0 -1 04 0 1 0 0
L0 i3 00 —2 0 -1+ 1v3
(4 0 0
[0 2v3 0
and
4 0 0 2V2
a—| 0 4 23 V45— 121

0 2v/3 0 1V63+ 1V15
2v2 145121 163 + 1V/15 0

with the desired spectrum and diagonal entries.

4 On an open question of Guo

In this section we give some partial answers to the following question of Guo
[3]: If the list A = {A1, A2, ..., Ay} is symmetrically realizable, and € > 0, is
Ac={M+€ Xt Ns,..., N\, } also symmetrically realizable? First we show
that a list A, which satisfies the Spector’s conditions also satisfies one of the
Guo perturbations:

Proposition 4.1 Let A = {1, Ao, ..., A5}, with Z?Zl Ai = 0, be symmetri-
cally realizable. Then A7 = {\ + €, \a — £, A3, A\, A5} is also symmetrically
realizable.

Proof. We have

SI(AE_) :)\1+€+)\2—€+)\3+/\4+/\5 = 0.
Since 3eA? + 32 A\ — 3eA3 + 32Xy > 0, then

s3(A7) = (M 4+ + (Mg —e)? + A3+ A3+ )2
= AT+ AD AT AL+ 36\ + 362N — 3e)] + 3% )y
>0

Finally, it is clear that Ay — e + A5 < 0. Then A” is symmetrically realizable.
|
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Theorem 4.1 Let A = {A, Ao, ..., Ay} be a symmetrically realizable list.
Then for all € > 0 there exists 6 > 0 such that

A575 = {)\1 + €, /\2 + 66, ceey )\n}
18 symmetrically realizable.

Proof. Let A = PDPT > 0 be a symmetric nonnegative matrix with
spectrum A, where P = [p; | p2 | -+ | pn) is an orthogonal matrix and
D = diag{\, Xa, ... , A}

Then we have

A= M\pip; + AoP2Ps + - + A\PuDp- (1)

First, we consider the case A reducible, i.e. A = ®]_, A; is a direct sum of
irreducible symmetric matrices.

Without loss of generality we assume that A; € (A1), Ay € 0(As). Let x1,X
be unitary eigenvectors of A; and As, associated to A;, and Ay, respectively.

Then
. X1 . 0
pl - 0 9 p2 - X2 .

Thus the matrices p;pl, pop2 are nonegative and

AY = Mpipi + Xop2pd + -+ \PaPL + €(P1P] + P2p?)
= (M +epipl + (A2 +€)p2pd + ... + \upapl

is nonnegative with spectrum A} = {A\; + €, Ay + €, ..., A\, }.
On the other hand, since A\; > Ay, we have from Lemma 1.1 that for € > 0,

Ae_:{)\l—f-E,AQ—E,)\g,... ,)\n}

is symmetrically realizable. Note that for the reducible case, = 1.

Now we consider the irreducible case. Let A = PDPT > ( the symmetric
matrix which realizes A. Then the Perron eigenvector p; is positive. Thus, for
P2, the eigenvector associated to A9, there exists o > 0 such that

pip] =+ dpaps > 0.

Observe that § may be taken as § = min;;{d;; : (p1p?)i; £ dij(P2p3)ij; > 0}.
It follows that e(pip! & dpopi) > 0, for all € > 0.
Thus, the symmetric nonnegative matrix

Ac = Mpip] + Xopaph + ... + A\upuPl + €(pip] + dp2pd)
= (A +e)p1P! + (A2 £06)papt + Aspspt + -+ + A\uPnPL

has spectrum {A; + €, Ao = €5, A3,... , A\, }. =
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Corollary 4.1 If A = {\;, Ao, ... , A\, } is symmetrically realizable by a matriz
A = Ay @ Ay, shuch that \y € Ay, Ay € Ay, then for all € > 0 the list
Ac={ M1+ € X6, ..., A\ } is also symmetrically realizable.

Corollary 4.2 Let A = {\, Ao, ..., Ay} be a symmetrically realizable list. If
the unitary eigenvectors X,y, associated respectively to A, Ao, are such that
xxT £ yyT >0, then A = {\1 + €, \a €, ..., N\, } is symmetrically realizable.

Proof. Let

A= xx” + yy” + Aspsps + ... 4+ AuPaPL > 0
a symmetric matrix realizing A = {\;, Ay, ... , A, }. Since xx¥ +yy” > 0, then
from Theorem 4.1 the lists {\; + €, Ay L€, ..., A\, } are symmetrically realizable.
|

In [7, Theorem 11], the author shows that A = {\, Xs,... , A\, }, with Ay >
Ay > -+ > )\, is realizable by a nonnegative matrix if

MM+ Y S >0, (2)

SE<0

where S = A\ + Mu—ka1, £ = 2,... ,n. This sufficient condition is called the
S1 criterion. In [8] it was shown that if A satisfies condition (2), then A is also
realizable by a symmetric nonnegative matrix. Next we show that the Guo’s
question, introduced at the begining of this section, has a positive answer for
this kind of realizations.

Theorem 4.2 If A = {\, Xy, ..., A\, } is Sl-realizable, then
Ae = {/\1+€,)\2:t€7/\3,... 7/\n}
18 symmetrically realizable.

Proof. It is clear that A is symmetrically realizable and that we may assume
A +e+ N, + Zsk<o S, = 0. Consider the partition of A, into

Al = {)\1 + €, )\n}a A2 = {)\2 + €, )\nfl}a

n
Ak - {)\k, )\nfk+1}, k - 3, ey |:§:| 5
with Anp = {)\nTH} for n odd. From now on we shall consider n as even
number. The proof for odd n is similar. Observe that some of the lists Ay can
be realizable, while some other are nonnrealizable. Without loss of generality
we assume that Ag, Az, ... Ay, t < [ﬂ} , are nonrealizable ( Sy < 0 for k =

2

2,...,t), and that Agyq,... ,A[ﬂ] (if there is some one) are realizable lists
2
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(S, >0fork=t+1,..., [%]) by, we say, the nonnegative symmetric matrices
B, k=t+1,..., [%} , respectively. Then B = & By, is symmetric nonnegative
with spectrum A, U---U A[ﬂ] Let us consider now, if there is some one, the

2
nonnrealizable lists Ay, k = 2,3,... ,t, together with the realizable list A;. We
renumber the 2t elements in UAg, k= 1,... ,t, as

A > >N > Ny > > Ay

For each one of the lists Ay, k = 1,2, ... ,t, we define the associated symmetric
realizable lists

Ly = {—Aot—kt1, Aot}
We start by merging the lists
I' = {_)\Zt: )\Qt} and I'y = {—)\Qt—la )\Qtfl}-

Let 09 = —Agt—1 — Ay + € = =S5 Then 9, = —S5 > 0 and from Lemma 1.1 we
have that

Qo = {—Aot + 2, —Aop—1 — 02, Aor—1, Ao }
={—DXot — daro1 — Ao+ €6, A0 — €, Aar_1, Aot}

is symmetrically realizable by a 4 x 4 matrix. Next we merge {2y with I's =
{—/\Qt_g, Agt_g}, and obtain for (53 = —<)\3 + )\Qt_Q) = —83,

Q3 = {_)\2t — App—1 — Ag + €+ 03, — A2 — 03, Ay — €, Agy—2, Aoy1, )\2t}
= {=Aat = A1 — Aamo — Ao — A3+ €, A3, Ao — €, Aap—o, A1, A},

which is symmetrically realizable by a 6 x 6 matrix. We continue this procedure
until in the last step we merge

t—1

Qo ={Aa =Y Si+e %} with Ty = {=Ayy, A},

k=2

to Obtain, with (5,5 = St = _<)\t + )\t+1)7

t
A7 ={Dat =) Sk+6M%... %}

k=2

A7 ={D =D Set+ed, ...

Sk<0

{)\1+€,/\2—€,/\3,... ,)\n},
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which is symmetrically realizable.
For the list A7 = {\1 + €, Aa+ € A3,..., A\, } we observe that if Ay + \,_1 > 0,
then S, = XAy +e+ \,—1 >0 and

MAet A+ S>0, (3)
Sk

while if A\p +\,,_1 <0, then Sy = Ao+ €+ \,_1 > 0 and (3) is also satisfied, or
52:)‘2+€+)‘n—1 < 0 with

SQZ)\2+€+)\H,1>)\2+)\H,1

and (3) is again satisfied. Hence, A is Sl-realizable and from [8, Lemma 4]
it is symmetrically realizable, we say, by a nonnegative matrix A. Thus, A
symmetrically realizable by A® B. m
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